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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims
to provide the engineering, mathematical, and scientific communities with
significant developments in harmonic analysis, ranging from abstract har-
monic analysis to basic applications. The title of the series reflects the
importance of applications and numerical implementation, but richness
and relevance of applications and implementation depend fundamentally
on the structure and depth of theoretical underpinnings. Thus, from our
point of view, the interleaving of theory and applications and their creative
symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flour-
ished, developed, and deepened over time within many disciplines and by
means of creative cross-fertilization with diverse areas. The intricate and
fundamental relationship between harmonic analysis and fields such as sig-
nal processing, partial differential equations (PDEs), and image processing
is reflected in our state-of-the-art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas
such as wavelet theory, Banach algebras, classical Fourier analysis, time-
frequency analysis, and fractal geometry, as well as the diverse topics that
impinge on them.

For example, wavelet theory can be considered an appropriate tool to
deal with some basic problems in digital signal processing, speech and
image processing, geophysics, pattern recognition, biomedical engineering,
and turbulence. These areas implement the latest technology from sampling
methods on surfaces to fast algorithms and computer vision methods. The



viii ANHA Series Preface

underlying mathematics of wavelet theory depends not only on classical
Fourier analysis, but also on ideas from abstract harmonic analysis, in-
cluding von Neumann algebras and the affine group. This leads to a study
of the Heisenberg group and its relationship to Gabor systems, and of
the metaplectic group for a meaningful interaction of signal decomposition
methods. The unifying influence of wavelet theory in the aforementioned
topics illustrates the justification for providing a means for centralizing and
disseminating information from the broader, but still focused, area of har-
monic analysis. This will be a key role of ANHA. We intend to publish with
the scope and interaction that such a host of issues demands.

Along with our commitment to publish mathematically significant works
at the frontiers of harmonic analysis, we have a comparably strong com-
mitment to publish major advances in the following applicable topics in
which harmonic analysis plays a substantial role:

Antenna theory Prediction theory
Biomedical signal processing Radar applications

Digital signal processing Sampling theory
Fast algorithms Spectral estimation

Gabor theory and applications Speech processing
Image processing Time-frequency and

Numerical partial differential equations time-scale analysis
Wavelet theory

The above point of view for the ANHA book series is inspired by the
history of Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering
and scientific phenomena, and on the solution of some of the most impor-
tant problems in mathematics and the sciences. Historically, Fourier series
were developed in the analysis of some of the classical PDEs of mathe-
matical physics; these series were used to solve such equations. In order to
understand Fourier series and the kinds of solutions they could represent,
some of the most basic notions of analysis were defined, e.g., the concept
of “function.” Since the coefficients of Fourier series are integrals, it is no
surprise that Riemann integrals were conceived to deal with uniqueness
properties of trigonometric series. Cantor’s set theory was also developed
because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phe-
nomena, such as sound waves, can be described in terms of elementary
harmonics. There are two aspects of this problem: first, to find, or even
define properly, the harmonics or spectrum of a given phenomenon, e.g.,
the spectroscopy problem in optics; second, to determine which phenomena
can be constructed from given classes of harmonics, as done, for example,
by the mechanical synthesizers in tidal analysis.
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Fourier analysis is also the natural setting for many other problems in
engineering, mathematics, and the sciences. For example, Wiener’s Taube-
rian theorem in Fourier analysis not only characterizes the behavior of the
prime numbers, but also provides the proper notion of spectrum for phe-
nomena such as white light; this latter process leads to the Fourier analysis
associated with correlation functions in filtering and prediction problems,
and these problems, in turn, deal naturally with Hardy spaces in the theory
of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of
Fourier integral operators. Problems in antenna theory are studied in terms
of unimodular trigonometric polynomials. Applications of Fourier analy-
sis abound in signal processing, whether with the fast Fourier transform
(FFT), or filter design, or the adaptive modeling inherent in time-
frequency-scale methods such as wavelet theory. The coherent states of
mathematical physics are translated and modulated Fourier transforms,
and these are used, in conjunction with the uncertainty principle, for deal-
ing with signal reconstruction in communications theory. We are back to
the raison d’être of the ANHA series!

John J. Benedetto
Series Editor

University of Maryland
College Park
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Preface

The aim of this book is to present the central parts of the theory for bases
and frames. The content can naturally be split into two parts: Chapters
1–5 describe the theory on an abstract level, and Chapters 7–11 deal with
explicit constructions in L2-spaces. The link between these two parts is
formed by Chapter 6, which introduces B-splines and their main properties.

Some years ago, I published the book An Introduction to Frames and
Riesz Bases [10], which also appeared in the ANHA series. So, what are
the reasons for another book on the topic? I will give some answers to this
question.

Books written by mathematicians are usually focused on characteriza-
tions of various properties and the search for sufficient conditions for a
desired conclusion to hold. Concrete constructions often play a minor role.
The book [10] is no exception. During the past few years, frames have be-
come increasingly popular, and several explicit constructions of frames of
various types have been presented. Most of these constructions were based
on quite direct methods rather than the classical sufficient conditions for
obtaining a frame. With this in mind, it seems that there is a need for an
updated version of the book [10], which moves the focus from the classical
approach to a more constructive one.

Frame theory is developed in constant dialogue between mathematicians
and engineers. Again, compared with [10], this is reflected in the current
book by several new sections on applications and connections to engineer-
ing. The hope is that these sections will help the mathematically oriented
readers to see where frames are used in practice — and the engineers to
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find the chapter containing the mathematical background for applications
in their field.

The third main change compared with [10] is that the current book is
meant to be a textbook, which should be directly suitable for use in a gradu-
ate course. We focus on the basic topics, without too many side-remarks; in
contrast, [10] tried to cover the entire area, including the research aspects.
The chapters from [10] dealing with research topics have been removed (or
reduced: for example, parts of Chapter 15 about perturbation results now
appear in Section 5.6). We frequently mention the names of the people
who first proved a given result, but for the parts of the theory that can
be considered classical, we do not state a reference to the original source.
A professional reader might miss all the hints to more advanced literature
and open problems; however, the hope is that the more streamlined writing
makes it easier for students to follow the presentation.

For use in a graduate course, a number of exercises is included; they
appear at the end of each chapter. Some of the removed material from [10]
now appears in the exercises.

Let us describe the chapters in more detail. Chapter 1 gives an introduc-
tion to frames in finite-dimensional vector spaces with an inner product.
This enables a reader with a basic knowledge of linear algebra to un-
derstand the idea behind frames without the technical complications in
infinite-dimensional spaces. Many of the topics from the rest of the book
are presented here, so Chapter 1 can also serve as an introduction to the
later chapters.

Chapter 2 collects some definitions and conventions concerning infinite-
dimensional vector spaces. Some standard results needed later in the book
are also stated here. Special attention is given to the Hilbert space L2(R)
and operators hereon. We expect the reader to be familiar with this ma-
terial, so most of the results appear without proof. The exceptions are
the sections about pseudo-inverse operators and some special operators
on L2(R), which play a key role in Gabor theory and wavelet analysis;
these subjects are not treated in classical analysis courses and are therefore
described in detail.

Chapter 3 deals with the theory for bases in Hilbert spaces and Banach
spaces. The most important part of the chapter is formed by a detailed
discussion of Bessel sequences and Riesz bases. The chapter also con-
tains sections on Fourier analysis and wavelet theory, which motivate the
constructions in Chapters 7–11.

Chapter 4 highlights some of the limitations on the properties one can
obtain from bases. Hereby, the reader is provided with motivation for
considering the generalizations of bases studied in the rest of the book.

Chapter 5 contains the core material about frames in general Hilbert
spaces. It gives a detailed description of frames with full proofs, relates
frames and Riesz bases, and provides various ways of constructing frames.
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Chapter 6 introduces B-splines and their main properties. We do not aim
at a complete description of splines but concentrate on the properties that
play a role in the current context.

Chapters 7–11 deal with frames having a special structure. A central
part concerns theoretical conditions for obtaining dual pairs of frames and
explicit constructions hereof. The most fundamental frames, namely frames
consisting of translates of a single function in L2(R), are discussed in Chap-
ter 7. In Chapter 8, these considerations are extended to frames generated
by translations of a collection of functions rather than a single function.
These frames naturally lead to Gabor frames in L2(R), which is the subject
of Chapter 9. We provide characterizations of such frames, as well as ex-
plicit constructions of frames and some of their dual frames. The discrete
counterpart in �2(Z) is treated in Chapter 10; in particular, it is shown
how one can obtain Gabor frames in �2(Z) by sampling of Gabor frames
in L2(R). Wavelet frames are introduced in Chapter 11. The main part of
the chapter is formed by explicit constructions via multiscale methods, but
the chapter also contains a section about general wavelet frames.

Most readers of the second part of the book will mainly be interested in
either Gabor systems or wavelet systems. For this reason, Chapters 7–11
are to a large extent independent of each other. The most notable exception
from that rule is that some of the fundamental results in Gabor analysis
are based on results derived in the chapter about shift-invariant systems.
In general, careful cross-references (and, if necessary, repetitions) between
Chapters 7–11 are provided.

Depending on the level and specific interests of the students, a graduate
course based on the book can proceed in various ways:

• Readers with a limited background in functional analysis (and read-
ers who just want to get an idea about the topic) are encouraged
to read Chapter 1. It will provide the reader with a good under-
standing for the topic, without all the technical complications in
infinite–dimensional vector spaces.

• A short course on frames and Riesz bases in Hilbert spaces can be
based on Sections 3.1–3.3 and Sections 5.1–5.2; these sections will
make the reader able to proceed with most of the other parts of
the book and with a large part of the research literature concerning
abstract frame theory.

• A theoretical graduate course on bases and frames could be based on
Chapter 2, Chapter 3, and Chapter 5. It would be natural to continue
with one or more chapters on concrete frame constructions in L2(R).

• For a course focusing on either Gabor analysis or wavelets, the de-
tailed analysis of frames in Chapter 5 is not necessary. It is enough to
read Chapter 2, Section 3.5 (or Section 3.6), Chapter 4, Section 5.1,
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and parts of Chapter 6 before continuing with the relevant specialized
chapters.

I would like to acknowledge the various individuals and institutions who
have helped me during the process of writing this book. First, I wish to
thank the Department of Mathematics at the Technical University of Den-
mark for giving me enough freedom to realize the book project, e.g., via a
semester without teaching obligations. Some weeks of that semester were
used to visit other departments in order to get inspiration and concentrate
on the work with the book for several weeks; I thank my colleagues Hans
Feichtinger (NuHAG, University of Vienna) as well as Rae Young Kim
(Yeungnam University, South Korea) and Jungho Yoon (EWHA Woman
University, South Korea) for hosting me during these visits.

Thanks are also due to Martin McKinnon Edwards, Jakob Jørgensen,
and Sumi Jang for help with the figures. Finally, I would like to thank
Richard Laugesen and Azita Mayeli for correcting parts of the material,
as well as Henrik Stetkær and Kil Kwon for several suggestions concerning
the presentation of the material.

I also thank the staff at Birkhäuser, especially Tom Grasso, for assistance
and support.

Ole Christensen
Kgs. Lyngby, Denmark
November 2007
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1
Frames in Finite-dimensional
Inner Product Spaces

In the study of vector spaces, one of the most important concepts is that of a
basis. In fact, a basis provides us with an expansion of all vectors in terms
of “elementary building blocks” and hereby helps us by reducing many
questions concerning general vectors to similar questions concerning only
the basis elements. However, the conditions to a basis are very restrictive:
we require that the elements are linearly independent, and very often we
even want them to be orthogonal with respect to an inner product. This
makes it hard or even impossible to find bases satisfying extra conditions,
and this is the reason that one might wish to look for a more flexible tool.

Frames are such tools. A frame for a vector space equipped with an
inner product also allows each vector in the space to be written as a linear
combination of the elements in the frame, but linear independence between
the frame elements is not required. Intuitively, one can think about a frame
as a basis to which one has added more elements. In this chapter, we
present frame theory in finite-dimensional vector spaces. This restriction
makes part of the theory much easier, and it also makes the basic idea more
transparent. Our intention is to present the results in a way that gives the
reader the right feeling about the infinite-dimensional setting as well. This
also means that we sometimes use unusual words in the finite-dimensional
setting. For example, we will frequently use the word “operator” for a
linear map.

There are other reasons for starting with a chapter on finite-dimensional
frames. Every “real-life” application of frames has to be performed in a
finite-dimensional vector space, so even if we want to apply results from

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3 1,
c© Springer Science+Business Media, LLC 2008
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the infinite-dimensional setting, the frames will have to be confined to a
finite-dimensional space at some point.

Most of the chapter can be fully understood with an elementary know-
ledge of linear algebra. In order not to make the proofs too cumbersome,
we will at a few points use some results from analysis, mainly about norms
in vector spaces.

This chapter is organized as follows. Section 1.1 contains the basic prop-
erties of frames. For example, it is proved that every set of vectors {fk}m

k=1

in a vector space with an inner product is a frame for span{fk}m
k=1. We

prove the existence of coefficients minimizing the �2-norm of the coefficients
in a frame expansion and show how a frame for a subspace leads to a for-
mula for the orthogonal projection onto the subspace. In Section 1.2 and
Section 1.3, we consider frames in C

n. In particular, we prove that the vec-
tors {fk}m

k=1 in a frame for C
n can be considered as the first n coordinates

of some vectors in C
m constituting a basis for C

m, and that the frame prop-
erty for {fk}m

k=1 is equivalent to certain properties for the m × n matrix
having the vectors fk as rows. In Section 1.4, we prove that the canonical
coefficients from the frame expansion arise naturally by considering the
pseudo-inverse of the pre-frame operator, and we show how to find the co-
efficients in terms of the singular value decomposition. Finally, in Section
1.5, we discuss applications of frames in the context of data transmission.

1.1 Basic frames theory

Let V �= {0} be a finite-dimensional vector space. As standing assumption
we will assume that V is equipped with an inner product 〈·, ·〉, which we
choose to be linear in the first entry. Recall that a sequence {ek}m

k=1 in V
is a basis for V if the following two conditions are satisfied:

(i) V = span{ek}m
k=1;

(ii) {ek}m
k=1 is linearly independent, i.e., if

∑m
k=1 ckek = 0 for some scalar

coefficients {ck}m
k=1, then ck = 0 for all k = 1, . . . ,m.

As a consequence of this definition, every f ∈ V has a unique represen-
tation in terms of the elements in the basis, i.e., there exist unique scalar
coefficients {ck}m

k=1 such that

f =
m∑

k=1

ckek. (1.1)

Sometimes, in particular in high-dimensional vector spaces, it is cum-
bersome to find the coefficients {ck}m

k=1. But if {ek}m
k=1 is an orthonormal

basis, i.e., a basis for which
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〈ek, ej〉 = δk,j =

{
1 if k = j

0 if k �= j,

then the coefficients {ck}m
k=1 are easy to find: taking the inner product of

f in (1.1) with an arbitrary ej gives

〈f, ej〉 = 〈
m∑

k=1

ckek, ej〉 =
m∑

k=1

ck〈ek, ej〉 = cj ,

so

f =
m∑

k=1

〈f, ek〉ek. (1.2)

We now introduce frames. In Theorem 1.1.5 below, we prove that a frame
{fk}m

k=1 also leads to a representation of the type (1.1).

Definition 1.1.1 A countable family of elements {fk}k∈I in V is a frame
for V if there exist constants A,B > 0 such that

A ||f ||2 ≤
∑

k∈I

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ V. (1.3)

The numbers A,B are called frame bounds. They are not unique. The
optimal lower frame bound is the supremum over all lower frame bounds,
and the optimal upper frame bound is the infimum over all upper frame
bounds. Note that the optimal frame bounds actually are frame bounds.
The frame is normalized if ||fk|| = 1, ∀k ∈ I.

In a finite-dimensional vector space, it is somehow artificial (though pos-
sible) to consider frames {fk}k∈I consisting of infinitely many elements.
Therefore, we will only consider finite families {fk}m

k=1, m ∈ N. With this
restriction, Cauchy–Schwarz’ inequality shows that

m∑

k=1

|〈f, fk〉|2 ≤
m∑

k=1

||fk||2 ||f ||2, ∀f ∈ V,

i.e., the upper frame condition is automatically satisfied. However, one can
often find a smaller upper frame bound than

∑m
k=1 ||fk||2. Corollary 1.1.13

will show that it is important to find estimates for the frame bounds, which
are close to the optimal ones.

In order for the lower condition in (1.3) to be satisfied, it is necessary
that span{fk}m

k=1 = V . This condition turns out to be sufficient. In fact,
every finite sequence is a frame for its span:

Proposition 1.1.2 Let {fk}m
k=1 be a sequence in V . Then {fk}m

k=1 is a
frame for the vector space W := span{fk}m

k=1.



4 1. Frames in Finite-dimensional Inner Product Spaces

Proof. We can assume that not all fk are zero. As we have seen, the
upper frame condition is satisfied with B =

∑m
k=1 ||fk||2. Now consider the

continuous mapping

φ : W → R, φ(f) :=
m∑

k=1

|〈f, fk〉|2.

The unit ball in W is compact, so we can find g ∈ W with ||g|| = 1 such
that

A :=
m∑

k=1

|〈g, fk〉|2 = inf

{
m∑

k=1

|〈f, fk〉|2 : f ∈ W, ||f || = 1

}

.

It is clear that A > 0. Now given f ∈ W, f �= 0, we have
m∑

k=1

|〈f, fk〉|2 =
m∑

k=1

|〈 f

||f || , fk〉|2 ||f ||2 ≥ A ||f ||2. �

Corollary 1.1.3 A family of elements {fk}m
k=1 in V is a frame for V if

and only if span{fk}m
k=1 = V .

Corollary 1.1.3 shows that a frame might contain more elements than
needed to be a basis. In particular, if {fk}m

k=1 is a frame for V and {gk}n
k=1

is an arbitrary finite collection of vectors in V , then {fk}m
k=1 ∪ {gk}n

k=1 is
also a frame for V . A frame that is not a basis is said to be overcomplete
or redundant.

Consider now a vector space V equipped with a frame {fk}m
k=1, and

define a linear mapping

T : C
m → V, T{ck}m

k=1 =
m∑

k=1

ckfk. (1.4)

T is usually called the pre-frame operator, or the synthesis operator. The
adjoint operator is given by (Exercise 1.1)

T ∗ : V → C
m, T ∗f = {〈f, fk〉}m

k=1 , (1.5)

and is called the analysis operator. Composing T with its adjoint T ∗, we
obtain the frame operator

S : V → V, Sf = TT ∗f =
m∑

k=1

〈f, fk〉fk. (1.6)

Note that in terms of the frame operator,

〈Sf, f〉 =
m∑

k=1

|〈f, fk〉|2, f ∈ V ; (1.7)

the lower frame bound can thus be considered as some kind of “lower
bound” on the frame operator.
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A frame {fk}m
k=1 is tight if we can choose A = B in the definition, i.e., if

m∑

k=1

|〈f, fk〉|2 = A ||f ||2, ∀f ∈ V. (1.8)

For a tight frame, the exact value A in (1.8) is simply called the frame
bound. We note that (1.7) leads to a representation of f ∈ V in terms of
the elements in a frame tight:

Proposition 1.1.4 Assume that {fk}m
k=1 is a tight frame for V with frame

bound A. Then S = AI (here I is the identity operator on V ), and

f =
1
A

m∑

k=1

〈f, fk〉fk, ∀f ∈ V. (1.9)

We ask the reader to prove Proposition 1.1.4 in Exercise 1.2. An interpreta-
tion of (1.9) is that if {fk}m

k=1 is a tight frame and we want to express f ∈ V
as a linear combination f =

∑m
k=1 ckfk, we can simply define gk = 1

Afk

and take ck = 〈f, gk〉. Formula (1.9) is similar to the representation (1.2)
via an orthonormal basis: the only difference is the factor 1/A in (1.9). For
general frames, we now prove that we still have a representation of each
f ∈ V of the form f =

∑m
k=1〈f, gk〉fk for an appropriate choice of {gk}m

k=1.
The obtained theorem is one of the most important results about frames,
and (1.10) below is called the frame decomposition:

Theorem 1.1.5 Let {fk}m
k=1 be a frame for V with frame operator S.

Then the following holds:

(i) S is invertible and self-adjoint.

(ii) Every f ∈ V can be represented as

f =
m∑

k=1

〈f, S−1fk〉fk =
m∑

k=1

〈f, fk〉S−1fk. (1.10)

(iii) If f ∈ V also has the representation f =
∑m

k=1 ckfk for some scalar
coefficients {ck}m

k=1, then
m∑

k=1

|ck|2 =
m∑

k=1

|〈f, S−1fk〉|2 +
m∑

k=1

|ck − 〈f, S−1fk〉|2.

Proof. Because S = TT ∗, it is clear that S is self-adjoint. We now prove
that S is injective. Let f ∈ V and assume that Sf = 0. Then

0 = 〈Sf, f〉 =
m∑

k=1

|〈f, fk〉|2,
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implying by the frame condition that f = 0. That S is injective actually
implies that S is surjective, but let us give a direct proof. The frame con-
dition implies by Corollary 1.1.3 that span{fk}m

k=1 = V , so the pre-frame
operator T is surjective. Given f ∈ V we can therefore find g ∈ V such that
Tg = f ; we can choose g ∈ N⊥

T = RT∗ , so it follows that RS = RTT∗ = V .
Thus S is surjective, as claimed. Each f ∈ V has the representation

f = SS−1f

= TT ∗S−1f

=
m∑

k=1

〈S−1f, fk〉fk;

using that S is self-adjoint, we arrive at

f =
m∑

k=1

〈f, S−1fk〉fk.

The second representation in (1.10) is obtained in the same way, using that
f = S−1Sf . For the proof of (iii), suppose that f =

∑m
k=1 ckfk. We can

write

{ck}m
k=1 = {ck}m

k=1 − {〈f, S−1fk〉}m
k=1 + {〈f, S−1fk〉}m

k=1.

By the choice of {ck}m
k=1 we have

m∑

k=1

(
ck − 〈f, S−1fk〉

)
fk = 0,

i.e., {ck}m
k=1 − {〈f, S−1fk〉}m

k=1 ∈ NT = R⊥
T∗ ; also, we note that

{〈f, S−1fk〉}m
k=1 = {〈S−1f, fk〉}m

k=1 ∈ RT∗ .

Putting all the information together, we obtain that

m∑

k=1

|ck|2 =
∣
∣
∣
∣{ck}m

k=1 − {〈f, S−1fk〉}m
k=1 + {〈f, S−1fk〉}m

k=1

∣
∣
∣
∣2

=
m∑

k=1

|ck − 〈f, S−1fk〉|2 +
m∑

k=1

|〈f, S−1fk〉|2,

which proves (iii). �

Every frame in a finite-dimensional space contains a subfamily that is a
basis (Exercise 1.3). If {fk}m

k=1 is a frame but not a basis, there exist non-
zero sequences {dk}m

k=1 such that
∑m

k=1 dkfk = 0. Therefore, any given
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element f ∈ V can be written as

f =
m∑

k=1

〈f, S−1fk〉fk +
m∑

k=1

dkfk

=
m∑

k=1

(
〈f, S−1fk〉 + dk

)
fk.

This demonstrates that f has many representations as superpositions of
the frame elements. Theorem 1.1.5 shows that among all scalar sequences
{ck}m

k=1 for which f =
∑m

k=1 ckfk, the coefficients {〈f, S−1fk〉}m
k=1 have

minimal �2-norm. The numbers

〈f, S−1fk〉, k = 1, . . . , m

are called frame coefficients. Note that because S : V → V is bijective,
the sequence {S−1fk}m

k=1 is also a frame by Corollary 1.1.3; it is called the
canonical dual frame of {fk}m

k=1.
For frames consisting of only a few elements, the canonical dual frame

and the corresponding frame decomposition can be found via elementary
calculations:

Example 1.1.6 Let {ek}2
k=1 be an orthonormal basis for a two-dimensional

vector space V with inner product. Let

f1 = e1, f2 = e1 − e2, f3 = e1 + e2.

Then {fk}3
k=1 is a frame for V . Using the definition of the frame operator,

Sf =
3∑

k=1

〈f, fk〉fk,

we obtain that

Se1 = e1 + e1 − e2 + e1 + e2 = 3e1

and

Se2 = −(e1 − e2) + e1 + e2 = 2e2.

Thus

S−1e1 =
1
3
e1, S−1e2 =

1
2
e2.

By linearity, the canonical dual frame is

{S−1fk}3
k=1 = {S−1e1, S

−1e1 − S−1e2, S
−1e1 + S−1e2}

= {1
3
e1,

1
3
e1 −

1
2
e2,

1
3
e1 +

1
2
e2}.
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Via Theorem 1.1.5, the representation of f ∈ V in terms of the frame is
given by

f =
3∑

k=1

〈f, S−1fk〉fk

=
1
3
〈f, e1〉e1 + 〈f,

1
3
e1 −

1
2
e2〉(e1 − e2) + 〈f,

1
3
e1 +

1
2
e2〉(e1 + e2). �

Theorem 1.1.5 gives some special information in case {fk}m
k=1 is a basis:

Corollary 1.1.7 Assume that {fk}m
k=1 is a basis for V . Then there exists

a unique family {gk}m
k=1 in V such that

f =
m∑

k=1

〈f, gk〉fk, ∀f ∈ V. (1.11)

In terms of the frame operator, {gk}m
k=1 = {S−1fk}m

k=1. Furthermore
〈fj , gk〉 = δj,k.

Proof. The existence of a family {gk}m
k=1 satisfying (1.11) follows from

Theorem 1.1.5; we leave the proof of the uniqueness to the reader. Applying
(1.11) on a fixed element fj and using that {fk}m

k=1 is a basis, we obtain
that 〈fj , gk〉 = δj,k for all k = 1, 2, · · · ,m. �

The simplicity of the calculations in Example 1.1.6 is slightly misleading:
for a general frame, calculation of the canonical dual frame might be very
cumbersome and lengthy if the frame contains many elements. This explains
the prominent role of tight frames, for which the complicated representa-
tion (1.10) takes the much simpler form (1.9). Another way of obtaining
“simple” frame expansions, whose potential has not been completely ex-
ploited so far, is to take advantage of the overcompleteness of frames. In
fact, if one considers a frame {fk}m

k=1 that is not a basis, one can prove (see
Lemma 5.2.3) that there exist frames {gk}m

k=1 �= {S−1fk}m
k=1 such that

f =
m∑

k=1

〈f, gk〉fk.

Each such frame {gk}m
k=1 is called a dual frame. Thus, rather than restrict-

ing attention to tight frames, one could consider frames, for which one can
find a dual frame easily (Exercise 1.6). We return to this idea in several of
the later chapters, see, e.g., Section 9.4.

If one insists on working with a tight frame, it is worth noticing that every
frame can be extended to a tight frame by adding some extra vectors. In
the proof of this, we will use the finite-dimensional version of the spectral
theorem, which is proved in standard textbooks on linear algebra:
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Theorem 1.1.8 If a linear map U : V → V is self-adjoint, then all eigen-
values are real, and V has an orthonormal basis consisting of eigenvectors
for U .

Proposition 1.1.9 Let {fk}m
k=1 be a frame for a vector space V with di-

mension n. Then there exist n−1 vectors h2, . . . , hn such that the collection
{fk}m

k=1

⋃
{hk}n

k=2 forms a tight frame for V .

Proof. Denote the frame operator for {fk}m
k=1 by S : V → V . Since S is

self-adjoint, Theorem 1.1.8 shows that V has an orthonormal basis consist-
ing of eigenvectors {ek}n

k=1 for S. Denote the corresponding eigenvalues by
{λk}n

k=1. We will assume that the eigenvectors and eigenvalues are ordered
such that λ1 ≥ λ2 ≥ · · · ≥ λn. Now, for k = 2, . . . , n, let hk :=

√
λ1 − λkek.

The frame operator S̃ for the family {fk}m
k=1

⋃
{hk}n

k=2 is given by

S̃ : V → V, S̃f = Sf +
n∑

k=2

〈f, hk〉hk. (1.12)

Now consider an arbitrary f ∈ V . Using that

f =
n∑

k=1

〈f, ek〉ek,

we see that the action of the frame operator S on f is given by

Sf =
n∑

k=1

〈f, ek〉Sek =
n∑

k=1

λk〈f, ek〉ek.

Inserting this expression and the definition of hk into (1.12) shows that

S̃f =
n∑

k=1

λk〈f, ek〉ek +
n∑

k=2

(λ1 − λk) 〈f, ek〉ek

= λ1〈f, e1〉e1 +
n∑

k=2

λk〈f, ek〉ek + λ1

n∑

k=2

〈f, ek〉ek −
n∑

k=2

λk〈f, ek〉ek

= λ1

n∑

k=1

〈f, ek〉ek

= λ1f.

This implies that for all f ∈ V ,
n∑

k=1

|〈f, fk〉|2 +
n∑

k=2

|〈f, hk〉|2 = 〈S̃f, f〉 = λ1 ||f ||2,

i.e., {fk}m
k=1

⋃
{hk}n

k=2 is a tight frame with frame bound λ1. �

We have already seen that, for given f ∈ V , the frame coefficients
{〈f, S−1fk〉}m

k=1 have minimal �2-norm among all sequences {ck}m
k=1 for
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which f =
∑m

k=1 ckfk. We can also choose to minimize the norm in other
spaces than �2; we now show the existence of coefficients minimizing the
�1-norm.

Theorem 1.1.10 Let {fk}m
k=1 be a frame for a finite-dimensional vector

space V . Given f ∈ V , there exist coefficients {dk}m
k=1 ∈ C

m such that
f =

∑m
k=1 dkfk, and

m∑

k=1

|dk| = inf

{
m∑

k=1

|ck| : f =
m∑

k=1

ckfk

}

. (1.13)

Proof. Fix f ∈ V , and choose a set of coefficients {ck}m
k=1 such that

f =
∑m

k=1 ckfk; let r :=
∑m

k=1 |ck|. Since we want to minimize the �1-norm
of the coefficients, it is clear that we can now restrict our search for a
minimizer to sequences {dk}m

k=1 belonging to the compact set

M := {{dk}m
k=1 ∈ C

m : |dk| ≤ r, k = 1, . . . , m} .

Now the result follows from the fact that the set
{

{dk}m
k=1 ∈ M | f =

m∑

k=1

dkfk

}

is compact and that the function

φ : C
m → R, φ{dk}m

k=1 :=
m∑

k=1

|dk|

is continuous. �

There are some important differences between Theorem 1.1.5 and Theo-
rem 1.1.10. In Theorem 1.1.5, we find the sequence minimizing the �2-norm
of the coefficients in the expansion of f explicitly; it is unique, and it
depends linearly on f . On the other hand, Theorem 1.1.10 only gives the ex-
istence of an �1-minimizer, and it might not be unique (Exercise 1.7). Even
if the minimizer is unique, it might not depend linearly on f (Exercise 1.8).

As we have seen in Proposition 1.1.2, every finite set of vectors {fk}m
k=1

is a frame for its span. If span{fk}m
k=1 �= V , the frame decomposition

associated with {fk}m
k=1 gives a convenient expression for the orthogonal

projection onto span{fk}m
k=1. We state it here and ask the reader to provide

the proof (Exercise 1.9).

Theorem 1.1.11 Let {fk}m
k=1 be a frame for a subspace W of the vector

space V . Then the orthogonal projection of V onto W is given by

Pf =
m∑

k=1

〈f, S−1fk〉fk. (1.14)
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In order to compute the inverse frame operator S−1, it is convenient to
consider S as a matrix. The speed of convergence in numerical algorithms
involving a strictly positive definite matrix depends heavily on the condition
number of the matrix, which is defined as the ratio between the largest
eigenvalue, λmax, and the smallest eigenvalue, λmin. In case of the frame
operator, these eigenvalues correspond to the optimal frame bounds:

Theorem 1.1.12 Let {fk}m
k=1 be a frame for V . Then the following hold:

(i) The optimal lower frame bound is the smallest eigenvalue for S, and
the optimal upper frame bound is the largest eigenvalue.

(ii) Assume that V has dimension n. Let {λk}n
k=1 denote the eigenvalues

for S; each eigenvalue appears in the list corresponding to its algebraic
multiplicity. Then

n∑

k=1

λk =
m∑

k=1

||fk||2.

(iii) Assume that V has dimension n. If {fk}m
k=1 is tight and ||fk|| = 1

for all k, then the frame bound is A = m/n.

Proof. Assume that {fk}m
k=1 is a frame for V . Since the frame operator

S : V → V is self-adjoint, Theorem 1.1.8 shows that V has an orthonormal
basis consisting of eigenvectors {ek}n

k=1 for S. Denote the corresponding
eigenvalues by {λk}n

k=1. Given f ∈ V , we can write

f =
n∑

k=1

〈f, ek〉ek.

Then

Sf =
n∑

k=1

〈f, ek〉Sek =
n∑

k=1

λk〈f, ek〉ek,

and
m∑

k=1

|〈f, fk〉|2 = 〈Sf, f〉 =
n∑

k=1

λk|〈f, ek〉|2.

Therefore

λmin||f ||2 ≤
m∑

k=1

|〈f, fk〉|2 ≤ λmax||f ||2.

So λmin is a lower frame bound, and λmax is an upper frame bound. That
they are the optimal frame bounds follows by taking f to be an eigenvector
corresponding to λmin (respectively λmax). This proves (i).
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For the proof of (ii), we have
n∑

k=1

λk =
n∑

k=1

λk ||ek||2 =
n∑

k=1

〈Sek, ek〉

=
n∑

k=1

m∑

�=1

|〈ek, f�〉|2.

Interchanging the sums and using that {ek}n
k=1 is an orthonormal basis for

V finally gives (ii). For the proof of (iii), the assumptions imply that the
set of eigenvalues {λk}n

k=1 consists of the frame bound A repeated n times;
thus the result follows from (ii). �

Corollary 1.1.13 Let {fk}m
k=1 be a frame for V . Then the condition num-

ber for the frame operator is equal to the ratio between the optimal upper
frame bound and the optimal lower frame bound.

1.2 Frames in C
n

The natural examples of finite-dimensional vector spaces are

R
n = {(c1, c2, . . . , cn) | ci ∈ R, i = 1, . . . , n}

and

C
n = {(c1, c2, . . . , cn) | ci ∈ C, i = 1, . . . , n};

the latter is equipped with the inner product

〈{ck}n
k=1, {dk}n

k=1〉 =
n∑

k=1

ckdk

and the associated norm

||{ck}n
k=1|| =

√
√
√
√

n∑

k=1

|ck|2.

This corresponds to the definitions in R
n, except that complex conjugation

and modulus are not needed in the real case. We will describe the theory
for bases and frames in C

n, but easy modifications give the corresponding
results in R

n. If, for example, {fk}m
k=1 is a frame for C

n, then the 2m
vectors consisting of the real parts, respectively the imaginary parts, of the
frame vectors will be a frame for R

n (Exercise 1.11); in particular, if the
vectors {fk}m

k=1 have real coordinates, they constitute a frame for R
n. On

the other hand a frame for R
n is automatically a frame for C

n; we ask the
reader to prove this in Exercise 1.12.
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The canonical basis for C
n consists of the vectors {δk}n

k=1, where δk

is the vector in C
n having 1 at the k-th entry and otherwise 0. We will

consequently identify vectors in C
n with their representation in this basis.

From elementary linear algebra, we know many equivalent conditions for
a set of vectors to constitute a basis for C

n. Let us list the most important
characterizations:

Theorem 1.2.1 Consider n vectors in C
n and write them as columns in

an n × n matrix,

Λ =

⎛

⎜
⎜
⎜
⎜
⎝

λ11 λ12 · · λ1n

λ21 λ22 · · λ2n

· · · · ·
· · · · ·

λn1 λn2 · · λnn

⎞

⎟
⎟
⎟
⎟
⎠

.

Then the following are equivalent:

(i) The columns in Λ (i.e., the given vectors) constitute a basis for C
n.

(ii) The rows in Λ constitute a basis for C
n.

(iii) The determinant of Λ is non-zero.

(iv) Λ is invertible.

(v) Λ defines an injective mapping from C
n into C

n.

(vi) Λ defines a surjective mapping from C
n onto C

n.

(vii) The columns in Λ are linearly independent.

(viii) Λ has rank equal to n.

Recall that the rank of a matrix E is defined as the dimension of its
range RE . We also remind the reader that any basis can be turned into
an orthonormal basis by applying the Gram–Schmidt orthogonalization
procedure.

We now turn to a discussion of frames for C
n. Note that we consequently

identify operators V : C
n → C

m with their matrix representations with
respect to the canonical bases in C

n and C
m. Letting {ek}n

k=1 denote the
canonical orthonormal basis in C

n and {ẽk}m
k=1 the canonical orthonormal

basis in C
m, the matrix representation of V is the m×n matrix, where the

k-th column consists of the coordinates of the image under V of the k-th
basis vector in V , in terms of the given basis in W . The jk-th entry in the
matrix representation is 〈V ek, ẽj〉.

In case {fk}m
k=1 is a frame for C

n, the pre-frame operator T defined in
(1.4) maps C

m onto C
n, and its matrix with respect to the canonical bases

in C
n and C

m is
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T =

⎛

⎝
| | · · |
f1 f2 · · fm

| | · · |

⎞

⎠ , (1.15)

i.e., the n × m matrix having the vectors fk as columns.
Since m vectors can at most span an m-dimensional space, we necessarily

have m ≥ n when {fk}m
k=1 is a frame for C

n, i.e., the matrix T has at least
as many columns as rows.

We now show that frames {fk}m
k=1 for C

n naturally appear by projections
of certain bases in C

m onto C
n, i.e., by removal of some of the coordinates:

Theorem 1.2.2 Let {fk}m
k=1 be a frame for C

n. Then the following holds:

(i) The vectors fk can be considered as the first n coordinates of some
vectors gk in C

m constituting a basis for C
m.

(ii) If {fk}m
k=1 is tight, then the vectors fk are the first n coordinates of

some vectors gk in C
m constituting an orthogonal basis for C

m.

Proof. Let {fk}m
k=1 be an arbitrary frame for C

n. Then m ≥ n. Consider
the mapping

F : C
n → C

m, Fx = {〈x, fk〉}m
k=1.

F is the adjoint of the pre-frame operator T . The matrix for F with respect
to the canonical bases is the m×n matrix where the k-th row is the complex
conjugate of fk, i.e.,

F =

⎛

⎜
⎜
⎜
⎜
⎝

− f1 −
− f2 −
· · ·
· · ·
− fm −

⎞

⎟
⎟
⎟
⎟
⎠

.

If Fx = 0, then 0 = ||Fx||2 =
∑m

k=1 |〈x, fk〉|2. Since span{fk}m
k=1 = C

n, it
follows that x = 0, so F is an injective mapping. We can therefore extend
F to a bijection F̃ of C

m onto C
m: for example, still letting {δk}m

k=1 be
the canonical basis for C

m, let {φk}m
k=n+1 be a basis for the orthogonal

complement of RF in C
m and extend F by the definition F̃ δk := φk, k =

n + 1, n + 2, . . . , m. The matrix for F̃ is an m × m matrix, whose first n
columns are the columns from F :

F̃ =

⎛

⎝
− f1 − | | · |
· · · | φn+1 · φm

− fm − | | · |

⎞

⎠ .

Since F̃ is surjective, the columns span C
m. The rank of the rows equals

the rank of the columns, so also the rows in F̃ span C
m, and they are

linearly independent. Thus, they constitute a basis for C
m.
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If {fk}m
k=1 is a tight frame for C

n with frame bound A and {δk}n
k=1 still

denotes the canonical basis for C
n, Proposition 1.1.4 shows that

〈TT ∗δl, δj〉 = Aδj,l, j, l = 1, . . . , n.

〈TT ∗δl, δj〉 is the j, l-th entry in the matrix representation for TT ∗, so this
calculation shows that the n rows in the matrix representation (1.15) for
T are orthogonal, considered as vectors in C

m. By adding m − n rows we
can extend the matrix for T to an m × m matrix in which the rows are
orthogonal. Therefore the columns are orthogonal. �

Geometrically, Theorem 1.2.2 means that if {fk}m
k=1 is a frame for C

n,
then there exist vectors {hk}m

k=1 in C
m−n such that the columns in the

m × n matrix
⎛

⎜
⎜
⎜
⎜
⎝

| | · · |
f1 f2 · · fm

| | · · |
h1 h2 · · hm

| | · · |

⎞

⎟
⎟
⎟
⎟
⎠

(1.16)

constitute a basis for C
m.

For a given m × n matrix Λ, the following proposition gives a condition
for the rows constituting a frame for C

n.

Proposition 1.2.3 For an m × n matrix

Λ =

⎛

⎜
⎜
⎜
⎜
⎝

λ11 λ12 · · λ1n

λ21 λ22 · · λ2n

· · · · ·
· · · · ·

λm1 λm2 · · λmn

⎞

⎟
⎟
⎟
⎟
⎠

,

the following are equivalent:

(i) There exists a constant A > 0 such that

A

n∑

k=1

|ck|2 ≤ ||Λ{ck}n
k=1||

2
, ∀{ck}n

k=1 ∈ C
n.

(ii) The columns in Λ constitute a basis for their span in C
m.

(iii) The rows in Λ constitute a frame for C
n.

Proof. Denote the columns in Λ by g1, . . . , gn; they are vectors in C
m.

By definition, (i) means that for all {ck}n
k=1 ∈ C

n,

A
n∑

k=1

|ck|2 ≤
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckgk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

, (1.17)
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which is equivalent to {gk}n
k=1 being a basis for its span in C

m (use an ar-
gument like in the proof of Proposition 1.1.2). On the other hand, denoting
the rows in Λ by f1, . . . , fm, (i) can also be written as

A

n∑

k=1

|ck|2 ≤
n∑

k=1

∣
∣
∣
∣
∣
∣
∣
∣

〈fk,

⎛

⎜
⎜
⎝

c1

c2

·
cn

⎞

⎟
⎟
⎠〉

∣
∣
∣
∣
∣
∣
∣
∣

2

, ∀{ck}n
k=1 ∈ C

n,

which is equivalent to (iii). �

Example 1.2.4 As an illustration of Proposition 1.2.3, consider the
matrix

Λ =

⎛

⎝
1 0
0 1
1 0

⎞

⎠ .

It is clear that the rows
(

1
0

)

,

(
0
1

)

,

(
1
0

)

constitute a frame for C
2.

The columns

⎛

⎝
1
0
1

⎞

⎠ ,

⎛

⎝
0
1
0

⎞

⎠ constitute a basis for their span in C
3, but

the span is only a two-dimensional subspace of C
3. �

As an immediate consequence of the proof of Proposition 1.2.3, we have
the following useful fact:

Corollary 1.2.5 Let Λ be an m × n matrix. Denote the columns by
g1, . . . , gn and the rows by f1, . . . , fm. Given A,B > 0, the vectors {fk}m

k=1

constitute a frame for C
n with bounds A,B if and only if

A

n∑

k=1

|ck|2 ≤
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckgk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

≤ B

n∑

k=1

|ck|2, ∀{ck}n
k=1 ∈ C

n.

Example 1.2.6 Consider the vectors
⎛

⎜
⎜
⎝

0√
1
3√
2
3

⎞

⎟
⎟
⎠ ,

⎛

⎜
⎜
⎝

0

−
√

1
3√

2
3

⎞

⎟
⎟
⎠ ,

⎛

⎝
0
1
0

⎞

⎠ ,

⎛

⎜
⎜
⎝

√
5
6

0√
1
6

⎞

⎟
⎟
⎠ ,

⎛

⎜
⎜
⎝

−
√

5
6

0√
1
6

⎞

⎟
⎟
⎠ (1.18)



1.3 The discrete Fourier transform 17

in C
3. Corresponding to these vectors, we consider the matrix

Λ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
√

1
3

√
2
3

0 −
√

1
3

√
2
3

0 1 0√
5
6 0

√
1
6

−
√

5
6 0

√
1
6

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The reader can check that the columns {gk}3
k=1 are orthogonal in C

5 and

all have length
√

5
3 . Therefore

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

3∑

k=1

ckgk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

=
5
3

3∑

k=1

|ck|2

for all c1, c2, c3 ∈ C. By Corollary 1.2.5, we conclude that the vectors
defined by (1.18) constitute a tight frame for C

3 with frame bound 5
3 . The

frame is normalized. �

For later use, we state a special case of Corollary 1.2.5; we ask the reader
to provide the proof in Exercise 1.13.

Corollary 1.2.7 Let Λ be an m × n matrix. Then the following are
equivalent:

(i) Λ∗Λ = I, the n × n identity matrix.

(ii) The columns g1, . . . , gn in Λ constitute an orthonormal system in C
m.

(iii) The rows f1, . . . , fm in Λ constitute a tight frame for C
n with frame

bound equal to 1.

1.3 The discrete Fourier transform

When working with frames and bases in C
n, one has to be particularly

careful with the meaning of the notation. For example, we have used fk

and gk to denote vectors in C
n, whereas ck in general is the k-th coordinate

of a sequence {ck}n
k=1 ∈ C

n, i.e., ck is a scalar. In order to avoid confusion,
we will change the notation slightly in this section. The key to the new
notation is the observation that to have a sequence in C

n is equivalent to
having a function

f : {1, . . . , n} → C;

the j-th entry in the sequence corresponds to the j-th function value f(j).
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Our purpose is to consider a special orthonormal basis for C
n. Given

f ∈ C
n, we denote the coordinates of f with respect to the canonical

orthonormal basis {δk}n
k=1 by {f(j)}n

j=1. For k = 1, . . . , n, we define vectors
ek ∈ C

n by

ek(j) =
1√
n

e2πi(j−1)(k−1)/n, j = 1, . . . , n; (1.19)

that is

ek =
1√
n

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
e2πi(k−1)/n

e4πi(k−1)/n

·
·

e2πi(n−1)(k−1)/n

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, k = 1, . . . n. (1.20)

Theorem 1.3.1 The vectors {ek}n
k=1 defined by (1.19) constitute an

orthonormal basis for C
n.

Proof. Since {ek}n
k=1 are n vectors in an n-dimensional vector space, it

is enough to prove that they constitute an orthonormal system. It is clear
that ||ek|| = 1 for all k. Now, given k �= �,

〈ek, e�〉 =
1
n

n∑

j=1

e2πi(j−1)(k−1)/ne−2πi(j−1)(�−1)/n =
1
n

n−1∑

j=0

e2πij(k−�)/n.

Using the formula (1−x)(1+x+ · · ·+xn−1) = 1−xn with x = e2πi(k−�)/n,
we get

〈ek, e�〉 =
1
n

1 − (e2πi(k−�)/n)n

1 − e2πi(k−�)/n
= 0. �

The basis {ek}n
k=1 is called the discrete Fourier transform basis. Using

this basis, every sequence f ∈ C
n has a representation

f =
n∑

k=1

〈f, ek〉ek =
1√
n

n∑

k=1

n∑

�=1

f(�)e−2πi(�−1)(k−1)/nek.

Written out in coordinates, this means that

f(j) =
1
n

n∑

k=1

n∑

�=1

f(�)e−2πi(�−1)(k−1)/ne2πi(j−1)(k−1)/n

=
1
n

n∑

k=1

n∑

�=1

f(�)e2πi(j−�)(k−1)/n, j = 1, . . . , n.
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Applications often ask for tight frames because the cumbersome inversion
of the frame operator is avoided in this case, see (1.9). It is interesting that
overcomplete tight frames can be obtained in C

n by projecting the discrete
Fourier transform basis in any C

m, m > n, onto C
n:

Proposition 1.3.2 Let m > n and define the vectors {fk}m
k=1 in C

n by

fk =
1√
m

⎛

⎜
⎜
⎜
⎜
⎝

1
e2πi(k−1)/m

·
·

e2πi(n−1)(k−1)/m

⎞

⎟
⎟
⎟
⎟
⎠

, k = 1, 2, . . . ,m.

Then {fk}m
k=1 is a tight overcomplete frame for C

n with frame bound equal
to one, and ||fk|| =

√
n
m for all k.

Proof. Let {δj}n
j=1 be the canonical basis for C

n, and let {ek}m
k=1 be the

discrete Fourier transform basis for C
m, i.e.,

ek =
1√
m

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
e2πi(k−1)/m

·
·

e2πi(n−1)(k−1)/m

·
·

e2πi(m−1)(k−1)/m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Identifying C
n with a subspace of C

m, the orthogonal projection of ek onto
C

n is Pek = fk; now the result follows from Exercise 1.14. �

It is important to notice that all the vectors fk in Proposition 1.3.2 have
the same norm. If needed, we can therefore normalize them while keeping
a tight frame; we only have to adjust the frame bound accordingly. We
formulate the result as an existence result, but it is important to keep in
mind that we actually have an explicit construction:

Corollary 1.3.3 For any m ≥ n, there exists a tight frame in C
n

consisting of m normalized vectors.

Example 1.3.4 The discrete Fourier transform basis in C
4 consists of the

vectors

1
2

⎛

⎜
⎜
⎝

1
1
1
1

⎞

⎟
⎟
⎠ ,

1
2

⎛

⎜
⎜
⎝

1
i
−1
−i

⎞

⎟
⎟
⎠ ,

1
2

⎛

⎜
⎜
⎝

1
−1
1
−1

⎞

⎟
⎟
⎠ ,

1
2

⎛

⎜
⎜
⎝

1
−i
−1
i

⎞

⎟
⎟
⎠ .
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Via Proposition 1.3.2, the vectors

1
2

(
1
1

)

,
1
2

(
1
i

)

,
1
2

(
1
−1

)

,
1
2

(
1
−i

)

,

constitute a tight frame in C
2. with frame bound one. The vectors have

length 1/
√

2. Changing the length of the vectors, i.e., considering the
vectors

1√
2

(
1
1

)

,
1√
2

(
1
i

)

,
1√
2

(
1
−1

)

,
1√
2

(
1
−i

)

,

we obtain a tight frame with frame bound 2, consisting of normalized
vectors. �

1.4 Pseudo-inverses and the singular value
decomposition

It is well-known from linear algebra that not all matrices have an inverse.
Keeping in mind how useful inverses are, it is natural to search for some
types of “generalized inverses” in case no inverse exists; they should capture
at least some of the nice properties.

The right definition of a generalized inverse depends on the properties
we are interested in, and we shall only define the so-called pseudo-inverse.
Given an m × n matrix E, we consider it as a linear mapping of C

n into
C

m. E is not necessarily injective, but by restricting E to the orthogonal
complement of the kernel NE , we obtain an injective linear mapping

Ẽ : N⊥
E → C

m.

E and Ẽ have the same range, RẼ = RE ; thus Ẽ considered as a mapping
from N⊥

E to RE has an inverse,

(Ẽ)−1 : RE → N⊥
E .

We can extend (Ẽ)−1 to an operator E† : C
m → C

n by defining

E†(y + z) = (Ẽ)−1y if y ∈ RE , z ∈ R⊥
E . (1.21)

With this definition,

EE†x = x, ∀x ∈ RE . (1.22)

The operator E† is called the pseudo-inverse of E. From the definition,
we immediately have that

NE† = R⊥
E = NE∗ , RE† = N⊥

E = RE∗ . (1.23)

We state two characterizations of the pseudo-inverse:
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Proposition 1.4.1 Let E be an m × n matrix. Then

(i) E† is the unique n × m matrix for which EE† is the orthogonal
projection onto RE and E†E is the orthogonal projection onto RE† .

(ii) E† is the unique n×m matrix for which EE† and E†E are self-adjoint
and

EE†E = E, E†EE† = E†.

Proof. We first prove the equivalence between the conditions stated in
(i) and (ii). If a matrix E† satisfies (i), it immediately follows that (ii) is
satisfied. On the other hand, if (ii) is satisfied, then

(EE†)2 = EE†EE† = EE†.

Since EE† is self-adjoint, it follows that EE† is the orthogonal projection
onto REE† . Finally, the identity EE†E = E shows that REE† = RE . The
proof that E†E is the orthogonal projection onto RE† is similar. Thus (i)
is satisfied.

We now prove the equivalence between the properties in Proposition
1.4.1 and the definition (1.21) of the pseudo-inverse. First we note that
with our definition of the pseudo-inverse, the conditions in (i) are satisfied;
the main ingredients in the following argument are the relations (1.22) and
(1.23). In fact, if y ∈ RE , then EE†y = y; and if y ∈ R⊥

E = NE† , then
EE†y = 0. This proves that EE† is the orthogonal projection onto RE .
Also, if y ∈ R⊥

E† = NE , then E†Ey = 0; and if y ∈ RE† , y = E†x for some
x, then

E†Ey = E†EE†x = E†x − E†(I − EE†)x = E†x = y.

Here we used that I − EE† is the orthogonal projection onto R⊥
E = NE† .

We have now proved that E†E is the orthogonal projection onto RE† .
To conclude, we only have to prove that if a matrix E† satisfies (i) and

(ii), then it fulfills the requirements in the definition of the pseudo-inverse,
i.e., (1.21) is satisfied. First, we note that (ii) implies that

E∗ = (EE†E)∗ = (E†E)∗E∗ = E†EE∗;

this shows that

N⊥
E = RE∗ ⊆ RE† .

Now, if y ∈ RE , then we can find x ∈ N⊥
E such that y = Ex; thus

E†y = E†Ex = x = (Ẽ)−1Ex = (Ẽ)−1y.

Finally, if z ∈ R⊥
E = NE∗ , then by (i), EE†z = 0; using (ii),

E†z = E†EE†z = 0. �

The pseudo-inverse gives the solution to an important minimization
problem:
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Theorem 1.4.2 Let E be an m × n matrix. Given y ∈ RE, the equation
Ex = y has a unique solution of minimal norm, namely x = E†y.

Proof. By (1.22), we know that x := E†y is a solution to the equation
Ex = y. All solutions have the form x = E†y + z, where z ∈ NE . Since
E†y ∈ N⊥

E , the norm of the general solution satisfies that

||x||2 = ||E†y + z||2 = ||E†y||2 + ||z||2.

This expression is minimal when z = 0. �

Historically, (i) and (ii) in Proposition 1.4.1 were given as definitions of a
“generalized inverse” by Moore, respectively Penrose. For this reason, the
pseudo-inverse is frequently called the Moore–Penrose inverse.

For computational purposes, it is important to notice that the pseudo-
inverse can be found using the singular value decomposition of E. We begin
with a lemma.

Lemma 1.4.3 Let E be an m × n matrix with rank r ≥ 1. Then there
exist constants σ1, . . . , σr > 0 and orthonormal bases {uk}r

k=1 for RE and
{vk}r

k=1 for RE∗ such that

Evk = σkuk, k = 1, . . . , r. (1.24)

Proof. Observe that E∗E is a self-adjoint n × n matrix; by Theorem
1.1.8 this implies that there exists an orthonormal basis {vk}n

k=1 for C
n

consisting of eigenvectors for E∗E. Let {λk}n
k=1 denote the corresponding

eigenvalues. Note that for each k,

λk = λk||vk||2 = 〈E∗Evk, vk〉 = ||Evk||2 ≥ 0.

The rank of E is given by

r = dimRE = dimRE∗ ;

since R⊥
E = NE∗ , we have

RE∗ = RE∗E = span{E∗Evk}n
k=1 = span{λkvk}n

k=1. (1.25)

Thus, the rank is equal to the number of non-zero eigenvalues, counted with
multiplicity. We can assume that the eigenvectors {vk}n

k=1 are ordered such
that {vk}r

k=1 corresponds to the non-zero eigenvalues. Then (1.25) shows
that {vk}r

k=1 is an orthonormal basis for RE∗ . Note that for k > r, we have
||Evk||2 = 〈E∗Evk, vk〉 = 0, i.e.,

Evk = 0, k > r. (1.26)

Defining

uk :=
1√
λk

Evk, k = 1, . . . , r,
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we therefore obtain that {uk}r
k=1 spans RE ; and it is an orthonormal basis

for RE because for all k, l = 1, . . . , r we have

〈uk, ul〉 =
1√
λk

1√
λl

〈Evk, Evl〉

=
1√
λkλl

〈E∗Evk, vl〉

=
√

λk

λl
〈vk, vl〉

= δk,l.

Thus, the conditions in Lemma 1.4.3 are fulfilled with

σk =
√

λk, k = 1, . . . , r. �

Lemma 1.4.3 leads to the singular value decomposition of E:

Theorem 1.4.4 Every m × n matrix E with rank r ≥ 1 has a
decomposition

E = U

(
D 0
0 0

)

V ∗, (1.27)

where U is a unitary m × m matrix, V is a unitary n × n matrix, and(
D 0
0 0

)

is an m × n block matrix in which D is an r × r diagonal

matrix with positive entries σ1, . . . , σr in the diagonal.

Proof. We use the proof of Lemma 1.4.3. Let {vk}n
k=1 be the orthonormal

basis for C
n considered there, ordered such that {vk}r

k=1 is an orthonormal
basis for RE∗ . Let V be the n × n matrix having the vectors {vk}n

k=1 as
columns. Extend the orthonormal basis {uk}r

k=1 for RE to an orthonormal
basis {uk}m

k=1 for C
m and let U be the m×m matrix having these vectors

as columns. Finally, let D be the r × r diagonal matrix having σ1, . . . , σr

in the diagonal. Via (1.24) and (1.26),

EV =
(

σ1u1 · · σrur 0 · · 0
)

= U

(
D 0
0 0

)

.

Multiplying with V ∗ from the right gives the result. �

The numbers σ1, . . . , σr are called singular values for E; the proof of
Lemma 1.4.3 shows that they are the square roots of the positive eigenvalues
for E∗E.
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Corollary 1.4.5 With the notation in Theorem 1.4.4, the pseudo-inverse
of E is given by

E† = V

(
D−1 0

0 0

)

U∗, (1.28)

where
(

D−1 0
0 0

)

is an n × m block matrix in which D−1 is the r × r

matrix having 1/σ1, . . . , 1/σr in the diagonal.

Proof. We check that the matrix E† defined by (1.28) satisfies the
requirements in Proposition 1.4.1(ii). First, via (1.27),

EE† = U

(
D 0
0 0

)

V ∗V

(
D−1 0

0 0

)

U∗

= U

(
I 0
0 0

)

U∗,

which shows that EE† is self-adjoint. The proof that E†E is self-adjoint is
similar. Furthermore, using the derived expression for EE†,

EE†E = U

(
I 0
0 0

)

U∗U

(
D 0
0 0

)

V ∗

= E.

Similarly, one can verify that E†EE† = E†. �

Let us return to the setting where {fk}m
k=1 is a frame for C

n with pre-
frame operator T : C

m → C
n. The calculation of the frame coefficients

amounts to finding the pseudo-inverse T †:

Theorem 1.4.6 Let {fk}m
k=1 be a frame for C

n, with pre-frame operator
T and frame operator S. Then

T †f = {〈f, S−1fk〉}m
k=1, ∀f ∈ C

n. (1.29)

Proof. Let f ∈ C
n. Expressed in terms of the pre-frame operator T , the

equation f =
∑m

k=1 ckfk means that T{ck}m
k=1 = f . The result now follows

by combining Theorem 1.1.5 and Theorem 1.4.2. �

One interpretation of Theorem 1.4.6 is that when {fk}m
k=1 is a frame for

C
n, the matrix for T † is obtained by placing the complex conjugate of the

vectors in the canonical dual frame {S−1fk}m
k=1 as rows in an m×n matrix:

T † =

⎛

⎜
⎜
⎜
⎜
⎝

−S−1f1−
−S−1f2−

·
·

−S−1fm−

⎞

⎟
⎟
⎟
⎟
⎠

.
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In operator terms, (1.29) means that

T † = T ∗(TT ∗)−1,

a formula that is known to hold generally for the pseudo-inverse of an
arbitrary bounded surjective operator T .

The singular value decomposition gives a natural way to obtain coeffi-
cients {ck}m

k=1 such that f =
∑m

k=1 ckfk. Let {fk}m
k=1 be an overcomplete

frame for C
n with pre-frame operator T : C

m → C
n. Considered as a

matrix, T is an n × m matrix, and we know that m > n. Since T is sur-
jective, its rank equals n, so according to Theorem 1.4.4 its singular value
decomposition is

T = U
(

D 0
)
V ∗.

Note that D is now an n × n matrix;
(

D 0
)

is an n × m matrix, U is
an n×n matrix, and V is an m×m matrix. Given any (m−n)×n matrix
F and any f ∈ C

n, we have that

TV

(
D−1

F

)

U∗f = U
(

D 0
)
V ∗V

(
D−1

F

)

U∗f

= UIU∗f

= f.

This means that we can use the coefficients

{ck}m
k=1 = V

(
D−1

F

)

U∗f

for the reconstruction of f , regardless how the entries in the matrix F
are chosen. By Corollary 1.4.5, the choice F = 0 leads to the pseudo-
inverse, which, as noted already in Theorem 1.1.5, is optimal in the sense
that the �2-norm of the coefficients is minimized. However, there are many
cases where other properties than minimal �2-norm are more relevant. The
matrix

V

(
D−1

F

)

U∗

is frequently called a generalized inverse of T .

1.5 Applications in signal transmission

Mathematically, the option of having overcompleteness in a frame makes
the concept more flexible than that of a basis: we have more freedom, which
enhances the chance that we can construct systems having prescribed prop-
erties. The overcompleteness is also useful in practice, e.g., in the context
of signal transmission. We will explain this in more detail below.
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Modern communication networks act by transporting packets of data.
Each packet contains the “essential information,” i.e., the data we want to
transmit, as well as a collection of “control parameters.” The purpose of
these extra parameters is to check that the data are delivered correctly: in
case an error occurs, no packet will be delivered at all. It is clear that if
there are no relationships between the various packets, the data belonging
to a lost packet cannot be recovered. However, if there is some redundancy
built into the system, i.e., relationships between the information in the
packets, there is some hope that at least parts of the missing data can be
recovered.

Mathematically, one can model the packets to transmit as frame coef-
ficients. Thus, a packet that is not delivered amounts to removal of an
element from the frame. If the frame was a basis, it would no longer be
a basis after removal of an element; however, if it is overcomplete, it is
possible that it remains a frame after deletion of an element.

In practice, one might lose more than one packet, i.e., more than one
frame element. Thus, we are facing the question of how to construct frames
that are stable toward removal of more than one element.

Let us formulate the relevant mathematical question in terms of frames
in C

n. A frame for C
n needs to contain at least n elements. Thus, how can

we construct a frame {fk}m
k=1 for C

n,m > n, such that the set remains a
frame after removal of m − n arbitrary elements? We now show that the
frames {fk}m

k=1 obtained in Proposition 1.3.2 behave optimally:

Proposition 1.5.1 Consider the frame {fk}m
k=1 for C

n defined in Propo-
sition 1.3.2. Any subset containing at least n elements of this frame forms
a frame for C

n.

Proof. Consider an arbitrary subset {k1, k2, . . . , kn} ⊆ {1, 2, . . . ,m}. Plac-
ing the vectors {fki

}n
i=1 as rows in an n×n matrix and letting z := e2πi/m,

we obtain that
⎛

⎜
⎜
⎜
⎜
⎝

−fk1−
−fk2−

·
·

−fkn
−

⎞

⎟
⎟
⎟
⎟
⎠

=
1√
m

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 e2πi(k1−1)/m · · e2πi(k1−1)(n−1)/m

1 e2πi(k2−1)/m · · e2πi(k2−1)(n−1)/m

· · · · ·
· · · · ·
1 e2πi(kn−1)/m · · e2πi(kn−1)(n−1)/m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=
1√
m

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 zk1−1 · · z(k1−1)(n−1)

1 zk2−1 · · z(k2−1)(n−1)

· · · · ·
· · · · ·
1 zkn−1 · · z(kn−1)(n−1)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

;
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this is a Vandermonde matrix with determinant

1
mn/2

n∏

i,j=1,i �=j

(zki−1 − zkj−1) �= 0.

Thus, {fki
}n

i=1 is a basis for C
n by Theorem 1.2.1. �

Not all frames behave as well as the one in Proposition 1.3.2: regardless
how many elements a frame has, it might happen that the removal of a
single particular element destroys the frame property (Exercise 1.17). If
we have information on the lower frame bound and the norm of the frame
elements, we can provide a criterion for how many elements we can (at
least) remove. We ask the reader to provide the proof, see Exercise 1.18.

Proposition 1.5.2 Let {fk}m
k=1 be a normalized frame for C

n with lower
frame bound A > 1. Then, for any index set I ⊂ {1, . . . , m} with |I| < A,
the family {fk}k/∈I is a frame for C

n with lower bound A − |I|.

Theorem 1.1.12 shows that if {fk}m
k=1 is a tight normalized frame for C

n,
then Proposition 1.5.2 applies if |I| < m

n .
In the context of signal transmission, the overcompleteness of frames

has a very useful noise-suppressing effect. We will first give an intuitive
explanation and return to a more detailed statistical argument afterwards.
Let us assume that we want to transmit the signal f belonging to a vector
space V from a transmitter A to a receiver R. If both A and R have
knowledge of a frame {fk}m

k=1 for V , this can be done if A transmits the
coefficients {〈f, fk〉}m

k=1; based on knowledge of these numbers, the receiver
R can reconstruct the signal f using the frame decomposition

f =
m∑

k=1

〈f, fk〉S−1fk.

Now assume that R receives a noisy signal, i.e., a perturbation

{〈f, fk〉 + ck}m
k=1

of the correct coefficients. Based on the received coefficients, R will claim
that the transmitted signal was

m∑

k=1

(〈f, fk〉 + ck) S−1fk =
m∑

k=1

〈f, fk〉S−1fk + S−1
m∑

k=1

ckfk

= f + S−1
m∑

k=1

ckfk;

this differs from the correct signal f by the term S−1
∑m

k=1 ckfk. If {fk}m
k=1

is overcomplete, the pre-frame operator T{ck}m
k=1 =

∑m
k=1 ckfk has a non-

trivial kernel, implying that parts of the noise contribution might add up
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to zero and cancel. This will never happen if {fk}m
k=1 is an orthonormal

basis! In that case

||S−1
m∑

k=1

ckfk|| ≥
1

||S||

√
√
√
√

m∑

k=1

|ck|2,

so (at least intuitively) each noise contribution will make the reconstruction
worse.

The above arguments can be refined using statistical models for noise.
Following [36], we will use this to analyze how one should choose the frame
{fk}m

k=1 in order to obtain the maximal noise-suppressing effect. Let us
again assume that A transmits the coefficients {〈f, fk〉}m

k=1 to the receiver
R, and that R receives a noisy signal {〈f, fk〉 + ηk}m

k=1. In contrast with
the simplified setting above, we now consider each noise component ηk as a
random variable; we will assume that each ηk has mean zero and variance
σ2, and that ηk and η� are uncorrelated for k �= �. Letting E denote the
mean, these assumptions can be expressed as

E[ηk] = 0, E[ηkη�] = σ2δk,�, k, � = 1, . . . ,m. (1.30)

As above, based on the coefficients {〈f, fk〉 + ηk}m
k=1, the receiver will

reconstruct the signal as

f̃ =
m∑

k=1

(〈f, fk〉 + ηk) S−1fk = f +
m∑

k=1

ηkS−1fk.

Thus, the difference between the reconstructed signal f̃ and the original
signal f is

f̃ − f =
m∑

k=1

ηkS−1fk.

Remember that f̃ − f is a vector with n coordinates, which depend on the
random variables ηk. The associated mean-square error MSE is defined by

MSE :=
1
n

E||f̃ − f ||2.

Now, inserting the expression for f̃ − f shows that

MSE =
1
n

E(〈f̃ − f, f̃ − f〉)

=
1
n

E

[
m∑

k=1

m∑

�=1

ηkη�〈S−1fk, S−1f�〉
]

=
1
n

m∑

k=1

m∑

�=1

E[ηkη�]〈S−1fk, S−1f�〉.
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Via the assumptions (1.30), this implies that

MSE =
1
n

m∑

k=1

m∑

�=1

σ2δk,�〈S−1fk, S−1f�〉 =
1
n

σ2
m∑

k=1

||S−1fk||2. (1.31)

We now show that among all normalized frames containing a fixed number
of elements, this expression is minimized for tight frames. We will use the
following well-known lemma.

Lemma 1.5.3 Let {ak}n
k=1 be a sequence of positive numbers. Then the

harmonic mean of the sequence is smaller than or equal to the arithmetic
mean, i.e.,

n
∑n

k=1
1

ak

≤ 1
n

n∑

k=1

ak.

The inequality is an equality if and only if all the ak are equal.

Theorem 1.5.4 Consider normalized frames {fk}m
k=1 for R

n, where
n,m ∈ N are fixed. Among all such frames {fk}m

k=1, the MSE is minimal
if and only if the frame is tight. The attained minimal value is

MSE =
n

m
σ2. (1.32)

Proof. Let λ1, . . . , λn denote the eigenvalues for the frame operator S
associated with {fk}m

k=1. By Theorem 1.1.12,
n∑

k=1

λk =
m∑

k=1

||fk||2 = m. (1.33)

The frame {S−1fk}m
k=1 has S−1 as frame operator, and this operator has

the eigenvalues λ−1
1 , . . . , λ−1

n . Now, (1.31) together with Theorem 1.1.12
imply that

MSE =
1
n

σ2
m∑

k=1

||S−1fk||2 =
1
n

σ2
n∑

k=1

1
λk

. (1.34)

Our goal is now to minimize the expression in (1.34) under the constraint
(1.33); equivalently, we want to maximize the expression

1
∑n

k=1
1

λk

under the condition that
∑n

k=1 λk = m. According to Lemma 1.5.3, this
happens if and only if all eigenvalues λk are equal, i.e., for

λk =
m

n
, k = 1, . . . ,m.
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This implies that {fk}m
k=1 is a tight frame with frame bound m/n. The

attained minimal value of the mean-square error is

MSE =
1
n

σ2
n∑

k=1

1
λk

=
1
n

σ2n
n

m
=

n

m
σ2. �

The expression (1.32) shows that for a fixed value of n ∈ N, the MSE
decreases when the number of elements in the frame increases, i.e., for
higher redundancy. In this sense, the redundancy in a frame helps to reduce
the mean-square error.

1.6 Exercises

1.1 Prove that the adjoint of the pre-frame operator T in (1.4) is given
by the expression in (1.5).

1.2 Prove Proposition 1.1.4. (Hint: use that if U is a linear self-adjoint
map on V for which 〈Ux, x〉 = 0 for all x ∈ V , then U = 0; see
Lemma 2.4.3.)

1.3 Show that every frame {fk}m
k=1 for a finite-dimensional vector space

V contains a subset that is a basis for V .

1.4 Can a frame in a finite-dimensional space contain infinitely many
elements?

1.5 Let {fk}k∈I be a frame for a finite-dimensional vector space V and
assume that ||fk|| is bounded below. Prove that I is finite. (w.l.o.g.
you may assume that V = R

n and that ||fk|| = 1, ∀k; explain why
if you want to use this fact!)

1.6 Find a non-canonical dual frame associated with the frame
considered in Example 1.1.6.

1.7 Construct a frame {fk}m
k=1 for C

2 for which there exists f ∈ C
2

such that the coefficients {dk}m
k=1 in Theorem 1.1.10 are not unique.

1.8 Let {e1, e2} be the canonical orthonormal basis for C
2 and consider

the frame {fk}3
k=1 = {e1, e2, e1 + e2}.

(i) Find the coefficients with minimal �2-norm among all sequences
{ck}3

k=1 for which e1 =
∑3

k=1 ckfk.
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(ii) Find the coefficients {c(1)
k }3

k=1 and {c(2)
k }3

k=1 that minimize the
�1-norm in the representation of e1 and e2, respectively.

(iii) Clearly, e1 + e2 =
∑3

k=1(c
(1)
k + c

(2)
k )fk; but is {c(1)

k + c
(2)
k }3

k=1

minimizing the �1-norm among all sequences representing
e1 + e2?

1.9 Prove Corollary 1.1.11.

1.10 Let {ek}n
k=1 be an orthonormal basis for V . Prove that any family

{gk}n
k=1 of vectors in V for which

R :=

(
n∑

k=1

||ek − gk||2
)1/2

< 1

is a basis for V. (Hint: use
n∑

k=1

ckgk =
n∑

k=1

ckek −
n∑

k=1

ck(ek − gk)

to prove that
∑n

k=1 ckgk �= 0 whenever at least one ck is non-zero.)

1.11 Assume that {fk}m
k=1 is a frame for C

n. Prove that the 2m vectors
consisting of the real parts, respectively the imaginary parts, of
the frame vectors constitute a frame for R

n.

1.12 Show that a frame for R
n is also a frame for C

n.

1.13 Prove Corollary 1.2.7.

1.14 Let {fk}m
k=1 be a frame for V with bounds A,B and let P denote

the orthogonal projection of V onto a subspace W . Prove that
{Pfk}m

k=1 is a frame for W with frame bounds A,B.

1.15 Let {fk}m
k=1 be a normalized tight frame. Prove that the frame

bound A is at least 1, and that A = 1 if and only if {fk}m
k=1 is

an orthonormal basis.

1.16 Let {fk}m
k=1 be a frame for an n-dimensional vector space V , and

let B denote the optimal upper bound. Prove that

B ≤
m∑

k=1

||fk||2 ≤ nB.
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1.17 (i) Find a frame in C
3 with 10 elements, having the property that

removal of a single element might destroy the frame property.
(ii) Let {fk}m

k=1 be a frame for C
n, m > n. Under which condition

on f1 will it happen that removal of f1 destroys the frame
property?

1.18 Prove Proposition 1.5.2.

1.19 Prove that for any n ∈ N, the polynomials {1, x, . . . , xn} are
linearly independent in the vector space C(0, 1).

1.20 Consider the polynomials {1, x, x2} as functions on the interval
[0, 1], and let V = span{1, x, x2}. Equip V with the inner product

〈f, g〉 =
∫ 1

0

f(x)g(x)dx.

Find an orthonormal basis for V .

1.21 Let {λk}n
k=1 be a sequence of real numbers. Assume that λk �= λj

for k �= j. Let I ⊆ R be an arbitrary non-empty interval, and
consider the complex exponentials {eiλkx}n

k=1 as functions on I.
Prove that the functions {eiλkx}n

k=1 are linearly independent.

1.22 Let {λk}n
k=1 be a sequence of real numbers.

(i) Prove that {cos λkx}n
k=1 are linearly independent in C(−1, 1) if

and only if |λk| �= |λj | for k �= j.

(ii) Prove that {sin λkx}n
k=1 are linearly independent in C(−1, 1)

if and only if all λk are non-zero and |λk| �= |λj | for k �= j.

(iii) Under which conditions on sequences {λk}n
k=1, {μk}m

k=1 are
the functions

{cos λkx}n
k=1 ∪ {sin μkx}m

k=1

linearly independent in C(−1, 1)?

(iv) Replace the interval ]−1, 1[ by an arbitrary non-empty interval
and generalize (i), (ii), and (iii).



2
Infinite-dimensional Vector Spaces
and Sequences

After the introduction to frames in finite-dimensional vector spaces in
Chapter 1, the rest of the book will deal with expansions in infinite-
dimensional vector spaces. Here great care is needed: we need to replace
finite sequences {fk}n

k=1 by infinite sequences {fk}∞k=1, and suddenly the
question of convergence properties becomes a central issue. The vector
space itself might also cause problems, e.g., in the sense that Cauchy se-
quences might not be convergent. We expect the reader to have a basic
knowledge about these problems and the way to circumvent them, but
for completeness we repeat the central themes in Sections 2.1–2.4. Sec-
tion 2.5 deals with pseudo-inverse operators; this subject is not expected
to be known and is treated in more detail. Section 2.6 introduces the so-
called moment problems in Hilbert spaces. In Sections 2.7–2.9, we discuss
the Hilbert space L2(R) consisting of the square integrable functions on
R and three classes of operators hereon, as well as the Fourier transform.
The material in those sections is not needed for the study of frames and
bases on abstract Hilbert spaces in Chapter 3 (except Section 3.5 and Sec-
tion 3.6) and Chapter 5, but it forms the basis for all the constructions in
Chapters 7–11.

2.1 Normed vector spaces and sequences

A central theme in this book is to find conditions on a sequence {fk}
in a vector space X such that every f ∈ X has a representation as a

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008
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superposition of the vectors fk. In most spaces appearing in functional
analysis, this cannot be done with a finite sequence {fk}. We are therefore
forced to work with infinite sequences, say, {fk}∞k=1, and the representation
of f in terms of {fk}∞k=1 will be via an infinite series. For this reason, the
starting point must be a discussion of convergence of infinite series. We
collect the basic definitions here together with some conventions.

Throughout the section, we let X denote a complex vector space. A
norm on X is a function || · || : X → [0,∞[ satisfying the following three
conditions:

(i) ||x|| = 0 ⇔ x = 0;

(ii) ||αx|| = |α| ||x||, ∀x ∈ X, α ∈ C;

(iii) ||x + y|| ≤ ||x|| + ||y||, ∀x, y ∈ X.

In situations where more than one vector space appear, we will frequently
denote the norm on X by || · ||X . If X is equipped with a norm, we say that
X is a normed vector space. The opposite triangle inequality is satisfied in
any normed vector space:

||x − y|| ≥ | ||x|| − ||y|| | , x, y ∈ X. (2.1)

We say that a sequence {xk}∞k=1 in X

(i) converges to x ∈ X if

||x − xk|| → 0 for k → ∞;

(ii) is a Cauchy sequence if for each ε > 0 there exists N ∈ N such that

||xk − xl|| ≤ ε whenever k, l ≥ N.

A convergent sequence is automatically a Cauchy sequence, but the op-
posite is not true in general. There are, however, normed vector spaces in
which a sequence is convergent if and only if it is a Cauchy sequence; a
space X with this property is called a Banach space.

Imitating the finite-dimensional setting described in Chapter 1, we want
to study sequences {fk}∞k=1 in X with the property that each f ∈ X has a
representation f =

∑∞
k=1 ckfk for some coefficients ck ∈ C. In order to do

so, we have to explain exactly what we mean by convergence of an infinite
series. There are, in fact, at least three different options; we will now discuss
these options.

First, the notation {fk}∞k=1 indicates that we have chosen some ordering
of the vectors fk,

f1, f2, f3, . . . , fk, fk+1, . . . .

We say that an infinite series
∑∞

k=1 ckfk is convergent with sum f ∈ X if
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
f −

n∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
→ 0 as n → ∞.
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If this condition is satisfied, we write

f =
∞∑

k=1

ckfk. (2.2)

Thus, the definition of a convergent infinite series corresponds exactly to
our definition of a convergent sequence with xn =

∑n
k=1 ckfk.

Above we insisted on a fixed ordering of the sequence {fk}∞k=1. It is
very important to notice that convergence properties of

∑∞
k=1 ckfk not

only depend on the sequence {fk}∞k=1 and the coefficients {ck}∞k=1 but also
on the ordering. Even if we consider a sequence in the simplest possible
Banach space, i.e., a sequence {ak}∞k=1 in C, it can happen that

∑∞
k=1 ak

is convergent but that
∑∞

k=1 aσ(k) is divergent for a certain permutation σ
of the natural numbers (Exercise 2.1). This observation leads to the second
definition of convergence. If {fk}∞k=1 is a sequence in X and

∑∞
k=1 fσ(k) is

convergent for all permutations σ, we say that
∑∞

k=1 fk is unconditionally
convergent. In that case, the limit is the same regardless of the order of
summation.

Finally, an infinite series
∑∞

k=1 fk is said to be absolutely convergent if
∞∑

k=1

||fk|| < ∞.

In any Banach space, absolute convergence of
∑∞

k=1 fk implies that the
series converges unconditionally (Exercise 2.2), but the opposite does not
hold in infinite-dimensional spaces. In finite-dimensional spaces, the two
types of convergence are identical.

A subset Z ⊆ X (countable or not) is said to be dense in X if for each
f ∈ X and each ε > 0 there exists g ∈ Z such that

||f − g|| ≤ ε.

In words, this means that elements in X can be approximated arbitrarily
well by elements in Z.

For a given sequence {fk}∞k=1 in X, we let span{fk}∞k=1 denote the vector
space consisting of all finite linear combinations of vectors fk. The definition
of convergence shows that if each f ∈ X has a representation of the type
(2.2), then each f ∈ X can be approximated arbitrarily well in norm by
elements in span{fk}∞k=1, i.e.,

span{fk}∞k=1 = X. (2.3)

A sequence {fk}∞k=1 having the property (2.3) is said to be complete or
total. We note that there exist normed spaces where no sequence {fk}∞k=1

is complete. A normed vector space, in which a countable and dense family
exists, is said to be separable.

When we speak about a finite sequence, we mean a sequence {ck}∞k=1

where at most finitely many entries ck are non-zero.
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2.2 Operators on Banach spaces

Let X and Y denote Banach spaces. An linear map U : X → Y is called an
operator, and U is bounded or continuous if there exists a constant K > 0
such that

||Ux||Y ≤ K ||x||X , ∀x ∈ X. (2.4)

Usually, it will be clear from the context which norm we use, so we will
write || · || for both || · ||X and || · ||Y . The norm of the operator U , denoted
by ||U ||, is the smallest constant K that can be used in (2.4). Alternatively,

||U || = sup {||Ux|| : x ∈ X, ||x|| = 1} .

If U1 and U2 are operators for which the range of U2 is contained in the
domain of U1, we can consider the composed operator U1U2; if U1 and U2

are bounded, then also U1U2 is bounded, and

||U1U2|| ≤ ||U1|| ||U2||. (2.5)

Now consider a sequence of operators Un : X → Y, n ∈ N, which
converges pointwise to a mapping U : X → Y , i.e.,

Unx → Ux, as n → ∞, ∀x ∈ X.

We say that Un converges to U in the strong operator topology. The Banach–
Steinhaus Theorem, also known as the uniform boundedness principle,
states the following:

Theorem 2.2.1 Let Un : X → Y, n ∈ N, be a sequence of bounded op-
erators, which converges pointwise to a mapping U : X → Y . Then U is
linear and bounded. Furthermore, the sequence of norms ||Un|| is bounded,
and ||U || ≤ lim inf ||Un||.

An operator U : X → Y is invertible if U is surjective and injective. For a
bounded, invertible operator, the inverse operator is bounded:

Theorem 2.2.2 A bounded bijective operator between Banach spaces has
a bounded inverse.

In case X = Y , it makes sense to speak about the identity operator I on
X. The Neumann Theorem states that an operator U : X → X is invertible
if it is close enough to the identity operator:

Theorem 2.2.3 If U : X → X is bounded and ||I − U || < 1, then U is
invertible, and

U−1 =
∞∑

k=0

(I − U)k. (2.6)
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Furthermore,

||U−1|| ≤ 1
1 − ||I − U || .

Note that (2.6) should be interpreted in the sense of the operator norm,
i.e., as

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
U−1 −

N∑

k=0

(I − U)k

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
→ 0 as N → ∞.

2.3 Hilbert spaces

A special class of normed vector spaces is formed by inner product spaces.
Recall that an inner product on a complex vector space X is a mapping
〈·, ·〉 : X × X → C for which

(i) 〈αx + βy, z〉 = α〈x, z〉 + β〈y, z〉, ∀x, y, z ∈ X, α, β ∈ C;

(ii) 〈x, y〉 = 〈y, x〉, ∀x, y ∈ X;

(iii) 〈x, x〉 ≥ 0, ∀x ∈ X, and 〈x, x〉 = 0 ⇔ x = 0.

Note that we have chosen to let the inner product be linear in the first
entry. It implies that the inner product is conjugated linear in the second
entry. Frequently, the opposite convention is used in the literature.

A vector space X with an inner product 〈·, ·〉 can be equipped with the
norm

||x|| :=
√
〈x, x〉, x ∈ X.

If X is a Banach space with respect to this norm, then X is called a Hilbert
space. We reserve the letter H for these spaces. We will always assume that
H is non-trivial, i.e., that H �= {0}. The standard examples are the spaces
L2(R) and �2(N) discussed in Section 2.7.

In any Hilbert space H with an inner product 〈·, ·〉, Cauchy–Schwarz’
inequality holds: it states that

|〈x, y〉| ≤ ||x|| ||y||, ∀x, y ∈ H.

Two elements x, y ∈ H are orthogonal if 〈x, y〉 = 0; and the orthogonal
complement of a subspace U of H is

U⊥ = {x ∈ H : 〈x, y〉 = 0, ∀y ∈ U}.

The above definitions and results are valid whether H is finite-
dimensional or infinite-dimensional. Also note that norms and inner
products are defined in a similar way on real vector spaces (just replace
the scalars C by the real scalars R).
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We state a few elementary results concerning Hilbert spaces that will be
used repeatedly during the book. The proof of the first is left to the reader
as Exercise 2.3.

Lemma 2.3.1 For a sequence {xk}∞k=1 in a Hilbert space H the following
are equivalent:

(i) {xk}∞k=1 is complete.

(ii) If 〈x, xk〉 = 0 for all k ∈ N, then x = 0.

Among the linear operators on a Hilbert space, a special role is played
by the continuous linear operators U : H → C. They are called functionals
and are characterized in Riesz’ Representation Theorem:

Theorem 2.3.2 Let U : H → C be a continuous linear mapping. Then
there exists a unique y ∈ H such that Ux = 〈x, y〉 for all x ∈ H.

The uniqueness of the element y ∈ H associated with a given functional
has the following important consequence.

Corollary 2.3.3 Let H be a Hilbert space. Assume that x, y ∈ H satisfy
that

〈x, z〉 = 〈y, z〉, ∀z ∈ H.

Then x = y.

Finally, we note that the norm of an arbitrary element x ∈ H can be
recovered based on the inner product between x and the elements in the
unit sphere in H:

Lemma 2.3.4 For any x ∈ H,

||x|| = sup
||y||=1

|〈x, y〉|.

2.4 Operators on Hilbert spaces

Let U be a bounded operator from the Hilbert space (K, 〈·, ·〉K) into the
Hilbert space (H, 〈·, ·〉H). The adjoint operator is defined as the unique
operator U∗ : H → K satisfying that

〈x,Uy〉H = 〈U∗x, y〉K, ∀x ∈ H, y ∈ K.

Usually, we will write 〈·, ·〉 for both inner products; it will always be clear
from the context in which space the inner product is taken.

We collect some relationships between U and U∗; the proofs can be found
in, e.g., Theorem 4.14 and Theorem 4.15 in [60].
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Lemma 2.4.1 Let U : K → H be a bounded operator. Then the following
holds:

(i) ||U || = ||U∗||, and ||UU∗|| = ||U ||2.
(ii) RU is closed in H if and only if RU∗ is closed in K.

(iii) U is surjective if and only if there exists a constant C > 0 such that

||U∗y|| ≥ C ||y||, ∀y ∈ H.

In the rest of this section, we consider the case K = H. A bounded
operator U : H → H is unitary if UU∗ = U∗U = I. If U is unitary, then

〈Ux,Uy〉 = 〈x, y〉, ∀x, y ∈ H.

A bounded operator U : H → H is self-adjoint if U = U∗. When U is
self-adjoint,

||U || = sup
||x||=1

|〈Ux, x〉| . (2.7)

For a self-adjoint operator U , the inner product 〈Ux, x〉 is real for all
x ∈ H. One can introduce a partial order on the set of self-adjoint operators
by

U1 ≤ U2 ⇔ 〈U1x, x〉 ≤ 〈U2x, x〉, ∀x ∈ H.

Using this order, one can work with self-adjoint operators almost as
with real numbers. For example, under certain conditions it is possible to
“multiply” an operator inequality with a bounded operator. The precise
statement below can be found in [43]:

Theorem 2.4.2 Let U1, U2, U3 be self-adjoint operators. If U1 ≤ U2,
U3 ≥ 0, and U3 commutes with U1 and U2, then U1U3 ≤ U2U3.

An important class of self-adjoint operators consists of the orthogonal
projections. Given a closed subspace V of H, the orthogonal projection of
H onto V is the operator P : H → H for which

Px = x, x ∈ V, Px = 0, x ∈ V ⊥.

If {ek}∞k=1 is an orthonormal basis for V , the operator P is given explicitly
by

Px =
∞∑

k=1

〈x, ek〉ek, x ∈ H.

In case H is a complex Hilbert space and U is a bounded operator on H,
a direct calculation gives that

4〈Ux, y〉 = 〈U(x + y), x + y〉 − 〈U(x − y), x − y〉
+i〈U(x + iy), x + iy〉 − i〈U(x − iy), x − iy〉. (2.8)
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In particular, we can recover the inner product in H from the norm by

4〈x, y〉 = ||x + y||2 − ||x − y||2 + i ||x + iy||2 − i ||x − iy||2, x, y ∈ H,

a result that is known as the polarization identity.

Lemma 2.4.3 Let U : H → H be a bounded operator, and assume that
〈Ux, x〉 = 0 for all x ∈ H. Then the following holds:

(i) If H is a complex Hilbert space, then U = 0.

(ii) If H is a real Hilbert space and U is self-adjoint, then U = 0.

Proof. If H is complex, we can use (2.8); thus, if 〈Ux, x〉 = 0 for all x ∈ H,
then 〈Ux, y〉 = 0 for all x, y ∈ H, and therefore U = 0.

In case H is a real Hilbert space, we must use a different approach. Let
{ek}∞k=1 be an orthonormal basis for H. Then, for arbitrary j, k ∈ N,

0 = 〈U(ek + ej), ek + ej〉
= 〈Uek, ek〉 + 〈Uej , ej〉 + 〈Uek, ej〉 + 〈Uej , ek〉
= 〈Uek, ej〉 + 〈ej , Uek〉
= 2 〈Uej , ek〉;

therefore U = 0. �

Note that without the assumption U = U∗, the second part of the lemma
would fail; to see that, let U be a rotation of 90◦ in R

2.
A bounded operator U : H → H is positive if 〈Ux, x〉 ≥ 0, ∀x ∈ H. On

a complex Hilbert space, every bounded positive operator is self-adjoint.
For a positive operator U , we will often use the following result about the
existence of a square root, i.e., a bounded operator W such that W 2 = U :

Lemma 2.4.4 Every bounded and positive operator U : H → H has
a unique bounded and positive square root W . The operator W has the
following properties:

(i) If U is self-adjoint, then W is self-adjoint.

(ii) If U is invertible, then W is also invertible.

(iii) W can be expressed as a limit (in the strong operator topology) of a
sequence of polynomials in U , and commutes with U .

2.5 The pseudo-inverse operator

It is well-known that not all bounded operators U on a Hilbert space H
are invertible: an operator U needs to be injective and surjective in order
to be invertible. We will now prove that if an operator U has closed range,
there exists a “right-inverse operator” U† in the following sense:



2.5 The pseudo-inverse operator 41

Lemma 2.5.1 Let H,K be Hilbert spaces, and suppose that U : K → H
is a bounded operator with closed range RU . Then there exists a bounded
operator U† : H → K for which

UU†x = x, ∀x ∈ RU . (2.9)

Proof. Consider the restriction of U to an operator on the orthogonal
complement of the kernel of U , i.e., let

Ũ := U|N⊥
U

: N⊥
U → H.

Clearly, Ũ is linear and bounded. Ũ is also injective: if Ũx = 0, it follows
that x ∈ N⊥

U ∩ NU = {0}. We now prove that the range of Ũ equals the
range of U . Given y ∈ RU , there exists x ∈ K such that Ux = y. By writing
x = x1 + x2, where x1 ∈ N⊥

U , x2 ∈ NU , we obtain that

Ũx1 = Ux1 = U(x1 + x2) = Ux = y.

It follows from Theorem 2.2.2 that Ũ has a bounded inverse

Ũ−1 : RU → N⊥
U .

Extending Ũ−1 by zero on the orthogonal complement of RU we obtain a
bounded operator U† : H → K for which UU†x = x for all x ∈ RU . �

The operator U† constructed in the proof of Lemma 2.5.1 is called the
pseudo-inverse of U . In the literature, one will often see the pseudo-inverse
of an operator U with closed range defined as the unique operator U†

satisfying that

NU† = R⊥
U , RU† = N⊥

U , and UU†x = x, x ∈ RU ; (2.10)

this definition is equivalent to the above construction (Exercise 2.4). We
collect some properties of U† and its relationship to U .

Lemma 2.5.2 Let U : K → H be a bounded operator with closed range.
Then the following holds:

(i) The orthogonal projection of H onto RU is given by UU†.

(ii) The orthogonal projection of K onto RU† is given by U†U .

(iii) U∗ has closed range, and (U∗)† = (U†)∗.

(iv) On RU , the operator U† is given explicitly by

U† = U∗(UU∗)−1. (2.11)

Proof. All statements follow from the characterization of U† in (2.10).
For example, it shows that

UU† = I on RU and that UU† = 0 on NU† = R⊥
U ;
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this gives (i) by the definition of an orthogonal projection. The proof of
(ii) is similar. That RU∗ is closed was stated already in Lemma 2.4.1; thus
(U∗)† is well defined. That (U∗)† equals (U†)∗ follows by verifying that
(U†)∗ satisfies (2.10) with U replaced by U∗. Finally, UU∗ is invertible as
an operator on RU , and the operator given by

U∗(UU∗)−1 on RU , and 0 on R⊥
U

satisfies the conditions (2.10) characterizing U†. �

The pseudo-inverse gives the solution to an important optimization
problem:

Theorem 2.5.3 Let U : K → H be a bounded surjective operator. Given
y ∈ H, the equation Ux = y has a unique solution of minimal norm, namely
x = U†y.

The proof is identical with the proof of Theorem 1.4.2.

2.6 A moment problem

Before we leave the discussion of abstract Hilbert spaces, we mention a
special class of equations, known as moment problems. For the purpose of
the current book, they are only needed in Section 7.4.

The general version of a moment problem is as follows: given a collec-
tion of elements {xk}∞k=1 in a Hilbert space H and a sequence {ak}∞k=1 of
complex numbers, can we find an element x ∈ H such that

〈x, xk〉 = ak, for all k ∈ N?

We will only need a special moment problem:

Lemma 2.6.1 Let {xk}N
k=1 be a collection of vectors in H and consider

the moment problem

〈x, xk〉 =

{
1 if k = 1,

0 if k = 2, . . . , N.
(2.12)

Then the following are equivalent:

(i) The moment problem (2.12) has a solution x.

(ii) If
∑N

k=1 ckxk = 0 for some scalar coefficients ck, then c1 = 0.

(iii) x1 /∈ span{xk}N
k=2.

In case the moment problem (2.12) has a solution, it can be chosen of the
form x =

∑N
k=1 dkxk for some scalar coefficients dk.
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Proof. Assume first that (i) is satisfied, i.e., (2.12) has a solution x. Then,
if
∑N

k=1 ckxk = 0 for some coefficients {ck}N
k=1, we have that

0 = 〈x,
N∑

k=1

ckxk〉 =
N∑

k=1

ck〈x, xk〉 = c1,

i.e., (ii) holds. Now assume that (ii) is satisfied. Then x1 /∈ span{xk}N
k=2.

Let P denote the orthogonal projection of H onto span{xk}N
k=2, and put

ϕ = x1 − Px1. Then

〈ϕ, x1〉 = 〈x1 − Px1, x1 − Px1〉 + 〈x1 − Px1, Px1〉 = ||x1 − Px1||2 �= 0,

and 〈ϕ, xk〉 = 0 for k = 2, . . . , N . Thus, the element

x :=
ϕ

||x1 − Px1||2
(2.13)

solves the moment problem (2.12), i.e., (i) is satisfied. The equivalence of
(ii) and (iii) is clear. In case the equivalent conditions are satisfied, the
construction of x in (2.13) shows that x ∈ span{xk}N

k=1. �

2.7 The spaces Lp(R), L2(R), and �2(N)

The most important class of Banach spaces is formed by the Lp-spaces,
1 ≤ p ≤ ∞. Before we define these spaces, we will remind the reader about
some basic facts from the theory of integration. The proofs and further
results can be found in any standard book on the subject, e.g., [59].

We begin with Fatou’s Lemma. For our purpose, it is enough to consider
the case of the Lebesgue measure on the real axis R, equipped with the
(Borel-) measurable sets:

Lemma 2.7.1 Let fn : R → [0,∞], n ∈ N be a sequence of measurable
functions. Then the function lim infn→∞ fn is measurable, and

∫ ∞

−∞
lim inf
n→∞

fn(x) dx ≤ lim inf
n→∞

∫ ∞

−∞
fn(x) dx.

Lebesgue’s Dominated Convergence Theorem is the main tool to inter-
change limits and integrals:

Theorem 2.7.2 Suppose that fn : R → C, n ∈ N is a sequence of mea-
surable functions, that fn(x) → f(x) pointwise as n → ∞, and that there
exists a positive, measurable function g such that |fn| ≤ g for all n ∈ N

and
∫∞
−∞ g(x) dx < ∞. Then f is integrable, and

lim
n→∞

∫ ∞

−∞
fn(x) dx =

∫ ∞

−∞
f(x) dx.
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A null set is a measurable set with measure zero. A condition holds
almost everywhere (abbreviated a.e.) if it holds except on a null set.

We are now ready to define the Banach spaces Lp(R) for 1 ≤ p ≤ ∞.
First, we define L∞(R) as the space of essentially bounded measurable
functions f : R → C, equipped with the essential supremums-norm. For
1 ≤ p < ∞, Lp(R) is the space of functions f for which |f |p is integrable
with respect to the Lebesgue measure:

Lp(R) :=
{

f : R → C | f is measurable and
∫ ∞

−∞
|f(x)|p dx < ∞

}

.

The norm on Lp(R) is

||f || =
(∫ ∞

−∞
|f(x)|p dx

)1/p

.

To be more precise, Lp(R) consists of equivalence classes of functions that
are equal almost everywhere, and for which a representative (and hence all)
for the equivalence class satisfies the integrability condition. In order not
to be too tedious, we adopt the standard terminology and speak about
functions in Lp(R) rather than equivalence classes.

The case p = 2 plays a special role: in fact, the space

L2(R) =
{

f : R → C | f is measurable and
∫ ∞

−∞
|f(x)|2 dx < ∞

}

is the only one of the Lp(R)-spaces that can be equipped with an in-
ner product. Actually, L2(R) is a Hilbert space with respect to the inner
product

〈f, g〉 =
∫ ∞

−∞
f(x)g(x) dx, f, g ∈ L2(R).

In L2(R), Cauchy–Schwarz’ inequality states that for all f, g ∈ L2(R),
∣
∣
∣
∣

∫ ∞

−∞
f(x)g(x) dx

∣
∣
∣
∣ ≤

(∫ ∞

−∞
|f(x)|2 dx

)1/2(∫ ∞

−∞
|g(x)|2 dx

)1/2

.

The spaces L2(Ω), where Ω is an open subset of R, are defined similarly.
According to the general definition, a sequence of functions {gk}∞k=1 in
L2(Ω) converges to g ∈ L2(Ω) if

||g − gk|| =
(∫

Ω

|g(x) − gk(x)|2 dx

)1/2

→ 0 as k → ∞.

Convergence in L2 is very different from pointwise convergence. As a
positive result, we have Riesz’ Subsequence Theorem:
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Theorem 2.7.3 Let Ω ⊆ R be an open set, and let {gk} be a sequence in
L2(Ω) that converges to g ∈ L2(Ω). Then {gk} has a subsequence {gnk

}∞k=1

such that

g(x) = lim
k→∞

gnk
(x)

for a.e. x ∈ Ω.

The result holds no matter how we choose the representatives for the
equivalence classes. This is typical for this book, where we rarely deal with a
specific representative for a given class. There are, however, a few important
exceptions. When we speak about a continuous function, it is clear that we
have chosen a specific representative, and the same is the case when we
discuss Lebesgue points. By definition, a point y ∈ R is a Lebesgue point
for a function f if

lim
ε→0

1
ε

∫ y+ 1
2 ε

y− 1
2 ε

|f(y) − f(x)| dx = 0.

If f is continuous in y, then y is a Lebesgue point (Exercise 2.5). More
generally, one can prove that if f ∈ L1(R), then almost every y ∈ R is a
Lebesgue point.

It is clear from the definition that different representatives for the same
equivalence class will have different Lebesgue points. For example, every
y ∈ R is a Lebesgue point for the function f = 0; changing the definition
of f in a single point y will not change the equivalence class, but y will no
longer be a Lebesgue point. See Exercise 2.5 for some related observations.

The discrete analogue of L2(R) is �2(I), the space of square sumable
scalar sequences with a countable index set I:

�2(I) :=

{

{xk}k∈I | xk ∈ C,
∑

k∈I

|xk|2 < ∞
}

.

The definition of the space �2(I) corresponds to our definition of L2(R)
with the set R replaced by I and the Lebesgue measure replaced by the
counting measure. �2(I) is a Hilbert space with respect to the inner product

〈{xk}, {yk}〉 =
∑

k∈I

xkyk;

in this case, Cauchy–Schwarz’ inequality gives that
∣
∣
∣
∣
∣

∑

k∈I

xkyk

∣
∣
∣
∣
∣

2

≤
∑

k∈I

|xk|2
∑

k∈I

|yk|2, {xk}k∈I , {yk}k∈I ∈ �2(I).

We will frequently use the discrete version of Fatou’s lemma:
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Lemma 2.7.4 Let I be a countable index set and fn : I → [0,∞], n ∈ N,
a sequence of functions. Then

∑

k∈I

lim inf
n→∞

fn(k) ≤ lim inf
n→∞

∑

k∈I

fn(k).

2.8 The Fourier transform and convolution

For f ∈ L1(R), the Fourier transform f̂ : R → C is defined by

f̂(γ) :=
∫ ∞

−∞
f(x)e−2πixγ dx, γ ∈ R.

Frequently, we will also denote the Fourier transform of f by Ff .
If (L1 ∩L2)(R) is equipped with the L2(R)-norm, the Fourier transform

is an isometry from (L1 ∩ L2)(R) into L2(R). If f ∈ L2(R) and {fk}∞k=1 is
a sequence of functions in (L1 ∩ L2)(R) that converges to f in L2-sense,
then the sequence {f̂k}∞k=1 is also convergent in L2(R), with a limit that is
independent of the choice of {fk}∞k=1. Defining

f̂ := lim
k→∞

f̂k

we can extend the Fourier transform to a unitary mapping of L2(R) onto
L2(R). We will use the same notation to denote this extension. In particular,
we have Plancherel’s equation:

〈f̂ , ĝ〉 = 〈f, g〉, ∀f, g ∈ L2(R), and ||f̂ || = ||f ||. (2.14)

If f ∈ L1(R), then f̂ is continuous. If the function f as well as f̂ belong
to L1(R), the inversion formula describes how to come back to f from the
function values f̂(γ), see [2]:

Theorem 2.8.1 Assume that f, f̂ ∈ L1(R). Then

f(x) =
∫ ∞

−∞
f̂(γ)e2πixγdγ, a.e. x ∈ R. (2.15)

If f is continuous, the pointwise formula (2.15) holds for all x ∈ R. In
general, it holds at least for all Lebesgue points for f .

Given two functions f, g ∈ L1(R), the convolution f ∗g : R → C is defined
by

f ∗ g(y) =
∫ ∞

−∞
f(y − x)g(x) dx, y ∈ R.

The function f ∗ g is well defined for all y ∈ R and belongs to L1(R). If
f ∈ L1(R) and g ∈ L2(R), the convolution f ∗ g(y) is well defined for a.e.
y ∈ R and defines a function in L2(R).



2.9 Operators on L2(R) 47

The Fourier transform and convolution are related by the following
important result.

Theorem 2.8.2 If f, g ∈ L1(R), then f̂ ∗ g(γ) = f̂(γ)ĝ(γ) for all γ ∈ R;
if f ∈ L1(R) and g ∈ L2(R), the formula holds for a.e. γ ∈ R.

2.9 Operators on L2(R)

In this section, we consider three classes of operators on L2(R) that will play
a key role in our analysis of Gabor frames and wavelets. Their definitions
are as follows:

Translation by a ∈ R, Ta : L2(R) → L2(R), (Taf)(x) = f(x − a); (2.16)
Modulation by b ∈ R, Eb : L2(R) → L2(R), (Ebf)(x) = e2πibxf(x); (2.17)

Dilation by a �= 0, Da : L2(R) → L2(R), (Daf)(x) =
1

√
|a|

f(
x

a
). (2.18)

A comment about notation: we will usually skip the parentheses and
simply write Taf(x), and similarly for the other operators. Frequently, we
will also let Eb denote the function x �→ e2πibx. We collect some of the most
important properties for the operators in (2.16)–(2.18):

Lemma 2.9.1 The translation operators satisfy the following:

(i) Ta is unitary for all a ∈ R.

(ii) For each f ∈ L2(R), the mapping y �→ Tyf is continuous from R to
L2(R).

Similar statements hold for Eb, b ∈ R, and Da, a �= 0.

Proof. Let us prove that the operators Ta are unitary. Since

〈Taf, g〉 =
∫ ∞

−∞
f(x − a)g(x) dx =

∫ ∞

−∞
f(x)g(x + a) dx

= 〈f, T−ag〉, ∀f, g ∈ L2(R),

we see that T ∗
a = T−a. On the other hand, Ta is clearly an invertible

operator with T−1
a = T−a, so we conclude that T−1

a = T ∗
a .

To prove the continuity of the mapping y �→ Tyf , we first assume that
the function f is continuous and has compact support, say, contained in the
bounded interval [c, d]. For notational convenience, we prove the continuity
in y0 = 0. First, for y ∈] − 1

2 , 1
2 [ the function

φ(x) = Tyf(x) − Ty0f(x) = f(x − y) − f(x)
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has support in the interval [− 1
2 + c, d+ 1

2 ]. Since f is uniformly continuous,
we can for any given ε > 0 find δ > 0 such that

|f(x − y) − f(x)| ≤ ε for all x ∈ R whenever |y| ≤ δ;

with this choice of δ, we thus obtain that

||Tyf − Ty0f || =

(∫ 1
2+d

− 1
2+c

|f(x − y) − f(x)|2 dx

)1/2

≤ ε
√

d − c + 1.

This proves the continuity in the considered special case. The case of an
arbitrary function f ∈ L2(R) follows by an approximation argument, using
that the continuous functions with compact support are dense in L2(R)
(Exercise 2.6). The proofs of the statements for Eb and Da are left to the
reader (Exercise 2.7). �

Chapters 9–11 will deal with Gabor systems and wavelet systems in
L2(R); both classes consist of functions in L2(R) that are defined by com-
positions of some of the operators Ta, Eb, and Da. For this reason, the
following commutator relations are important:

TaEbf(x) = e−2πibaEbTaf(x) = e2πib(x−a)f(x − a), (2.19)

TbDaf(x) = DaTb/af(x) =
1

√
|a|

f(
x

a
− b

a
), (2.20)

DaEbf(x) =
1

√
|a|

e2πixb/af(
x

a
) = E b

a
Daf(x). (2.21)

In wavelet analysis, the dilation operator D1/2 plays a special role, and
we simply write

Df(x) := 21/2f(2x).

With this notation, the commutator relation (2.20) in particular implies
that

TkDj = DjT2jk and DjTk = T2−jkDj , j, k ∈ Z. (2.22)

We will often use the Fourier transformation in connection with Gabor
systems and wavelet systems. In this context, we need the commutator
relations

FTa = E−aF , FEa = TaF , FDa = D1/aF , FD = D−1F . (2.23)
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2.10 Exercises

2.1 Find a sequence {ak}∞k=1 of real numbers for which
∑∞

k=1 ak is
convergent but not unconditionally convergent.

2.2 Let {fk}∞k=1 be a sequence in a Banach space. Prove that absolute
convergence of

∑∞
k=1 fk implies unconditional convergence.

2.3 Prove Lemma 2.3.1.

2.4 Prove that the conditions in (2.10) are equivalent to the
construction of the pseudo-inverse in Lemma 2.5.1.

2.5 Here we ask the reader to prove some results concerning Lebesgue
points.

(i) Assume that f : R → C is continuous. Prove that every y ∈ R is
a Lebesgue point.

(ii) Prove that x = 0 is not a Lebesgue point for the function χ[0,1].

(iii) Let f = χQ. Prove that every y /∈ Q is a Lebesgue point and
that the rational numbers are not Lebesgue points.

2.6 Complete the proof of Lemma 2.9.1 by showing the continuity of
the mapping y �→ Tyf for f ∈ L2(R).

2.7 Prove the statements about Eb and Da in Lemma 2.9.1.

2.8 Prove the commutator relations (2.23).
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Bases

Bases play a prominent role in the analysis of vector spaces, as well in the
finite-dimensional as in the infinite-dimensional case. The idea is the same
in both cases, namely to consider a family of elements in the considered
space such that all vectors can be expressed in a unique way as a linear
combination of these elements. In the infinite-dimensional case, the situa-
tion is complicated: we are forced to work with infinite series, and different
concepts of a basis are possible, depending on how we want the series to
converge. For example, are we asking for the series to converge with re-
spect to a fixed order of the elements (conditional convergence) or do we
want it to converge regardless of how the elements are ordered (uncondi-
tional convergence)? In Hilbert spaces, unconditional convergence can be
obtained by considering Bessel sequences, so in Section 3.1 we analyze such
sequences in detail. In Section 3.2, we discuss the most important proper-
ties of orthonormal bases in Hilbert spaces; we expect the reader to have
some basic knowledge about this subject. A slight (but useful) modification
leads to the definition of Riesz bases, which are treated in detail in Sec-
tion 3.3. In Section 3.4, Riesz bases and Bessel sequences are described in
terms of the so-called Gram matrix. Concrete examples of bases in function
spaces are given in Sections 3.5 and 3.6, where the basic theory for Fourier
series is revisited (again this subject is expected to be known), and Gabor
bases as well as wavelet bases for L2(R) are introduced. These sections
form the background for Chapters 7–11. Section 3.7 gives a short introduc-
tion to Schauder bases in Banach spaces. Finally, Section 3.8 presents the
sampling problem and relates it to bases in a particular Hilbert space.

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008

3,



52 3. Bases

3.1 Bessel sequences in Hilbert spaces

The rest of the book will deal with infinite-dimensional vector spaces; thus,
we need to consider expansions in terms of infinite series. The purpose of
this section is to introduce a condition which ensures that the relevant
infinite series actually converge.

Let H be a separable Hilbert space, with the inner product 〈·, ·〉 chosen
to be linear in the first entry. Recall from Section 2.1 that when speaking
about a sequence {fk}∞k=1 in H, we mean an ordered set, i.e.,

{fk}∞k=1 = {f1, f2, . . . }.
That we have chosen to index the sequence by the natural numbers is
just for convenience: soon, we will see that all results hold with arbitrary
countable index sets and the elements fk ordered in an arbitrary way.

Lemma 3.1.1 Let {fk}∞k=1 be a sequence in H, and suppose that
∑∞

k=1 ckfk

is convergent for all {ck}∞k=1 ∈ �2(N). Then

T : �2(N) → H, T{ck}∞k=1 :=
∞∑

k=1

ckfk (3.1)

defines a bounded linear operator. The adjoint operator is given by

T ∗ : H → �2(N), T ∗f = {〈f, fk〉}∞k=1. (3.2)

Furthermore,
∞∑

k=1

|〈f, fk〉|2 ≤ ||T ||2 ||f ||2, ∀f ∈ H. (3.3)

Proof. Consider the sequence of bounded linear operators

Tn : �2(N) → H, Tn{ck}∞k=1 :=
n∑

k=1

ckfk.

Clearly, Tn → T pointwise as n → ∞, so by Theorem 2.2.1 the map T
defines a bounded linear operator. In order to find the expression for T ∗,
let f ∈ H and {ck}∞k=1 ∈ �2(N). Then

〈f, T{ck}∞k=1〉H = 〈f,
∞∑

k=1

ckfk〉H =
∞∑

k=1

〈f, fk〉ck. (3.4)

We mention two ways to find T ∗f from here.
(1) The convergence of the series

∑∞
k=1〈f, fk〉ck for all {ck}∞k=1 ∈ �2(N)

implies that {〈f, fk〉}∞k=1 ∈ �2(N); see for example [43], page 145. Thus we
can write

〈f, T{ck}∞k=1〉H = 〈{〈f, fk〉}, {ck}〉�2(N)
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and conclude that

T ∗f = {〈f, fk〉}∞k=1.

(2) Alternatively, when T : �2(N) → H is bounded, we already know that
T ∗ is a bounded operator from H to �2(N). Therefore, the k-th coordinate
function is bounded from H to C; by Riesz’ representation theorem, T ∗

therefore has the form

T ∗f = {〈f, gk〉}∞k=1

for some {gk}∞k=1 in H. By definition of T ∗, (3.4) now shows that
∞∑

k=1

〈f, gk〉ck =
∞∑

k=1

〈f, fk〉ck, ∀{ck}∞k=1 ∈ �2(N), f ∈ H.

It follows from here that gk = fk.
The adjoint of a bounded operator T is itself bounded, and ||T || = ||T ∗||.

Under the assumption in Lemma 3.1.1, we therefore have

||T ∗f ||2 ≤ ||T ||2 ||f ||2, ∀f ∈ H,

which leads to (3.3). �

Sequences {fk}∞k=1 for which an inequality of the type (3.3) holds will
play a crucial role in the sequel.

Definition 3.1.2 A sequence {fk}∞k=1 in H is called a Bessel sequence if
there exists a constant B > 0 such that

∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. (3.5)

Any number B satisfying (3.5) is called a Bessel bound for {fk}∞k=1. The
optimal bound for a given Bessel sequence {fk}∞k=1 is the smallest possible
value of B > 0 satisfying (3.5). Except for the case fk = 0, ∀k ∈ N, the
optimal bound always exists.

Theorem 3.1.3 Let {fk}∞k=1 be a sequence in H and B > 0 be given. Then
{fk}∞k=1 is a Bessel sequence with Bessel bound B if and only if

T : {ck}∞k=1 →
∞∑

k=1

ckfk

defines a bounded operator from �2(N) into H and ||T || ≤
√

B.

Proof. First assume that {fk}∞k=1 is a Bessel sequence with Bessel bound
B. Let {ck}∞k=1 ∈ �2(N). First we want to show that T{ck}∞k=1 is well-
defined, i.e., that

∑∞
k=1 ckfk is convergent. Consider n,m ∈ N, n > m.
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Then
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Using Lemma 2.3.4 and Cauchy–Schwarz’ inequality, it follows that
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∣
∣
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∣
∣
∣
∣
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≤ sup
||g||=1

n∑

k=m+1

|ck〈fk, g〉|

≤
(

n∑

k=m+1

|ck|2
)1/2

sup
||g||=1

(
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k=m+1

|〈fk, g〉|2
)1/2

≤
√

B

(
n∑

k=m+1

|ck|2
)1/2

.

Since {ck}∞k=1 ∈ �2(N), we know that
{∑n

k=1 |ck|2
}∞

n=1
is a Cauchy se-

quence in C. The above calculation now shows that {
∑n

k=1 ckfk}∞n=1 is a
Cauchy sequence in H and therefore convergent. Thus T{ck}∞k=1 is well-
defined. Clearly T is linear; since ||T{ck}∞k=1|| = sup||g||=1 |〈T{ck}∞k=1, g〉|,
a calculation as above shows that T is bounded and that ||T || ≤

√
B.

For the opposite implication, suppose that T defines a bounded opera-
tor with ||T || ≤

√
B. Then Lemma 3.1.1 shows that {fk}∞k=1 is a Bessel

sequence with Bessel bound B. �

It is a consequence of Lemma 3.1.1 that if we only need to know that
{fk}∞k=1 is a Bessel sequence and the value for the Bessel bound is irrelevant,
we can just check that the operator T is well defined:

Corollary 3.1.4 If {fk}∞k=1 is a sequence in H and
∑∞

k=1 ckfk is
convergent for all {ck}∞k=1 ∈ �2(N), then {fk}∞k=1 is a Bessel sequence.

The Bessel condition (3.5) remains the same, regardless of how the ele-
ments {fk}∞k=1 are numbered. This leads to a very important consequence
of Theorem 3.1.3:

Corollary 3.1.5 If {fk}∞k=1 is a Bessel sequence in H, then
∑∞

k=1 ckfk

converges unconditionally for all {ck}∞k=1 ∈ �2(N).

Thus a reordering of the elements in {fk}∞k=1 will not affect the series∑∞
k=1 ckfk when {ck}∞k=1 is reordered the same way: the series will converge

toward the same element as before, see Exercise 3.2. For this reason we
can choose an arbitrary indexing of the elements in the Bessel sequence; in
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particular, it is not a restriction that we present all results with the natural
numbers as index set. As we will see in the sequel, all orthonormal bases,
Riesz bases, and frames are Bessel sequences.

It is enough to check the Bessel condition (3.5) on a dense subset of H:

Lemma 3.1.6 Suppose that {fk}∞k=1 is a sequence of elements in H and
that there exists a constant B > 0 such that

∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2

for all f in a dense subset V of H. Then {fk}∞k=1 is a Bessel sequence with
bound B.

We leave the proof to the reader (Exercise 3.3). See Exercise 3.4 for a result
in the same spirit.

3.2 General bases and orthonormal bases

We are now ready to introduce one of the central themes, namely, bases
in Hilbert spaces. In particular, we will discuss orthonormal bases, which
are the infinite-dimensional counterparts of the canonical bases in C

n. Or-
thonormal bases are widely used in mathematics as well as physics, signal
processing, and many other areas where one needs to represent functions
in terms of “elementary building blocks.”

Definition 3.2.1 Consider a sequence {ek}∞k=1 of vectors in H.

(i) The sequence {ek}∞k=1 is a (Schauder) basis for H if for each f ∈ H
there exist unique scalar coefficients {ck(f)}∞k=1 such that

f =
∞∑

k=1

ck(f)ek. (3.6)

(ii) A basis {ek}∞k=1 is an unconditional basis if the series (3.6) converges
unconditionally for each f ∈ H.

(iii) A basis {ek}∞k=1 is an orthonormal basis if {ek}∞k=1 is an orthonormal
system, i.e., if

〈ek, ej〉 = δk,j =

{
1 if k = j,

0 if k �= j.

Note that an orthonormal system {ek}∞k=1 is a Bessel sequence. In fact,
if {ck}∞k=1 ∈ �2(N) and m,n ∈ N, n > m, then

∣
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∣
∣

∣
∣
∣
∣
∣
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|ck|2;
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as in the proof of Theorem 3.1.3 this implies that
∑∞

k=1 ckek is convergent,
and that

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

=
∞∑

k=1

|ck|2.

By Lemma 3.1.1, this shows that {ek}∞k=1 is a Bessel sequence.
The next theorem gives equivalent conditions for an orthonormal system

{ek}∞k=1 to be an orthonormal basis.

Theorem 3.2.2 For an orthonormal system {ek}∞k=1, the following are
equivalent:

(i) {ek}∞k=1 is an orthonormal basis.

(ii) f =
∑∞

k=1〈f, ek〉ek, ∀f ∈ H .

(iii) 〈f, g〉 =
∑∞

k=1〈f, ek〉〈ek, g〉, ∀f, g ∈ H.

(iv)
∑∞

k=1 |〈f, ek〉|2 = ||f ||2, ∀f ∈ H.

(v) span{ek}∞k=1 = H.

(vi) If 〈f, ek〉 = 0, ∀k ∈ N, then f = 0.

Proof. For the proof of (i) ⇒ (ii), let f ∈ H. If {ek}∞k=1 is an orthonormal
basis, there exist coefficients {ck}∞k=1 such that f =

∑∞
k=1 ckek. Given any

j ∈ N, we have

〈f, ej〉 = 〈
∞∑

k=1

ckek, ej〉 =
∞∑

k=1

ckδk,j = cj ,

and (ii) follows. (iii) is an obvious consequence of (ii), and (iv) is a special
case of (iii). The implication (iv) ⇒ (v) follows from Lemma 2.3.1; in fact,
if f ∈ H is perpendicular to all ek, k ∈ N, then (iv) shows that f = 0.
The implication (v) ⇒ (vi) also follows from Lemma 2.3.1. For the proof
of (vi)⇒ (i), let f ∈ H. Since {ek}∞k=1 is a Bessel sequence, we know that
g :=

∑∞
k=1〈f, ek〉ek is well defined; furthermore, 〈f − g, ej〉 = 0 for all

j ∈ N, so by (vi), f = g =
∑∞

k=1〈f, ek〉ek. To prove that {ek}∞k=1 is a basis,
we only need to show that no other linear combination of {ek}∞k=1 can be
equal to f , and this follows by the argument we used to prove that (ii)
follows from (i). �

The equality in (iv) is called Parseval’s equation. Via Corollary 3.1.5, we
obtain the following important consequence of Theorem 3.2.2:

Corollary 3.2.3 If {ek}∞k=1 is an orthonormal basis, then each f ∈ H has
an unconditionally convergent expansion

f =
∞∑

k=1

〈f, ek〉ek. (3.7)
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The expansion property (3.7) is the main reason for considering
orthonormal bases. Fortunately, they exist in all separable Hilbert spaces:

Theorem 3.2.4 Every separable Hilbert space H has an orthonormal
basis.

Proof. Since H is assumed separable, we can choose a sequence {fk}∞k=1 in
H such that span{fk}∞k=1 = H. By extracting a subsequence if necessary,
we can assume that for each n ∈ N, fn+1 /∈ span{fk}n

k=1. By applying
the Gram–Schmidt process to {fk}∞k=1, we obtain an orthonormal system
{ek}∞k=1 in H for which span{ek}∞k=1 = span{fk}∞k=1 = H. �

Usually, the mere existence of orthonormal bases is not enough: we need
to be able to construct them. In the Hilbert space �2(N), we have an
orthonormal basis given by a particularly simple expression:

Example 3.2.5 For k ∈ N, let ek be the sequence in �2(N) whose k-th
entry is 1, and all other entries are zero. Then {ek}∞k=1 is an orthonormal
basis for �2(N); it is called the canonical orthonormal basis. We will often
denote this special basis by {δk}∞k=1. �

In practice, orthonormal bases are certainly the most convenient bases to
use: we will later see that, for other types of bases, the representation (3.7)
has to be replaced by a more complicated expression. Unfortunately, the
conditions for {ek}∞k=1 being an orthonormal basis are strong, and often
it is impossible to construct orthonormal bases satisfying extra conditions.
We discuss this in more detail in Chapter 4. Note also that it is not always
a good idea to use the Gram–Schmidt orthonormalization procedure to
construct an orthonormal basis from a given basis: it might destroy special
properties of the basis at hand. For example, the special structure of Gabor
bases and wavelet bases (to be discussed later) will get lost.

Based on Theorem 3.2.4, we can prove that every separable Hilbert space
can be identified with �2(N):

Theorem 3.2.6 Every separable infinite-dimensional Hilbert space H is
isometrically isomorphic to �2(N).

Proof. Let {ek}∞k=1 be an orthonormal basis for H. We have already
observed that

∑∞
k=1 ckek is convergent for all {ck}∞k=1 ∈ �2(N). Further-

more, each f ∈ H has a unique expansion with �2-coefficients, namely
f =

∑
〈f, ek〉ek. Letting {δk}∞k=1 be the canonical orthonormal basis for

�2(N), we can define the operator

U : H → �2(N), U
(∑

ckek

)
=
∑

ckδk, {ck}∞k=1 ∈ �2(N).
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Then U maps H bijectively onto �2(N). For f ∈ H, f =
∑

〈f, ek〉ek, we
have

||Uf ||2 = ||
∑

〈f, ek〉δk||2

=
∑

|〈f, ek〉|2

= ||f ||2;
thus U is an isometry. �

The following theorem characterizes all orthonormal bases for H starting
with one arbitrary orthonormal basis.

Theorem 3.2.7 Let {ek}∞k=1 be an orthonormal basis for H. Then the
orthonormal bases for H are precisely the sets {Uek}∞k=1, where U : H → H
is a unitary operator.

Proof. Let {fk}∞k=1 be an orthonormal basis for H. Define the operator

U : H → H, U
(∑

ckek

)
=
∑

ckfk, {ck}∞k=1 ∈ �2(N).

Then U maps H boundedly and bijectively onto H, and fk = Uek. For
f, g ∈ H, write f =

∑
〈f, ek〉ek and g =

∑
〈g, ek〉ek; then, via the definition

of U and Theorem 3.2.2,

〈U∗Uf, g〉 = 〈Uf,Ug〉
=

〈∑
〈f, ek〉fk,

∑
〈g, ek〉fk

〉

=
∑

〈f, ek〉〈g, ek〉 = 〈f, g〉.

This implies that U∗U = I. Since U is surjective, it follows that U is
unitary. On the other hand, if U is a given unitary operator, then

〈Uek, Uej〉 = 〈U∗Uek, ej〉 = 〈ek, ej〉 = δk,j ,

i.e., {Uek}∞k=1 is an orthonormal system. That it is a basis follows from
Theorem 3.2.2 and the fact that U is surjective. �

Condition (iv) in Theorem 3.2.2 has an interpretation in terms of frames,
see Definition 5.1.3. Without assuming that {ek}∞k=1 is an orthonormal
system, it implies that {ek}∞k=1 is an orthonormal basis if the vectors are
normalized (we ask the reader to provide the proof, see Exercise 3.5):

Proposition 3.2.8 Assume that {ek}∞k=1 is a sequence of normalized
vectors in H and that

∞∑

k=1

|〈f, ek〉|2 = ||f ||2, ∀f ∈ H.

Then {ek}∞k=1 is an orthonormal basis for H.
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3.3 Riesz bases

In Theorem 3.2.7, we characterized all orthonormal bases in terms of uni-
tary operators acting on a single orthonormal basis. Formally, the definition
of a Riesz basis appears by weakening the condition on the operator:

Definition 3.3.1 A Riesz basis for H is a family of the form {Uek}∞k=1,
where {ek}∞k=1 is an orthonormal basis for H and U : H → H is a bounded
bijective operator.

A Riesz basis {fk}∞k=1 is actually a basis; this follows from the proof of
Theorem 3.3.2, which we state now. Note that the expansion (3.8) of ele-
ments f ∈ H in terms of a Riesz basis is more involved than the expression
(3.7) we obtained via orthonormal bases:

Theorem 3.3.2 If {fk}∞k=1 is a Riesz basis for H, then {fk}∞k=1 is a Bessel
sequence. Furthermore, there exists a unique sequence {gk}∞k=1 in H such
that

f =
∞∑

k=1

〈f, gk〉fk, ∀f ∈ H. (3.8)

The sequence {gk}∞k=1 is also a Riesz basis, and the series (3.8) converges
unconditionally for all f ∈ H.

Proof. According to the definition, we can write {fk}∞k=1 = {Uek}∞k=1,
where U is a bounded bijective operator and {ek}∞k=1 is an orthonormal ba-
sis. Let now f ∈ H. By expanding U−1f in the orthonormal basis {ek}∞k=1,
we have

U−1f =
∞∑

k=1

〈U−1f, ek〉ek =
∞∑

k=1

〈f, (U−1)∗ek〉ek.

Therefore, with gk := (U−1)∗ek,

f = UU−1f =
∞∑

k=1

〈f, (U−1)∗ek〉Uek

=
∞∑

k=1

〈f, gk〉fk.

Since the operator (U−1)∗ is bounded and bijective, {gk}∞k=1 is a Riesz
basis by definition.
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For f ∈ H,
∞∑

k=1

|〈f, fk〉|2 =
∞∑

k=1

|〈f, Uek〉|2 = ||U∗f ||2 (3.9)

≤ ||U∗||2 ||f ||2

= ||U ||2 ||f ||2. (3.10)

This proves that a Riesz basis is a Bessel sequence. Thus, the series (3.8)
converges unconditionally by Corollary 3.1.5. We complete the proof by
showing that the sequence {gk}∞k=1 constructed in the proof is the only one
that satisfies (3.8). For that purpose, we first note that if

f =
∞∑

k=1

ck(f)fk =
∞∑

k=1

dk(f)fk (3.11)

for some coefficients ck(f) and dk(f), then necessarily ck(f) = dk(f) for
all k ∈ N; this follows by applying the operator U−1 on both sides of the
equality and using that {ek}∞k=1 is known to be a basis. This argument
shows that a Riesz basis actually is a basis. Now we only have to show that
if {gk}∞k=1 and {hk}∞k=1 are sequences in H such that

f =
∞∑

k=1

〈f, gk〉fk =
∞∑

k=1

〈f, hk〉fk, ∀f ∈ H, (3.12)

then gk = hk for all k ∈ N. However, due to the argument above, (3.12)
implies that for all k ∈ N,

〈f, gk〉 = 〈f, hk〉, ∀f ∈ H;

the desired result now follows from Lemma 2.3.3. �

The unique sequence {gk}∞k=1 satisfying (3.8) is called the dual Riesz
basis of {fk}∞k=1. Let us find the dual of {gk}∞k=1. In the notation used in
the proof of Theorem 3.3.2, we have that the dual of {fk}∞k=1 = {Uek}∞k=1

is given by {gk}∞k=1 = {(U−1)∗ek}∞k=1; thus, the dual of {gk}∞k=1 is
{((

(U−1)∗
)−1

)∗
ek

}∞

k=1
= {Uek}∞k=1 = {fk}∞k=1.

That is, {fk}∞k=1 and {gk}∞k=1 are duals of each other. For this reason, we
frequently speak about a pair of dual Riesz bases. In particular, this implies
a symmetric version of (3.8), see (3.13). Furthermore, a Riesz basis and its
dual Riesz basis satisfy an important orthogonality relationship. We state
the result right after the following definition.

Definition 3.3.3 Two sequences {fk}∞k=1 and {gk}∞k=1 in a Hilbert space
are biorthogonal if

〈fk, gj〉 = δk,j .
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The proof of the next result is left to the reader (Exercise 3.6).

Corollary 3.3.4 For a pair of dual Riesz bases {fk}∞k=1 and {gk}∞k=1 the
following holds:

(i) {fk}∞k=1 and {gk}∞k=1 are biorthogonal.

(ii) For all f ∈ H,

f =
∞∑

k=1

〈f, gk〉fk =
∞∑

k=1

〈f, fk〉gk. (3.13)

Already in the proof of Theorem 3.8, we saw that a Riesz basis is a
Bessel sequence. For later use, we now show that it also satisfies some kind
of “opposite inequality”:

Proposition 3.3.5 If {fk}∞k=1 = {Uek}∞k=1 is a Riesz basis for H, there
exist constants A,B > 0 such that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. (3.14)

The largest possible value for the constant A is 1
||U−1||2 , and the smallest

possible value for B is ||U ||2.

Proof. That a Riesz basis {Uek}∞k=1 is a Bessel sequence with optimal
upper bound ||U ||2 follows already from the estimate in (3.10). The result
about the lower bound is a consequence of (3.9) and the following estimate:

||f || = ||(U∗)−1U∗f || ≤ ||(U∗)−1|| ||U∗f || = ||U−1|| ||U∗f ||. �

We now aim at an equivalent characterization of Riesz bases. For this
purpose, we need the lemma below.

Lemma 3.3.6 Let H,K be Hilbert spaces, and let {hk}∞k=1 be a sequence in
H, {gk}∞k=1 a sequence in K. Assume that {gk}∞k=1 is a Bessel sequence with
bound B, that {hk}∞k=1 is complete in H, and that there exists a constant
A > 0 such that

A
∑

|ck|2 ≤
∣
∣
∣
∣
∣
∣
∑

ckhk

∣
∣
∣
∣
∣
∣
2

(3.15)

for all finite scalar sequences {ck}. Then

U
(∑

ckhk

)
:=
∑

ckgk ({ck} finite)

defines a linear bounded operator from span{hk}∞k=1 into span {gk}∞k=1 and
U has a unique extension to a bounded operator from H into K; the norm

of U as well as its extension is at most
√

B
A .
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Proof. By the assumption (3.15), every h ∈ span{hk}∞k=1 has a unique
representation h =

∑
ckhk with {ck} finite; it follows that U is well defined

and linear. Given a finite sequence {ck},

∣
∣
∣
∣
∣
∣U
(∑

ckhk

)∣
∣
∣
∣
∣
∣
2

=
∣
∣
∣
∣
∣
∣
∑

ckgk

∣
∣
∣
∣
∣
∣
2

≤ B
∑

|ck|2

≤ B

A

∣
∣
∣
∣
∣
∣
∑

ckhk

∣
∣
∣
∣
∣
∣
2

.

Thus U is bounded. Because {hk}∞k=1 is assumed to be complete, U has an
extension to a bounded operator on H. The rest is standard. �

The next theorem gives an equivalent condition for {fk}∞k=1 being a Riesz
basis. Condition (ii) will be used throughout the book and is, in fact, by
several authors used as the definition of a Riesz basis.

Theorem 3.3.7 For a sequence {fk}∞k=1 in H, the following conditions
are equivalent:

(i) {fk}∞k=1 is a Riesz basis for H.

(ii) {fk}∞k=1 is complete in H, and there exist constants A,B > 0 such
that for every finite scalar sequence {ck}, one has

A
∑

|ck|2 ≤
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

≤ B
∑

|ck|2. (3.16)

Proof. (i)⇒(ii). Assume that {fk}∞k=1 is a Riesz basis, and write it in the
form {Uek}∞k=1 as in the definition. Note that as a consequence of Theorem
3.3.2, {fk}∞k=1 is complete. Given any finite scalar sequence {ck},
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

=
∣
∣
∣
∣
∣
∣U
(∑

ckek

)∣
∣
∣
∣
∣
∣
2

≤ ||U ||2
∣
∣
∣
∣
∣
∣
∑

ckek

∣
∣
∣
∣
∣
∣
2

= ||U ||2
∑

|ck|2

and
∣
∣
∣
∣
∣
∣
∑

ckek

∣
∣
∣
∣
∣
∣
2

=
∣
∣
∣
∣
∣
∣U−1U

(∑
ckek

)∣
∣
∣
∣
∣
∣
2

≤ ||U−1||2
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

,

from which we deduce that
1

||U−1||2
∑

|ck|2 ≤
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

≤ ||U ||2
∑

|ck|2.

(ii)⇒(i). The right-hand inequality in (3.16) implies that {fk}∞k=1 is a
Bessel sequence with bound B (Exercise 3.8). Choose an orthonormal basis
{ek}∞k=1 for H, and extend by Lemma 3.3.6 the mapping Uek := fk to a
bounded operator on H. In the same way, extend V fk := ek to a bounded
operator on H. Then V U = UV = I, so U is invertible; thus {fk}∞k=1 is a
Riesz basis. �



3.3 Riesz bases 63

A sequence {fk}∞k=1 satisfying (3.16) for all finite sequences {ck}∞k=1 is
called a Riesz sequence. By Theorem 3.3.7, a Riesz sequence {fk}∞k=1 is a
Riesz basis for span{fk}∞k=1, which might just be a subspace of H. Note
that if the condition (3.16) is satisfied for a family {fk}∞k=1, then it is
clearly satisfied for any subsequence of {fk}∞k=1. This leads to the following
important consequence of Theorem 3.3.7.

Corollary 3.3.8 Every subfamily of a Riesz sequence is a Riesz sequence.

If (3.16) holds for all finite scalar sequences {ck}, then it automatically
holds for all {ck}∞k=1 ∈ �2(N) (Exercise 3.8). If {fk}∞k=1 is a Riesz basis,
numbers A,B > 0 that satisfy (3.16) are called lower Riesz bounds, respec-
tively, upper Riesz bounds. They are clearly not unique, and we define the
optimal Riesz bounds as the largest possible value for A and the smallest
possible value for B.

If (3.16) holds with A = B = 1, the sequence {fk}∞k=1 is orthonormal:

Proposition 3.3.9 Assume that span{fk}∞k=1 = H and that
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

=
∑

|ck|2 (3.17)

for all finite scalar sequences {ck}. Then {fk}∞k=1 is an orthonormal basis
for H.

Proof. The assumptions imply by Theorem 3.3.7 that {fk}∞k=1 is a Riesz
basis for H, so by letting {ek}∞k=1 be an orthonormal basis for H, we can
write {fk}∞k=1 = {Uek}∞k=1 for an appropriate bounded invertible operator
U . Then, for all {ck}∞k=1 ∈ �2(N),

∞∑

k=1

|ck|2 =

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
U

( ∞∑

k=1

ckek

)∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

.

It follows from here that ||U || = ||U−1|| = 1; by Proposition 3.3.5, we
conclude that

∞∑

k=1

|〈f, fk〉|2 = ||f ||2, ∀f ∈ H.

The assumption (3.17) implies that ||fk|| = 1 for all k ∈ N; we now obtain
the result via Proposition 3.2.8. �

So far, we have focused on theoretical properties of Riesz bases in general
Hilbert spaces; we will return to more concrete results about Riesz bases
in subspaces of L2(R) in Chapter 7.
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3.4 The Gram matrix

The conditions for a sequence {fk}∞k=1 being a Bessel sequence or a Riesz
basis can conveniently be expressed in terms of the so-called Gram ma-
trix. In this section, we introduce this matrix and prove some of its main
properties.

If {fk}∞k=1 is a Bessel sequence, we can compose the pre-frame operator
T and its adjoint T ∗; hereby we obtain the bounded operator

T ∗T : �2(N) → �2(N), T ∗T{ck}∞k=1 =

{〈 ∞∑

�=1

c�f�, fk

〉}∞

k=1

.

Letting {ek}∞k=1 be the canonical orthonormal basis for �2(N), the jk-th
entry in the matrix representation for T ∗T is

〈T ∗Tek, ej〉 = 〈Tek, T ej〉 = 〈fk, fj〉.

Identifying T ∗T with its matrix representation, we write

T ∗T = {〈fk, fj〉}∞j,k=1.

The matrix {〈fk, fj〉}∞j,k=1 is called the Gram matrix associated with
{fk}∞k=1, and the above argument shows that it defines a bounded operator
on �2(N) when {fk}∞k=1 is a Bessel sequence. In principle, one can consider
the Gram matrix associated with any sequence {fk}∞k=1 in H, but if we
want it to define a bounded operator on �2(N), we cannot avoid the Bessel
condition:

Lemma 3.4.1 For a sequence {fk}∞k=1 in H, the following are equivalent:

(i) {fk}∞k=1 is a Bessel sequence with bound B.

(ii) The Gram matrix associated with {fk}∞k=1 defines a bounded operator
on �2(N), with norm at most B.

Proof. The implication (i) ⇒ (ii) follows from the arguments above to-
gether with the norm estimate ||T || ≤

√
B in Theorem 3.1.3. Now assume

that (ii) is satisfied, and let {ck}∞k=1 ∈ �2(N). Then

∞∑

j=1

∣
∣
∣
∣
∣

∞∑

k=1

〈fk, fj〉ck

∣
∣
∣
∣
∣

2

≤ B2
∞∑

k=1

|ck|2. (3.18)
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Given arbitrary n,m ∈ N, n > m,

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckfk −
m∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

4

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=m+1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

4

=

∣
∣
∣
∣
∣
∣
〈

n∑

k=m+1

ckfk,
n∑

j=m+1

cjfj〉

∣
∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣
∣

n∑

j=m+1

cj

n∑

k=m+1

ck〈fk, fj〉

∣
∣
∣
∣
∣
∣

2

≤

⎛

⎝
n∑

j=m+1

|cj |2
⎞

⎠

⎛

⎝
n∑

j=m+1

∣
∣
∣
∣
∣

n∑

k=m+1

ck〈fk, fj〉
∣
∣
∣
∣
∣

2
⎞

⎠ ,

where Cauchy–Schwarz’ inequality was used on the sum over j in the last
step. Via (3.18) applied to the finite sequence

(· · · , 0, 0, cm+1, cm+2, · · · , cn, 0, 0, · · · ),

n∑

j=m+1

∣
∣
∣
∣
∣

n∑

k=m+1

ck〈fk, fj〉
∣
∣
∣
∣
∣

2

≤
∞∑

j=1

∣
∣
∣
∣
∣

n∑

k=m+1

ck〈fk, fj〉
∣
∣
∣
∣
∣

2

≤ B2
n∑

k=m+1

|ck|2.

Altogether we arrive at

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckfk −
m∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

4

≤ B2

⎛

⎝
∞∑

j=m+1

|cj |2
⎞

⎠

2

.

It follows that
∑∞

k=1 ckfk is convergent and, by repeating the argument,

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
≤

√
B

⎛

⎝
∞∑

j=1

|cj |2
⎞

⎠

1/2

.

By Theorem 3.1.3, we now conclude that {fk}∞k=1 is a Bessel sequence with
bound B. �

Proposition 3.4.3 will give a sufficient condition for {fk}∞k=1 being a
Bessel sequence. The proof uses Schur’s Lemma:
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Lemma 3.4.2 Let M = {Mj,k}∞j,k=1 be a matrix for which Mj,k = Mk,j

for all j, k ∈ N, and for which there exists a constant B > 0 such that
∞∑

k=1

|Mj,k| ≤ B, ∀j ∈ N.

Then M defines a bounded operator on �2(N) of norm at most B.

Proof. Let {ck}∞k=1 ∈ �2(N). The assumptions imply that M{ck}∞k=1

is well defined as a sequence indexed by N, whose j-th coordinate is∑∞
k=1 Mj,kck. It is, however, not immediately clear that this sequence

belongs to �2(N). Abusing the notation, it is enough to show that the map

{dk}∞k=1 → 〈{dk}∞k=1,M{ck}∞k=1〉�2(N) (3.19)

is a continuous linear functional on �2(N). In fact, this implies that
M{ck}∞k=1 belongs to the dual of �2(N), which is �2(N) itself. Now, for
{dk}∞k=1 ∈ �2(N),

∞∑

j=1

∣
∣
∣
∣
∣

∞∑

k=1

Mj,kckdj

∣
∣
∣
∣
∣

≤
∞∑

j=1

∞∑

k=1

|Mj,kckdj |

=
∞∑

j=1

∞∑

k=1

(
|Mj,k|1/2|ck|

)(
|Mj,k|1/2|dj |

)
= (∗).

Using Cauchy–Schwarz’ inequality,

(∗) ≤

⎛

⎝
∞∑

j=1

∞∑

k=1

|Mj,k| |ck|2
⎞

⎠

1/2⎛

⎝
∞∑

j=1

∞∑

k=1

|Mj,k| |dj |2
⎞

⎠

1/2

≤ B

( ∞∑

k=1

|ck|2
)1/2

⎛

⎝
∞∑

j=1

|dj |2
⎞

⎠

1/2

.

This shows that (3.19) indeed defines a continuous linear functional on
�2(N), so M maps �2(N) into �2(N). Also,

||M{ck}∞k=1|| = sup
||{dk}||=1

∣
∣〈{dk}∞k=1,M{ck}∞k=1〉�2(N)

∣
∣

≤ B

( ∞∑

k=1

|ck|2
)1/2

,

which shows that M is bounded with norm at most B, as desired (see
Exercise 3.9 for a question about the proof). �

An application of Schur’s lemma gives a sufficient condition for the Gram
matrix defining a bounded operator on �2(N), and thus for {fk}∞k=1 being
a Bessel sequence. For the proof, we just have to refer to Lemma 3.4.1:
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Proposition 3.4.3 Let {fk}∞k=1 be a sequence in H and assume that there
exists a constant B > 0 such that

∞∑

k=1

|〈fj , fk〉| ≤ B, ∀j ∈ N.

Then {fk}∞k=1 is a Bessel sequence with bound B.

Compared with the Bessel condition (3.5), Proposition 3.4.3 has the
advantage that it only involves inner products between the elements in
{fk}∞k=1; that is, only a countable number of conditions must be verified,
whereas the Bessel condition has to be checked for all f ∈ H.

We will now present a further equivalent condition for a sequence {fk}∞k=1

being a Riesz basis, expressed in terms of the Gram matrix.

Theorem 3.4.4 For a sequence {fk}∞k=1 in H, the following conditions
are equivalent:

(i) {fk}∞k=1 is a Riesz basis for H.

(ii) {fk}∞k=1 is complete, and its Gram matrix {〈fk, fj〉}∞j,k=1 defines a
bounded, invertible operator on �2(N).

(iii) {fk}∞k=1 is a complete Bessel sequence, and it has a complete
biorthogonal sequence {gk}∞k=1 that is also a Bessel sequence.

Proof. (i)⇒(ii). Write again {fk}∞k=1 = {Uek}∞k=1 as in the definition of
a Riesz basis. For any k, j ∈ N,

〈fk, fj〉 = 〈Uek, Uej〉 = 〈U∗Uek, ej〉

i.e., the Gram matrix is the matrix representing the bounded invertible
operator U∗U in the basis {ek}∞k=1.

(ii)⇒(i). Assume that (ii) is satisfied. Then Lemma 3.4.1 together with
Theorem 3.1.3 shows that the upper condition in (3.16) is satisfied. Let
G denote the operator on �2(N) given by the Gram matrix {〈fk, fj〉}∞j,k=1.
Given a sequence {ck}∞k=1 ∈ �2(N), the j-th element in the image sequence
G{ck}∞k=1 is

∑∞
k=1〈fk, fj〉ck. Thus

〈G{ck}∞k=1, {ck}∞k=1〉 =
∞∑

j=1

∞∑

k=1

〈fk, fj〉ckcj

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

.

Thus G is positive, and a similar calculation shows that G is self-adjoint.
Let V denote the positive square-root of G, cf. Lemma 2.4.4. Then the
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above calculation gives that
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

= ||V {ck}∞k=1||
2 ≥ 1

||V −1||2
∞∑

k=1

|ck|2.

Now the result follows from Theorem 3.3.7.
(i) ⇒ (iii). A Riesz basis is clearly complete. Now, Corollary 3.3.4 shows

that the Riesz basis and its dual Riesz basis form a biorthogonal system;
and by Proposition 3.3.5, both are Bessel sequences.

(iii) ⇒ (i). Every f ∈ span{fk}∞k=1 has a representation f =
∑

ckfk for
a finite sequence {ck}, and under the assumptions in (iv) it is unique: if
f =

∑
ckfk, then ck = 〈f, gk〉. Letting {ek}∞k=1 be an orthonormal basis

for H, we can therefore define an operator

V : span{fk}∞k=1 → H, V
∑

ckfk =
∑

ckek.

Writing f ∈ span{fk}∞k=1 as f =
∑

〈f, gk〉fk, and letting C denote a Bessel
bound for {gk}∞k=1, we have

||V f ||2 =
∣
∣
∣
∣
∣
∣
∑

〈f, gk〉ek

∣
∣
∣
∣
∣
∣
2

=
∑

|〈f, gk〉|2

≤ C ||f ||2.
By completeness of {fk}∞k=1, V has an extension to a bounded operator on
H. Since the assumptions in (iv) are symmetric in fk and gk, we can also
extend the linear map

W : span {gk}∞k=1 → H, W
∑

ckgk =
∑

ckek

to a bounded operator on H.
Consider finite linear combinations of {fk}∞k=1 and {gk}∞k=1, say,

f =
∑

ckfk, g =
∑

dkgk.

Because {fk}∞k=1 and {gk}∞k=1 are biorthogonal, we have

〈V f,Wg〉 =
〈∑

ckek,
∑

dkek

〉
=
∑

ckdk = 〈f, g〉;

by continuity and completeness we therefore have 〈V f,Wg〉 = 〈f, g〉 for all
f, g ∈ H. Thus, for any h ∈ H,

||h||2 = 〈h, h〉 = 〈V h,Wh〉 ≤ ||V h|| ||W || ||h||.
It follows that V is injective. V is also surjective: in fact, given g ∈ H, we
can write g =

∑∞
k=1〈g, ek〉ek = V (

∑∞
k=1〈g, ek〉fk) . Since fk = V −1ek, we

conclude that {fk}∞k=1 is a Riesz basis. �

The optimal Riesz bounds can be characterized in terms of the operators
appearing in the proof of Theorem 3.4.4:
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Proposition 3.4.5 Let {fk}∞k=1 = {Uek}∞k=1 be a Riesz basis for H, and
let G : �2(N) → �2(N) be the Gram matrix. Then the optimal Riesz bounds
are

A =
1

||U−1||2 =
1

||G−1|| and B = ||U ||2 = ||G||.

Proof. The bounds involving U follow directly from the proof of Theorem
3.3.7. Also, by Lemma 2.4.1,

||G|| = ||U∗U || = ||U ||2 and ||G−1|| = ||(U∗U)−1|| = ||U−1||2.
That the optimal upper Riesz bound equals ||G|| was also proved in Lemma
3.4.1. �

Note that the same optimal bounds involving U were obtained in the
inequalities in Proposition 3.3.5.

3.5 Fourier series and trigonometric polynomials

Let us now consider some concrete orthonormal bases for the function
spaces L2(R) and L2(I) for a given interval I ⊂ R. Here we will need to use
other index sets than the natural numbers; as we have seen in Corollary
3.1.5, Bessel sequences can be ordered any way we want without affecting
the convergence of the relevant series expansions, so we can apply all results
presented so far without problems.

The starting point is Fourier series. We expect the reader to be familiar
with the basic theory, so we only give a short overview.

Fourier series can be associated with functions in any space L2(I), where
I is a bounded interval in R. For our purpose, it will be convenient to
consider functions in L2(0, 1/b), where b > 0. Since the functions

ek(x) := b1/2e2πikbx, k ∈ Z (3.20)

constitute an orthonormal basis for L2(0, 1/b), every f ∈ L2(0, 1/b) has an
expansion

f =
∑

k∈Z

〈f, ek〉ek. (3.21)

We will usually expand the functions f directly in terms of the functions
{e2πikbx}k∈Z rather than {ek}k∈Z. Thus, we arrive at

f(·) =
∑

k∈Z

cke2πikb(·), (3.22)

where

ck = b1/2〈f, ek〉 = b

∫ 1/b

0

f(x)e−2πikbxdx. (3.23)
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The expansion (3.22) is called the Fourier series of f, and the numbers
{ck}k∈Z are the Fourier coefficients.

The exact meaning of the Fourier expansion (3.22) is that

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
f −

n∑

k=−n

cke2πikb(·)

∣
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∣
∣
∣
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∣
∣
∣
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0
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∣
∣
∣
f(x) −

n∑

k=−n

cke2πikbx

∣
∣
∣
∣
∣

2

dx

⎞

⎠

1/2

→ 0 as n → ∞.

Convergence in L2(0, 1/b)-sense is different from pointwise convergence, so
we cannot claim that (3.22) holds for a given x ∈ [0, 1/b] without extra
assumptions. For an arbitrary function in L2(0, 1/b), the Fourier series
converges pointwise almost everywhere; conditions implying convergence
for all x are presented in the following well-known result.

Theorem 3.5.1 Assume that f ∈ L2(0, 1/b) is continuous, periodic with
period 1/b, and that the Fourier coefficients {ck}k∈Z ∈ �1(Z). Then

f(x) =
∑

k∈Z

cke2πikbx,

pointwise for all x ∈ R.

Parseval’s equation, see Theorem 3.2.2, gives us an important relation-
ship between a given function f ∈ L2(0, 1/b) and its Fourier coefficients
{ck}k∈Z:

b

∫ 1/b

0

|f(x)|2dx =
∑

k∈Z

|ck|2. (3.24)

We now state a lemma, which is an immediate consequence of the
functions {ek}∞k=1 in (3.20) being an orthonormal basis for L2(0, 1/b).

Lemma 3.5.2 Let f, g ∈ L2(0, 1/b) for some b > 0, and consider two
series expansions

f =
∑

k∈Z

akek, g =
∑

k∈Z

bkek,

with ek given by (3.20) and {ak}k∈Z, {bk}k∈Z ∈ �2(Z). Then

〈f, g〉 =
∑

k∈Z

akbk.

A 1
b -periodic function f : R → C can equally well be considered as a

function in L2(0, 1/b) as in L2(− 1
2b ,

1
2b ); the latter choice will sometimes

be more convenient, e.g., in our discussion of sampling problems in Section
3.8. For reasons of periodicity, all definitions and results in this section still
apply if we consider our functions as members in L2(− 1

2b ,
1
2b ) instead of
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L2(0, 1/b), but we can also choose to exchange all the integrals over ]0, 1/b[
with integrals over ] − 1

2b ,
1
2b [; for example, the expression for the Fourier

coefficients in (3.23) takes the form

ck = b

∫ 1
2b

− 1
2b

f(x)e−2πikbxdx. (3.25)

In the following example, we show how to construct an orthonormal
basis for L2(R) based on the orthonormal basis {e2πikx}k∈Z for L2(0, 1).
The example gives an introduction to a special system of functions, Gabor
systems, which will be discussed in detail in Chapter 9.

Example 3.5.3 Let χ[0,1] denote the characteristic function for the inter-
val [0, 1]. Then {e2πikxχ[0,1](x)}k∈Z is an orthonormal basis for L2(0, 1);
by translation, we see that for each n ∈ Z, the space L2(n, n + 1) has the
orthonormal basis

{e2πik(x−n)χ[0,1](x − n)}k∈Z = {e2πikxχ[0,1](x − n)}k∈Z.

Putting these bases together, we conclude that L2(R) has the orthonormal
basis

{
e2πikxχ[0,1](x − n)

}
k,n∈Z

.

Note that all elements in the basis consist of translated versions of χ[0,1]

that have been modulated, i.e., multiplied with a complex exponential func-
tion; using the operators introduced in Section 2.9, we can write the basis
as {EkTng}k,n∈Z, where g = χ[0,1]. Bases of the form {EkTng}k,n∈Z are
called Gabor bases. Calculations with Gabor bases are convenient because
of their coherent structure, i.e., the fact that the elements in the basis ap-
pear by the action of a family of operators, namely EkTn, k, n ∈ Z, on the
single function g. We will consider some of the limitations on such bases in
Chapter 4 and extensions to frames in Chapter 9. �

In concrete applications, a Fourier expansion will always need to be trun-
cated to a finite sum. A function f that is a finite linear combination of
the type

f(x) =
N2∑

k=N1

cke2πikx for some ck ∈ C, N1, N2 ∈ Z, N2 ≥ N1 (3.26)

is called a trigonometric polynomial. A trigonometric polynomial f can
also be written as a linear combination of functions sin(2πkx), cos(2πkx),
in general with complex coefficients. It will be useful later to note that if
the function f in (3.26) is real-valued and the coefficients ck are real, then
f is a linear combination of functions cos(2πkx) alone:
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Lemma 3.5.4 Assume that the trigonometric polynomial f in (3.26) is
real-valued and that the coefficients ck ∈ R. Then

f(x) =
N2∑

k=N1

ck cos(2πkx). (3.27)

We leave the short proof to the reader. Note that we need the assumption
that ck ∈ R: for example, the function

f(x) =
1
2i

e2πix − 1
2i

e−2πix = sin(2πx),

is real-valued but does not have the form (3.27).
For later use, we also mention that a positive-valued trigonometric poly-

nomial with real coefficients has a square root (in the sense of (3.30) below),
which again is a trigonometric polynomial. For convenience, we formulate
the result for a slight rewriting of the series (3.27):

Lemma 3.5.5 Let f be a positive-valued trigonometric polynomial of the
form

f(x) =
N∑

k=0

ck cos(2πkx), ck ∈ R. (3.28)

Then there exists a trigonometric polynomial

g(x) =
N∑

k=0

dke2πikx with dk ∈ R, (3.29)

such that

|g(x)|2 = f(x), ∀x ∈ R. (3.30)

A constructive proof can be found in [26]. Note that by definition, the
function g in (3.29) is complex-valued, unless f is constant; actually, despite
the fact that f is assumed to be positive, there might not exist a positive
trigonometric polynomial g satisfying (3.30). See Exercise 3.10.

3.6 Wavelet bases

Wavelet bases constitute another important class of bases. We will only
give a short overview and refer to the many excellent wavelet books for
more information (see for example [64] for an elementary treatment or [26],
[65] for more advanced presentations).



3.6 Wavelet bases 73

Given a function ψ ∈ L2(R) and j, k ∈ Z, let

ψj,k(x) := 2j/2ψ(2jx − k), x ∈ R. (3.31)

In terms of the translation operators Tk and the dilation operator D
introduced in Section 2.9, we have that

ψj,k = DjTkψ, j, k ∈ Z.

If {ψj,k}j,k∈Z is an orthonormal basis for L2(R), the function ψ is called a
wavelet. The first example of such a function appeared a long time before
the systematic study of wavelet bases began around 1985:

Example 3.6.1 The Haar function is defined by

ψ(x) =

⎧
⎨

⎩

1 if 0 ≤ x < 1
2 ,

−1 if 1
2 ≤ x < 1,

0 otherwise.
(3.32)

Already in 1910, it was proved by Haar that the functions {ψj,k}j,k∈Z

constitute an orthonormal basis for L2(R) for this choice of ψ. For the
orthonormality, one can argue as follows. If we first consider ψj,k and ψj,k′ ,
i.e., elements with the same dilation parameter, then

〈ψj,k, ψj,k′〉 = 〈DjTkψ,DjTk′ψ〉 = 〈Tkψ, Tk′ψ〉 = δk,k′ .

Now assume that j′ �= j, say, j′ > j. The commutator relations (2.22) give
that

〈ψj,k, ψj′,k′〉 = 〈DjTkψ,Dj′
Tk′ψ〉

= 〈T−k′Dj−j′
Tkψ,ψ〉

= 〈Dj−j′
T−k′2j−j′+kψ,ψ〉.

The function Dj−j′
T−k′2j−j′+kψ has support in the interval

I : = [2j′−j(−k′2j−j′
+ k), 2j′−j(−k′2j−j′

+ k + 1)[

= [−k′ + 2j′−jk,−k′ + 2j′−j(k + 1)[.

The length of I is 2j′−j , which can take the values 2, 4, 8, ...... Now,
the support of ψ has length 1 and is contained in an interval on which
Dj−j′

T−k′2j−j′+kψ is constant (make a picture!); it follows that

〈ψj′,k′ , ψj,k〉 =
∫ ∞

−∞

(
Dj−j′

T−k′2j−j′+kψ
)

(x)ψ(x) dx = 0.

For the proof of the basis property, we refer to [26] or [41]. �

In 1986, Mallat and Meyer introduced multiresolution analysis as a
general tool to construct wavelet orthonormal bases:
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Definition 3.6.2 A multiresolution analysis for L2(R) consists of a se-
quence of closed subspaces {Vj}j∈Z of L2(R) and a function φ ∈ V0, such
that the following conditions hold:

(i) · · ·V−1 ⊂ V0 ⊂ V1 · · · .

(ii) ∪jVj = L2(R) and ∩jVj = {0}.

(iii) f ∈ Vj ⇔ [x → f(2x)] ∈ Vj+1.

(iv) f ∈ V0 ⇒ Tkf ∈ V0, ∀k ∈ Z.

(v) {Tkφ}k∈Z is an orthonormal basis for V0.

When (i) is satisfied, we say that the spaces Vj are nested. This is a very
convenient property in for example approximation theory, especially when
there is an easy recipe for moving around between the spaces Vj . The
latter property is also guaranteed by Definition 3.6.2 because (iii) implies
that Vj = DjV0, i.e., that all of the spaces Vj are scaled versions of V0.

If we want to approximate a function f ∈ L2(R) via a multiresolution
analysis, the natural starting point is to search for an approximation within
a certain Vj-space. In case no element in this space approximates f well
enough, we choose a larger j-value; then we obtain a better approximation,
and it is taken from a space that is just a scaled version of the previous
space.

We will now describe how a multiresolution analysis can be used to
construct an orthonormal basis for L2(R). Assume that the conditions in
Definition 3.6.2 are satisfied. For j ∈ Z, we let Wj denote the orthogonal
complement of Vj in Vj+1. Letting Qj denote the orthogonal projection onto
Wj , it follows from (i) and (ii) that each f ∈ L2(R) has a representation
f =

∑
j∈Z Qjf , where Qjf⊥Qj′f for j �= j′; that is,

L2(R) =
⊕

j∈Z

Wj . (3.33)

The spaces Wj satisfy the same dilation relationship as Vj , i.e.,

ψ ∈ W0 ⇔ [x → ψ(2jx)] ∈ Wj . (3.34)

In order to obtain an orthonormal basis {ψj,k}j,k∈Z for L2(R), it is now
enough to find ψ ∈ W0 such that {ψ(· − k)}k∈Z is an orthonormal basis for
W0; via the dilation property (3.34) and (3.33), this implies that {ψj,k}j,k∈Z

is an orthonormal basis for L2(R). We will now explain how to find a
suitable function ψ. First, the condition φ ∈ V0 ⊂ V1 implies by (iii) that

1√
2
D−1φ ∈ V0.
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Because {T−kφ}k∈Z is an orthonormal basis for V0, there exist coefficients
{ck}k∈Z ∈ �2(Z) such that

1√
2
D−1φ =

∑

k∈Z

ckT−kφ. (3.35)

We will now rewrite (3.35) in terms of the Fourier transform of φ. Let

Ek(x) = e2πikx, x ∈ R,

as in Section 2.9. Now, applying the Fourier transform on both sides of
(3.35), the commutator relations in (2.23) imply that

1√
2
Dφ̂ =

∑

k∈Z

ckEkφ̂.

Defining the 1-periodic function H0 :=
∑

k∈Z ckEk, this can be written as

φ̂(2γ) = H0(γ)φ̂(γ), a.e. γ ∈ R. (3.36)

The equation (3.36) is called a scaling equation or refinement equation.
Now, it turns out that with a certain choice of a 1-periodic function H1,
the function ψ defined via

ψ̂(2γ) = H1(γ)φ̂(γ) (3.37)

generates a wavelet orthonormal basis {DjTkψ}j,k∈Z. One choice of H1 is
to take

H1(γ) = H0(γ +
1
2
)e−2πiγ .

Note that (3.37) leads to an explicit expression of the function ψ in terms
of the given function φ:

Lemma 3.6.3 Assume that (3.37) holds for a 1-periodic and bounded
function H1 with Fourier expansion H1 =

∑
k∈Z ckEk. Then

ψ(x) =
√

2
∑

k∈Z

ckDT−kφ(x) = 2
∑

k∈Z

ckφ(2x + k), a.e. x ∈ R. (3.38)

In particular, if H1 is a trigonometric polynomial, H1(x) =
∑N2

k=N1
cke2πikx,

then

ψ(x) =
√

2
N2∑

k=N1

ckDT−kφ(x) = 2
N2∑

k=N1

ckφ(2x + k), ∀x ∈ R. (3.39)

Proof. We can rewrite (3.37) as

ψ̂(γ) = H1(γ/2)φ̂(γ/2);
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formulated in terms of the Fourier series for H1 and the dilation operator
D, this means that

Fψ =
√

2
∑

k∈Z

ckEk/2D
−1Fφ

=
√

2
∑

k∈Z

ckEk/2FDφ.

Now, using the commutator relations in Section 2.9,

Fψ =
√

2F
∑

k∈Z

ckT−k/2Dφ

=
√

2F
∑

k∈Z

ckDT−kφ.

�

The Haar basis considered in Example 3.6.1 can be constructed via the
multiresolution analysis defined by
{

φ = χ[0,1[;

Vj = {f ∈ L2(R) : f is constant a.e. on [2−jk, 2−j(k + 1)[, ∀k ∈ Z}.

In terms of the function φ, the Haar function in (3.32) is

ψ =
1√
2
φ1,0 −

1√
2
φ1,1. (3.40)

The Haar function is a special case of a spline wavelet. In fact, one can
consider higher-order splines Nn (see Section 6.1 for the definition) and
define associated multiresolution analyses, which leads to wavelets of the
type

ψ(x) =
∑

k∈Z

ckNn(2x − k). (3.41)

These wavelets are called Battle–Lemarié wavelets. The coefficients {ck}k∈Z

are calculated in, e.g., [26]; except for the case n = 1, all coefficients ck are
non-zero, which implies that the wavelet ψ has support equal to R. However,
the wavelets have exponential decay.

The Daubechies wavelets are the most well-known constructions based
on the multiresolution analysis setup. For each N ∈ N, the construction
yields a wavelet ψ with N vanishing moments, having compact support on
the interval [0, 2N − 1]. One can prove that with the given support size, no
more vanishing moments can be obtained for any wavelet coming from a
multiresolution analysis. The smoothness of these wavelets increases with
N . These wavelets are not given by an explicit formula; see [25] or [64] for
a more detailed description.
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However, not all wavelets can be constructed via multiresolution analysis.
It is shown, e.g., in [41], that a function ψ ∈ L2(R) is a wavelet if and only
if ||ψ|| = 1 and the equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

j∈Z

|ψ̂(2jγ)|2 = 1,

∞∑

j=0

ψ̂(2jγ)ψ̂ (2j(γ + q)) = 0 for all odd integers q

(3.42)

hold for a.e. γ ∈ R. Among all wavelets, the wavelets generated from a
multiresolution analysis are characterized by the equation

∞∑

j=1

∑

k∈Z

|ψ̂(2j(γ + k)|2 = 1, a.e. γ ∈ R,

a result that is also proved in [41].
Let us now return to the multiresolution analysis setup. As we have seen,

the conditions in Definition 3.6.2 determine the spaces Vj uniquely; in fact,
V0 = span{Tkφ}k∈Z, and, via the condition (iii),

Vj = span{DjTkφ}k∈Z. (3.43)

On the other hand, assuming that φ is a given function such that {Tkφ}k∈Z

forms an orthonormal basis for its closed linear span, we only have to verify
the conditions (i) and (ii) in order to show that φ and the spaces Vj in
(3.43) form a multiresolution analysis. It turns out that these conditions
are satisfied under very weak assumptions. Let us state a general result
obtained by de Boor, DeVore, and Ron [5]:

Lemma 3.6.4 Let φ ∈ L2(R) and define the spaces Vj by (3.43). Then the
following holds:

(i) ∩jVj = {0}.
(ii) Assume that the spaces Vj in (3.43) are nested. If

|φ̂| > 0 (3.44)

on a neighborhood of 0, then ∪jVj is dense in L2(R).

Thus, if (3.44) is satisfied, all what we need is a condition ensuring that
the spaces Vj are nested. But under a weak condition, this also follows
from the assumption that {Tkφ}k∈Z forms an orthonormal basis for its
closed linear span. In fact, it is enough to assume that {Tkφ}k∈Z forms a
Bessel sequence; this extension will play a role in Chapter 11.
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Lemma 3.6.5 Assume that φ ∈ L2(R) and that {Tkφ}k∈Z is a Bessel
sequence. Define the spaces Vj by (3.43). Then the following holds:

(i) If ψ ∈ L2(R) and there exists a bounded 1-periodic function H1 such
that ψ̂(2γ) = H1(γ)φ̂(γ), then ψ ∈ V1.

(ii) If there exists a bounded 1-periodic function H0 such that

φ̂(2γ) = H0(γ)φ̂(γ), (3.45)

then Vj ⊆ Vj+1 for all j ∈ Z.

Proof. If the conditions in (i) are satisfied, the expression for the function
ψ in Lemma 3.6.3 shows that ψ ∈ V1. This proves (i). For the proof of
(ii), we note that, via (i), φ ∈ V1; since V1 is closed and invariant under
integer-translations, it follows that V0 ⊆ V1. A scaling now implies that
Vj ⊆ Vj+1 for all j ∈ Z. �

Via Lemma 3.6.4 and Lemma 3.6.5, we obtain the following:

Theorem 3.6.6 Let φ ∈ L2(R), and assume that |φ̂| > 0 on a neighbor-
hood of 0. Assume further that (3.45) is satisfied for a bounded 1-periodic
function H0. Define the spaces Vj by (3.43). Then the following holds:

(i) If {Tkφ}k∈Z is an orthonormal system, then φ and the spaces Vj form
a multiresolution analysis.

(i) If {Tkφ}k∈Z is a Bessel sequence, then the spaces Vj satisfy the
conditions (i)–(iv) in Definition 3.6.2.

The instrumental condition (3.45) is satisfied, e.g., if φ is a B-spline. We
introduce the B-splines in Chapter 6, and ask the reader to verify the scaling
equation for these functions in Exercise 6.4.

3.7 Bases in Banach spaces

We now give a short introduction to bases in Banach spaces, as defined by
Schauder in 1927.

Definition 3.7.1 Let X be a separable Banach space. A sequence of vec-
tors {ek}∞k=1 belonging to X is a (Schauder) basis for X if, for each f ∈ X,
there exist unique scalar coefficients {ck(f)}∞k=1 such that

f =
∞∑

k=1

ck(f)ek. (3.46)
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If the series (3.46) converges unconditionally for each f ∈ X, we say that
{ek}∞k=1 is an unconditional basis.

A Banach space having a basis is necessarily separable. Most of the known
separable Banach spaces have a basis; the first example of a separable
Banach space not having a basis was constructed by Enflo in 1972.

It is clear that a basis for X is complete and consists of non-zero vectors.
Adding an extra condition leads to a characterization of bases:

Theorem 3.7.2 Let {ek}∞k=1 be a complete family of non-zero vectors in
X. Then the following are equivalent.

(i) {ek}∞k=1 is a basis for X.

(ii) There exists a constant K such that for all m,n ∈ N with m ≤ n,
∣
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(3.47)

for all scalar-valued sequences {ck}∞k=1.

Proof. Suppose that {ek}∞k=1 is a basis. Then each f ∈ X has a unique
expansion f =

∑∞
k=1 ckek, and

|||f ||| := sup
m∈N

∣
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∣
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k=1

ckek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
< ∞. (3.48)

Note that if |||f ||| = 0, then ||
∑m

k=1 ckek|| = 0 for all m ∈ N; it follows
that ck = 0 for all k ∈ N, and f = 0. One can check (Exercise 3.12) that
||| · ||| satisfies the other conditions for a norm on X, and that X is a
Banach space with respect to this norm. By definition of ||| · |||, we have
||f || ≤ |||f |||, ∀f ∈ X, meaning that the identity operator is a continuous
and injective mapping of (X, ||| · |||) onto (X, || · ||). By Theorem 2.2.2, it
follows that this operator has a continuous inverse, i.e., that there exists
a constant K > 0 such that |||f ||| ≤ K ||f || for all f ∈ X. In particular,
fixing an arbitrary n ∈ N and considering f =

∑n
k=1 ckek, we obtain (3.47).

For the implication (ii)⇒(i), assume that a complete family {ek}∞k=1

of non-zero vectors satisfies (3.47). We begin by showing an inequality
that will be used in the proof. Consider any f ∈ X with an expansion
f =

∑∞
k=1 ckek; then, for any choice of i ∈ N and m ≥ i, (3.47) shows that

|ci| ||ei|| =
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m∑

k=1

ckek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
. (3.49)
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Now let A denote the vector space consisting of all f ∈ X, which can be
expanded as f =

∑∞
k=1 ckek for some coefficients {ck}∞k=1. We will prove

that A = X; because {ek}∞k=1 is assumed to be complete, we know that
A is dense in X, so it is enough to prove that A is closed. Let f ∈ X,
and choose a sequence {fj}∞j=1 ⊂ A such that fj → f as j → ∞. Write

fj =
∑∞

k=1 c
(j)
k ek for appropriate coefficients {c(j)

k }∞k=1. By (3.49), for each
i ∈ N and all n ≥ m ≥ i, we have for all j, � ∈ N that

|c(j)
i − c

(�)
i | ||ei|| ≤ 2K

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

m∑

k=1

(
c
(j)
k − c

(�)
k

)
ek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
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≤ 2K2

∣
∣
∣
∣
∣

∣
∣
∣
∣
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(
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k − c

(�)
k

)
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∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≤ 2K2

(∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

c
(j)
k ek − fj

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
+ ||fj − f ||

)

+2K2

(

||f − f�|| +
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
f� −

n∑

k=1

c
(�)
k ek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

)

.

Given ε > 0, choose N ∈ N such that

||f − fj || ≤
ε

4K2
for j ≥ N.

Letting n → ∞, it follows from the above estimate that

|c(j)
i − c

(�)
i | ||ei|| ≤ ε for all i ∈ N, j, � ≥ N, (3.51)

and, via the intermediate step (3.50),

2K

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

m∑

k=1

(
c
(j)
k − c

(�)
k

)
ek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
≤ ε for all m ∈ N, j, � ≥ N. (3.52)

For each i ∈ N, the sequence {c(�)
i }∞�=1 is convergent by (3.51), say, c

(�)
i → ci

as � → ∞. Letting � → ∞ in (3.51) and (3.52), we obtain that

|c(j)
i − ci| ||ei|| ≤ ε for all i ∈ N, j ≥ N, (3.53)

and

2K
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∣
∣

∣
∣
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∣
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(
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(j)
k − ck

)
ek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
≤ ε for all m ∈ N, j ≥ N. (3.54)

Now, for given m ∈ N and all j ∈ N,
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
f −

m∑

k=1

ckek
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∣
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∣

∣
∣
∣
∣
∣

≤ ||f − fj ||

+
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∣
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∣
∣
∣
∣
fj −
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(j)
k ek
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∣
∣
∣
+
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∣
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∣
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)
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∣
;
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We will now show that
∑∞

k=1 ckek converges to f . In fact, for a given ε > 0,
we can choose N ∈ N so that (3.54) holds. By fixing a sufficiently large
value for j > N , we obtain that ||f − fj || ≤ ε; after that, we can obtain

that
∣
∣
∣
∣
∣
∣fj −

∑m
k=1 c

(j)
k ek

∣
∣
∣
∣
∣
∣ ≤ ε by choosing m ∈ N sufficiently large. Thus

||f −
m∑

k=1

ckek|| ≤ 2ε +
ε

2K
= ε (2 +

1
2K

)

for m sufficiently large. We conclude that f =
∑∞

k=1 ckek, i.e., f ∈ A as
desired. To prove that {ek}∞k=1 is a basis, we only need to show that if∑∞

k=1 ckek = 0, then ck = 0 for all k ∈ N. This again follows from (3.49).
In fact, if

∑∞
k=1 ckek = 0, then for each i ∈ N and all n ≥ i,

|ci| ||ei|| ≤ 2K

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
;

from here we obtain that ci = 0 by letting n → ∞. �

Given a basis {ek}∞k=1, it is clear that the coefficients {ck(f)}∞k=1 in
(3.46) depend linearly on f . The mappings f → ck(f) are called coefficient
functionals. As a consequence of Theorem 3.7.2, they are continuous:

Corollary 3.7.3 The coefficient functionals {ck}∞k=1 associated with a ba-
sis {ek}∞k=1 for X are continuous and are thus elements in the dual X∗. If
there exists a constant C > 0 such that ||ek|| ≥ C for all k ∈ N, then the
norms of {ck}∞k=1 are uniformly bounded.

Proof. We will use (3.49) from the proof of Theorem 3.7.2. Given f ∈ X,
write f =

∑∞
k=1 ck(f)ek. Then, for any i ∈ N and all n ≥ i,

|ci(f)| ||ei|| ≤ 2K

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ck(f)ek

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
.

Letting n → ∞, we obtain that

|ci(f)| ≤ 2K

||ei||
||f ||. �

The concept of biorthogonal sequences in Hilbert spaces has a natural ex-
tension to Banach spaces. In fact, a sequence {fk}∞k=1 in X and a sequence
{gk}∞k=1 in X∗ are said to be biorthogonal if

gk(fj) = δk,j =

{
1 if k = j,

0 if k �= j.
(3.55)

This leads to an extension of Corollary 3.3.4; we leave the proof to the
reader (Exercise 3.13).



82 3. Bases

Corollary 3.7.4 Suppose that {ek}∞k=1 is a basis for X. Then {ek}∞k=1 and
the coefficient functionals {ck}∞k=1 constitute a biorthogonal system.

Let us consider the (Schauder) bases in the special case where the under-
lying space is a Hilbert space. It turns out that Theorem 3.3.2 generalizes
to such bases, except that we do not automatically obtain unconditional
convergence:

Theorem 3.7.5 Assume that {ek}∞k=1 is a basis for the Hilbert space H.
Then there exists a unique family {gk}∞k=1 in H for which

f =
∞∑

k=1

〈f, gk〉ek, ∀f ∈ H. (3.56)

{gk}∞k=1 is a basis for H, and {ek}∞k=1 and {gk}∞k=1 are biorthogonal.

Proof. By Corollary 3.7.3, the coefficient functionals {ck}∞k=1 associated
with {ek}∞k=1 are continuous; using Riesz’ representation theorem, Theorem
2.3.2, there exists a unique family {gk}∞k=1 in H such that

ck(f) = 〈f, gk〉, ∀f ∈ H.

Therefore

f =
∞∑

k=1

〈f, gk〉ek, ∀f ∈ H.

We leave it to the reader to verify that no other family {gk}∞k=1 can sat-
isfy (3.56) and that {ek}∞k=1 and {gk}∞k=1 are biorthogonal. The fact that
{gk}∞k=1 is a basis for H follows from the fact that a Hilbert space is
reflexive; see, e.g., Section 1.7 in [62]. �

The basis {gk}∞k=1 satisfying (3.56) is called the dual basis, or the
biorthogonal basis, associated with {ek}∞k=1.

We mention that one can characterize Riesz bases in terms of bases
satisfying extra conditions:

Lemma 3.7.6 A sequence {fk}∞k=1 is a Riesz basis for H if and only if it
is an unconditional basis for H and

0 < inf
k
||fk|| ≤ sup

k
||fk|| < ∞.

Lemma 3.7.6 was originally proved by Köthe and Lorch and has been
rediscovered many times. We refer to [52] for a proof.
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3.8 Sampling and analog–digital conversion

A short and not yet precise formulation of the sampling problem is: How
can we recover a function f : R → C if we only know a countable set of
function values {f(λk)}k∈I? Formulated this way the problem is ill-posed:
there are infinitely many functions that take the same prescribed values
on a given countable set, so we need to impose some condition on the
function f for the problem to make sense. Traditionally, this is done by
requiring f to belong to a certain function space. A classical example is
to consider a space of band-limited functions, i.e., functions for which the
Fourier transform has compact support. Let us consider the Paley–Wiener
space PW , defined by

PW :=
{

f ∈ L2(R) : supp f̂ ⊆ [−1
2
,
1
2
]
}

. (3.57)

As always when dealing with L2-functions, the Paley–Wiener space really
consists of equivalence classes of functions; however, due to the fact that
the Fourier transform of these functions has compact support, each of these
equivalence classes contains a continuous function.

We will now show that the Paley–Wiener space has an orthonormal basis
consisting of translates of a single function. Define the sinc-function by

sinc(x) =
{

sin(πx)
πx if x �= 0,

1 if x = 0.

Shannon’s Sampling Theorem states that any continuous function in the
Paley–Wiener space can be fully recovered from its samples at the integers:

Theorem 3.8.1 The functions {sinc(·−k)}k∈Z form an orthonormal basis
for PW. If f ∈ PW is continuous, then

f(x) =
∑

k∈Z

f(k)sinc(x − k),

with convergence of the symmetric partial sums in L2(R) and pointwise for
all x ∈ R.

Proof. The proof is based on classical Fourier analysis as described in
Section 3.5. Because of our definition of the Paley–Wiener space, it will be
convenient to work with Fourier series in the space L2(−1/2, 1/2) rather
than L2(0, 1).

We first show that the functions {sinc(· − k)}k∈Z form an orthonormal
sequence in L2(R). We know that the functions {e2πik(·)χ]−1/2,1/2[(·)}k∈Z

form an orthononormal sequence in L2(R); taking the Fourier transform of
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these functions, we arrive at

F
(
e2πik(·)χ]−1/2,1/2[(·)

)
(γ) =

∫ 1/2

−1/2

e2πikxe−2πixγdx

=
∫ 1/2

−1/2

e−2πi(γ−k)xdx

=
[

1
−2πi(γ − k)

e−2πi(γ−k)x

]1/2

x=−1/2

= sinc(γ − k).

Because the Fourier transform is unitary, this implies that the functions
{sinc(· − k)}k∈Z are orthonormal as well.

Suppose that f is continuous and that f ∈ L1(R)∩PW . On the interval
] − 1/2, 1/2[ we can expand f̂ in a Fourier series,

f̂(·) =
∑

k∈Z

cke2πik(·),

where

ck =
∫ 1/2

−1/2

f̂(γ)e−2πikγdγ. (3.58)

Recall that the partial sums of the Fourier series converge in the norm of
L2(−1/2, 1/2), i.e.,

∫ 1/2

−1/2

∣
∣
∣
∣
∣
f̂(γ) −

N∑

n=−N

cke2πikγ

∣
∣
∣
∣
∣

2

dγ → 0 as N → ∞.

Note that because we are dealing with a finite interval, convergence in L2

implies convergence in L1, so

∫ 1/2

−1/2

∣
∣
∣
∣
∣
f̂(γ) −

N∑

n=−N

cke2πikγ

∣
∣
∣
∣
∣
dγ → 0 as N → ∞. (3.59)

Because supp f̂ ⊆ [− 1
2 , 1

2 ], the expression for ck in (3.58) implies by Theo-
rem 2.8.1 that ck = f(−k). Using Theorem 2.8.1 once more, we arrive at
the following formula, valid pointwise for all x ∈ R:

f(x) =
∫ ∞

−∞
f̂(γ)e2πixγdγ =

∫ 1/2

−1/2

(
∑

k∈Z

f(−k)e2πikγ

)

e2πixγdγ.
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Because of (3.59), we can interchange the order of summation and
integration; thus, for all x ∈ R,

f(x) =
∑

k∈Z

f(−k)
∫ 1/2

−1/2

e2πi(x+k)γdγ

=
∑

k∈Z

f(−k)
[

1
2πi(x + k)

e2πi(x+k)γ

]1/2

γ=−1/2

=
∑

k∈Z

f(−k) sinc(x + k)

=
∑

k∈Z

f(k) sinc(x − k).

The series converges in L2(R) as well: in fact, since {sinc(· − k)}k∈Z is an
orthonormal system,
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
f −

N∑

n=−N

f(k) sinc(· − k)

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

|n|>N

f(k) sinc(· − k)

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
=
√ ∑

|n|>N

|f(k)|2,

which converges to 0 as N → ∞ because {f(k)}k∈Z ∈ �2(Z) (we just saw
that they are Fourier coefficients). Finally, that {sinc(· − k)}k∈Z forms an
orthonormal basis for PW follows from the fact that all equivalence classes
in PW contain a continuous function. �

Note that, via an appropriate scaling, the result in Theorem 2.8.1 can be
extended to functions whose Fourier transform has support in an arbitrary
fixed interval (Exercise 3.15).

We note that the Paley–Wiener space just is one particular Hilbert space,
in which it makes sense to speak about sampling. In fact, assuming that
φ ∈ L2(R) is a continuous function for which

∑

k∈Z

||φ χ[k,k+1[||∞ < ∞,

the Hilbert space

H :=

{
∑

k∈Z

ckTkφ : {ck}k∈Z ∈ �2(Z)

}

consists of continuous functions. Thus, point-evaluations of functions in H
make sense. A Hilbert space of this form is called a shift-invariant space.
Shannon’s sampling theorem can be considered as a special case of sampling
in shift-invariant spaces; see the survey paper [1] for more information.

The principle in Shannon’s sampling theorem is the basis for all modern
communication. Most signals appearing in practice depend on a continu-
ous variable (very often, the time). Processing of such a signal is facilitated
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greatly if it can be stored and handled in terms of a sequence of samples.
As a concrete case, consider a piece of music. In principle, all frequencies
might appear, but the human ear can only hear frequencies belonging to
a certain range (at most up to 20.000 Hz). Thus, we can remove the high
frequencies and consider the resulting signal as band-limited. Via an appro-
priate scaling, Theorem 2.8.1 shows that this signal can be recovered from
its samples at sufficiently dense equidistant time intervals. This principle is
used in CD players and other places where a conversion of an analog signal
to a digital signal is needed.

3.9 Exercises

3.1 Assume that {fk}∞k=1 is a Bessel sequence with bound B. Prove that

(i) ||fk||2 ≤ B for all k ∈ N;

(ii) if ||fk||2 = B for some k ∈ N, then fk⊥fj for all j ∈ N \ {k}.

3.2 Assume that {fk}∞k=1 is a Bessel sequence, and let {ck}∞k=1 ∈ �2(N).
The purpose of this exercise is to give a direct proof of the fact that∑∞

k=1 ckfk is independent of the indexing of the sequences.

(i) Show that for any f ∈ H, the series
∑∞

k=1 ck〈fk, f〉 is absolutely
convergent.

(ii) Show that for any permutation σ of the natural numbers,

〈
∞∑

k=1

ckfk, f〉 = 〈
∞∑

k=1

cσ(k)fσ(k), f〉.

(Hint: use that absolute convergence in C implies unconditional
convergence).

(iii) Conclude that for any permutation σ of the natural numbers,
∞∑

k=1

ckfk =
∞∑

k=1

cσ(k)fσ(k).

3.3 Prove Lemma 3.1.6.

3.4 Prove that if {fk}∞k=1 is a sequence in a Hilbert space H and
∞∑

k=1

|〈f, fk〉|2 < ∞, ∀f ∈ H,

then {fk}∞k=1 is a Bessel sequence.
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3.5 Prove Proposition 3.2.8.

3.6 Prove Corollary 3.3.4

3.7 Prove that the upper and lower conditions in (3.16) are unrelated:
there exists a sequence {fk}∞k=1 satisfying the upper condition for
all finite sequences {ck}∞k=1, but not the lower condition; and vice
versa.

3.8 Let {fk}∞k=1 be a sequence in a Hilbert space H. Prove that

(i) If there exists B > 0 such that
∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣
2

≤ B
∑

|ck|2

for all finite sequences {ck}, then
∑∞

k=1 ckfk converges for all
{ck}∞k=1 ∈ �2(N) and {fk}∞k=1 is a Bessel sequence with bound B.

(ii) If (3.16) holds for all finite scalar sequences {ck}, then it holds
for all {ck}∞k=1 ∈ �2(N).

(iii) If {fk}∞k=1 is a Riesz basis, then
∞∑

k=1

ckfk is convergent ⇔ {ck}∞k=1 ∈ �2(N).

3.9 Consider the proof of Lemma 3.4.2. Where is the assumption

Mj,k = Mk,j

used?

3.10 Consider the positive trigonometric polynomial

f(x) = 1 + cos(2πx).

Find by direct calculation all trigonometric polynomials

g(x) = d0 + d1e
2πix, d0, d1 ∈ R,

for which |g(x)|2 = f(x).

3.11 Let {ek}∞k=1 be an orthonormal basis for a Hilbert space H, and
define {fk}∞k=1 by fk = 1

kek, k ∈ N.

(i) Prove that {fk}∞k=1 is a basis for H, and find the biorthogonal
system {gk}∞k=1.

(ii) Prove that the coefficient functionals associated with {fk}∞k=1

are not uniformly bounded.
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(iii) Show that there exists {ck}∞k=1 ∈ �2(N) for which
∑∞

k=1 ckgk

is divergent.

3.12 Consider the proof of Theorem 3.7.2. Show that (3.48) defines a
norm and that X is a Banach space with respect to that norm.

3.13 Prove Corollary 3.7.4.

3.14 Let {ek}∞k=1 be a basis for H and {gk}∞k=1 the associated biortho-
gonal system. Show that if {ek}∞k=1 is a Bessel sequence with bound
B, then the following holds:

(i) 1
B ||f ||2 ≤

∑∞
k=1 |〈f, gk〉|2, ∀f ∈ H.

(ii) 1
B

∑∞
k=1 |ck|2 ≤ ||

∑∞
k=1 ckgk||2 for all finite sequences {ck}∞k=1.

3.15 Let f ∈ L2(R) be a continuous function for which

supp f̂ ⊆ [−α/2, α/2]

for some α > 0. Show that f can be recovered from its samples
{f(k/α)}k∈Z via

f(x) =
∑

k∈Z

f(
k

α
) sinc(αx − k), x ∈ R.



4
Bases and their Limitations

The next chapters will deal with frames, a generalization of the basis con-
cept. It is natural to ask why they are needed. Bases exist in all separable
Hilbert spaces, so why do we have to search for generalizations?

In this chapter, we will give some answers to this question. As we will
see, the main point is the missing flexibility: the conditions for being a basis
are so strong that

• it is often impossible to construct bases with special properties;

• even a slight modification of a basis might destroy the basis property.

In Section 4.1, we consider limitations in general Hilbert spaces and in the
context of Fourier series in L2(0, 1). Section 4.2 relates the issue to Gabor
systems, and Section 4.3 deals with limitations within wavelet theory.

4.1 Bases in L2(0, 1) and in general Hilbert spaces

The starting point for a more detailed discussion of the limitations of the
basis concept must be to clarify why we are at all interested in bases!
One reason is that a basis {ek} for a normed vector space X allows us to
represent every f ∈ X as a (maybe infinite) linear combination of the basis
elements,

f =
∑

ckek, (4.1)

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008
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with coefficients {ck} that depend linearly on f . We will refer to this by
saying that {ek}∞k=1 has the expansion property. This property makes it
possible to reduce many questions about elements in X to the elements
{ek} in the basis. For example, the action of a bounded operator U on f
can be found if we know the representation (4.1) and the action of U on
the basis {ek}:

Uf = U
(∑

ckek

)
=
∑

ckUek.

Bases are characterized by the expansion property (4.1) with unique
coefficients {ck} associated with each f ∈ X. One might ask whether
uniqueness is really needed? Our answer is no: it is usually enough to know
the existence of some usable coefficients, together with a recipe for finding
them.

In this chapter, we discuss some cases where (4.1) holds without {ek}
being a basis. We begin with the simple observation that if {ek} is a basis
for X and φ is an arbitrary element in X, then {ek} ∪ {φ} is not a basis,
despite the fact that each f ∈ X has representations of the form

f =
∑

ckek + dφ. (4.2)

The reason is that {ek}∪{φ} is no longer independent, i.e., several choices
for the coefficients {ck} and d are possible: one choice is to take d = 0 and
let {ck} be the coefficients representing f in the basis {ek}; another choice
is to take {ck} such that f − φ =

∑
ckek, and d = 1.

By this argument, the basis property is destroyed when an arbitrary non-
empty collection of vectors is added to {ek}, but the expansion property is
preserved.

At first glance, the above construction might appear artificial: why would
one like to add elements to a basis? One reason will be given in Section 5.9:
having more elements than needed for a basis turns out to have a certain
noise suppressing effect. Another reason is that we gain some freedom:
the coefficients in (4.1) are unique, but in (4.2) we can choose between
several options. We can actually say even more. In fact, we have seen in
Theorem 3.3.2 and Theorem 3.7.5 that every basis has a unique dual basis;
the frames introduced in the next chapter lead to expansions of a similar
type, but usually with several possible choices for a dual. In Section 9.4,
we will use this freedom to construct particulary convenient duals.

Non-bases with the expansion property also appear naturally in function
spaces:

Example 4.1.1 Let us return to the orthonormal basis {ek}k∈Z for
L2(0, 1) considered in Section 3.5, i.e., the functions ek(x) = e2πikx. Given
an open subinterval I ⊂]0, 1[ with |I| < 1, we can identify L2(I) with the
subspace of L2(0, 1) consisting of the functions that are zero on ]0, 1[\I.
Hereby a function f ∈ L2(I) is identified with a function (which we still
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denote f) in L2(0, 1), which has the expansion

f =
∑

k∈Z

〈f, ek〉ek in L2(0, 1). (4.3)

Because
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

|k|≤n

〈f, ek〉ek

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2

L2(I)

=
∫

I

∣
∣
∣
∣
∣
f(x) −

n∑

k=−n

〈f, ek〉e2πikx

∣
∣
∣
∣
∣

2

dx

≤
∫ 1

0

∣
∣
∣
∣
∣
f(x) −

n∑

k=−n

〈f, ek〉e2πikx

∣
∣
∣
∣
∣

2

dx

→ 0 as n → ∞,

we also have

f =
∑

k∈Z

〈f, ek〉ek in L2(I). (4.4)

That is, the (restrictions to I of the) functions {ek}k∈Z also have the ex-
pansion property in L2(I). However, they are not a basis for L2(I)! To see
this, define the function

f̃(x) =
{

f(x) if x ∈ I,
1 if x /∈ I.

Then f̃ ∈ L2(0, 1) and we have the representation

f̃ =
∑

k∈Z

〈f̃ , ek〉ek in L2(0, 1). (4.5)

By restricting to I, the expansion (4.5) is also valid in L2(I); since f = f̃
on I, this shows that

f =
∑

k∈Z

〈f̃ , ek〉ek in L2(I). (4.6)

Thus, (4.4) and (4.6) are both expansions of f in L2(I), and they are
non-identical; the argument is that since f �= f̃ in L2(0, 1), the expansions
(4.3) and (4.5) show that

{〈f, ek〉}k∈Z �= {〈f̃ , ek〉}k∈Z.

The conclusion is that the restriction of the functions {ek}k∈Z to I is
not a basis for L2(I), but the expansion property is preserved. In Example
5.5.5, we prove that {ek}k∈Z is a frame for L2(I). �

In a finite-dimensional vector space X, we know that every family of vec-
tors that spans X contains a basis (Exercise 1.3). In an infinite-dimensional
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Hilbert space, the situation is dramatically different: one can prove the
existence of families of vectors {fk}∞k=1 such that

• each f ∈ H has an unconditionally convergent expansion

f =
∞∑

k=1

ckfk with {ck}∞k=1 ∈ �2(N);

• no subsequence of {fk}∞k=1 is a basis for H.

See [9] or [10]. Intuitively, this kind of example is difficult to under-
stand: it shows that we might have the expansion property for families
that have no relationship to a basis. This is also an argument for looking
for generalizations of bases.

4.2 Gabor bases and the Balian–Low Theorem

In concrete Hilbert spaces like L2(R), we are able to give explicit
constructions of bases, like the Gabor orthonormal basis

{e2πimxχ[0,1](x − n)}m,n∈Z = {EmTnχ[0,1](x)}m,n∈Z

in Example 3.5.3. However, this example touches one of the limitations on
possible constructions of bases, as we will see now. Observe that the Fourier
transform of χ[0,1] is given by

χ̂[0,1](γ) =
∫ 1

0

e−2πixγ dx = e−πiγ sin πγ

πγ
.

The fact that χ[0,1] is discontinuous, and the oscillations and slow decay
of χ̂[0,1], makes the characteristic function unattractive from the point of
view of, e.g., time–frequency analysis. It is natural to ask whether more
suitable Gabor bases could be obtained by replacing the function χ[0,1] by
a smoother function g? Unfortunately, one can prove that no continuous
compactly supported function g can generate a Gabor Riesz basis (see
Corollary 9.7.4).

Even if we give up the requirement that the function g should have
compact support, the Balian–Low Theorem shows that there are limitations
on the properties g can have if we want {EmTng}m,n∈Z to be a Riesz basis:

Theorem 4.2.1 Let g ∈ L2(R). If {EmTng}m,n∈Z is a Riesz basis for
L2(R), then

(∫ ∞

−∞
|xg(x)|2 dx

)(∫ ∞

−∞
|γĝ(γ)|2 dγ

)

= ∞. (4.7)

In words, the Balian–Low theorem means that a function g generating a
Gabor Riesz basis cannot be well localized in both time and frequency. For
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example, it is not possible that g and ĝ satisfy decay conditions like

|g(x)| ≤ C

1 + x2
, x ∈ R, |ĝ(γ)| ≤ C

1 + γ2
, γ ∈ R,

simultaneously. The reader can find proofs of the Balian–Low theorem in
[25] and [41].

If fast decay of g and ĝ is needed, we have to ask whether we need all
the properties characterizing a Riesz basis or whether we can relax some
of them. The property we want to keep is that every f ∈ L2(R) has an
unconditionally convergent expansion in terms of modulated and translated
versions of the function g; together with Lemma 3.7.6, this shows that we
do not gain anything by asking for {EmTng}m,n∈Z being merely a basis
instead of a Riesz basis. However, it turns out that the (unconditionally
convergent) expansion property actually can be combined with g and ĝ
having very fast decay: the part of the definition of a basis that has to be
given up is the uniqueness of such an expansion. This will bring us from
bases to frames. The exact definition will be given in the next chapter, and
frames having the Gabor structure will be the subject of Chapters 9–10.

4.3 Bases and wavelets

Wavelet orthonormal bases {ψj,k}j,k∈Z form another important class of
bases for L2(R). As discussed in Section 3.6, most of the important wavelet
bases are constructed via multiresolution analysis. Some of the properties
that are relevant for a basis {ψj,k}j,k∈Z are

• that ψ has a computationally convenient form, for example that ψ is
a piecewise polynomial (a spline);

• regularity of ψ;

• symmetry (or anti-symmetry) of ψ, i.e., that

ψ(x) = ψ(−x) or ψ(x) = −ψ(−x), x ∈ R;

• compact support of ψ, or at least fast decay;

• that ψ has vanishing moments, i.e., that for a certain m ∈ N,
∫ ∞

−∞
x�ψ(x) dx = 0 for � = 0, 1, . . . ,m. (4.8)

We will give a short description of the role played by these properties
and how they motivated the development of wavelet theory. First, a large
number of vanishing moments is important if we want to obtain smooth
wavelets. In fact, if ψ is an m times differentiable function with bounded
derivatives with reasonable decay and {ψj,k}j,k∈Z is an orthonormal system,
then (4.8) holds, see [26].



94 4. Bases and their Limitations

Vanishing moments are also essential in the context of compression. As-
suming that {ψj,k}j,k∈Z is an orthonormal basis for L2(R), every f ∈ L2(R)
has the representation

f =
∑

j,k∈Z

〈f, ψj,k〉ψj,k. (4.9)

All information about f is stored in the coefficients {〈f, ψj,k〉}j,k∈Z, and
(4.9) tells us how to reconstruct f based on knowledge of the coefficients.
However, in practice one cannot store an infinite sequence of non-zero num-
bers, so one has to select a finite number of the coefficients to keep. This
is usually done by thresholding: one chooses a certain ε > 0 and keeps only
the coefficients 〈f, ψj,k〉 for which |〈f, ψj,k〉| ≥ ε. Here the vanishing mo-
ments come in again. In fact, one can prove that if ψ has a large number
of vanishing moments, then the coefficients 〈f, ψj,k〉 decay fast for j → ∞:

Theorem 4.3.1 Assume that the function ψ ∈ L2(R) is compactly sup-
ported and has N −1 vanishing moments, i.e., (4.8) holds with m = N −1.
Then, for any N times differentiable function f ∈ L2(R) for which f (N) is
bounded, there exists a constant C > 0 such that

|〈f, ψj,k〉| ≤ C 2−jN2−j/2, ∀j, k ∈ Z. (4.10)

For a proof, we refer to [64]. Assuming that (4.9) is available, we obtain
an efficient compression of the signal f if we only keep the large coefficients
〈f, ψj,k〉 and throw the rest away.

It turns out that Theorem 4.3.1 also plays an important role for the
wavelet constructions in Chapter 11. In fact, it turns out that the expansion
coefficients associated with a so-called tight wavelet frame have exactly the
same form as for an orthonormal basis. This implies that the estimate in
(4.10) again can be used to determine which coefficients to keep.

Compact support (or at least fast decay) of ψ is essential for the use
of computer-based methods, where a function with unbounded support al-
ways has to be truncated. For the same reason, we often want the support
to be small. The condition of ψ being symmetric is less important (or even
irrelevant) in many contexts, but there are cases where it is a helpful prop-
erty; an example is image processing, where a non-symmetric wavelet will
generate non-symmetric errors, which are more disturbing to the human
eye than symmetric errors. The next result, which is also proved in [26],
shows that it is difficult to combine the classical multiresolution analysis
with the desire of having a symmetric wavelet ψ:
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Proposition 4.3.2 Assume that φ ∈ L2(R) is real-valued and compactly
supported, and let

Vj = span{DjTkφ}k∈Z, j ∈ Z.

Assume that (φ, {Vj}) constitute a multiresolution analysis. Then, if the
associated wavelet ψ is real-valued and compactly supported and has either
a symmetry axis or an anti-symmetry axis, then ψ is necessarily the Haar
wavelet.

Thus, under the above assumptions, we are back at the function we want
to avoid! In Chapter 11, we will see how symmetry can be obtained at the
price of looking at frames rather than bases.

The limitations on the possible constructions of bases give theoretical
reasons to consider frames. In Section 5.9, we will describe cases where
bases actually exist, but where frames simply perform better.



5
Frames in Hilbert Spaces

The main feature of a basis {fk}∞k=1 in a Hilbert space H is that every f ∈ H
can be represented as an (infinite) linear combination of the elements fk in
the basis:

f =
∞∑

k=1

ck(f)fk. (5.1)

The coefficients ck(f) are unique. We now introduce the concept of frames.
A frame is also a sequence of elements {fk}∞k=1in H, which allows every
f ∈ H to be written as in (5.1). However, the corresponding coefficients
are not necessarily unique. Thus a frame might not be a basis; arguments
for generalizing the basis concept were given in Chapter 4.

Frames were introduced in 1952 by Duffin and Schaeffer in their funda-
mental paper [30]; they used frames as a tool in the study of nonharmonic
Fourier series, i.e., sequences of the type {eiλnx}n∈Z, where {λn}n∈Z is
a family of real or complex numbers. In 1985, as the wavelet era began,
Daubechies, Grossmann, and Meyer [27] observed that frames can be used
to find series expansions of functions in L2(R) that are very similar to
the expansions using orthonormal bases. This was the time when many
mathematicians started to see the potential of the topic. In this chapter,
we present the general theory; the next chapters will go into detail with
specific constructions.

Section 5.1 and Section 5.2 are instrumental for a good understanding of
frames; here, their basic properties are presented, and the relationship be-
tween frames and Riesz basis is discussed. A reader who is mainly interested

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
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in Gabor frames or wavelet frames might go direct to the relevant later
chapters in the book after reading these sections; in fact, the theory for
these frames is to a large extent independent of the results for general
frames. Section 5.3 deals with preservation of the frame property under the
action of various operators. Section 5.4 characterizes the frame property,
e.g., in terms of operators. Section 5.5 discusses various independency con-
ditions and presents further relations between frames and Riesz bases. In
Section 5.6, it is shown that the frame concept is stable, in the sense that
sufficiently small “displacements” of a frame again is a frame. These results
extend classical results known for bases. In Section 5.7, we characterize all
dual frames associated with a given frame. Section 5.8 gives a short intro-
duction to continuous frames. Finally, Section 5.9 relates frame theory to
signal processing and signal transmission.

5.1 Frames and their properties

We are now ready to give the central definition. Let H �= {0} denote a
separable Hilbert space.

Definition 5.1.1 A sequence {fk}∞k=1 of elements in H is a frame for H
if there exist constants A,B > 0 such that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. (5.2)

The numbers A and B are called frame bounds. They are not unique. The
optimal upper frame bound is the infimum over all upper frame bounds,
and the optimal lower frame bound is the supremum over all lower frame
bounds. Note that the optimal bounds actually are frame bounds.

The following lemma shows that it is enough to check the frame condition
on a dense set. The proof is left to the reader (Exercise 5.3).

Lemma 5.1.2 Suppose that {fk}∞k=1 is a sequence of elements in H and
that there exist constants A,B > 0 such that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ||f ||2 (5.3)

for all f in a dense subset V of H. Then {fk}∞k=1 is a frame for H with
bounds A,B.

A special role is played by frames for which the optimal frame bounds
coincide:
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Definition 5.1.3 A sequence {fk}∞k=1 in H is a tight frame if there exists
a number A > 0 such that

∞∑

k=1

|〈f, fk〉|2 = A ||f ||2, ∀f ∈ H.

The (exact) number A is called the frame bound.

It follows from the definition that if {fk}∞k=1 is a frame for H, then

span{fk}∞k=1 = H;

in fact, if f ∈ H is perpendicular to all fk, k ∈ N, then (5.2) shows that
f = 0. We often need to consider sequences that are not complete in H;
they cannot form frames for H, but they can very well form frames for the
closed linear span of their elements. For the purpose of considering such
sequences, we need the following definition.

Definition 5.1.4 Let {fk}∞k=1 be a sequence in H. We say that {fk}∞k=1

is a frame sequence if it is a frame for span{fk}∞k=1.

Before we develop the theory for frames, we mention a few examples of
frames. They might appear quite “constructed,” but they are useful for the
theoretical understanding of frames. In Chapters 7–11, we consider frames
that are more interesting by themselves, for example frames in L2(R) having
Gabor structure or wavelet structure.

Example 5.1.5 Let {ek}∞k=1 be an orthonormal basis for H.
(i) By repeating each element in {ek}∞k=1 twice, we obtain

{fk}∞k=1 = {e1, e1, e2, e2, ..},
which is a tight frame with frame bound A = 2. If only e1 is repeated, we
obtain

{fk}∞k=1 = {e1, e1, e2, e3, ..},
which is a frame with bounds A = 1, B = 2.
(ii) Let

{fk}∞k=1 := {e1,
1√
2
e2,

1√
2
e2,

1√
3
e3,

1√
3
e3,

1√
3
e3, · · · };

that is, {fk}∞k=1 is the sequence where each vector 1√
�
e�, � ∈ N, is repeated

� times. Then, for each f ∈ H,
∞∑

k=1

|〈f, fk〉|2 =
∞∑

�=1

� |〈f,
1√
�
e�〉|2 = ||f ||2.

So {fk}∞k=1 is a tight frame for H with frame bound A = 1.
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(iii) If I ⊂ N is a proper subset, then {ek}k∈I is not complete in H and
cannot be a frame for H. However, {ek}k∈I is a frame for span{ek}k∈I , i.e.,
it is a frame sequence. �

Since a frame {fk}∞k=1 is a Bessel sequence, the operator

T : �2(N) → H, T{ck}∞k=1 =
∞∑

k=1

ckfk (5.4)

is bounded by Theorem 3.1.3; T is called the pre-frame operator or the
synthesis operator. By Lemma 3.1.1, the adjoint operator is given by

T ∗ : H → �2(N), T ∗f = {〈f, fk〉}∞k=1. (5.5)

T ∗ is called the analysis operator. Composing T and T ∗, we obtain the
frame operator

S : H → H, Sf = TT ∗f =
∞∑

k=1

〈f, fk〉fk. (5.6)

Note that because {fk}∞k=1 is a Bessel sequence, the series defining S con-
verges unconditionally for all f ∈ H by Corollary 3.1.5. We state some of
the important properties of S:

Lemma 5.1.6 Let {fk}∞k=1 be a frame with frame operator S and frame
bounds A,B. Then the following holds:

(i) S is bounded, invertible, self-adjoint, and positive.

(ii) {S−1fk}∞k=1 is a frame with frame operator S−1 and frame bounds
B−1, A−1.

(iii) If A,B are the optimal frame bounds for {fk}∞k=1, then the bounds
B−1, A−1 are optimal for {S−1fk}∞k=1.

Proof. (i) S is bounded, being a composition of two bounded operators.
By Theorem 3.1.3,

||S|| = ||TT ∗|| = ||T || ||T ∗|| = ||T ||2 ≤ B.

Because S∗ = (TT ∗)∗ = TT ∗ = S, the operator S is self-adjoint. The
inequality (5.2) means that

A ||f ||2 ≤ 〈Sf, f〉 ≤ B ||f ||2, ∀f ∈ H,

or, in the notation from Section 2.2,

AI ≤ S ≤ BI; (5.7)

thus S is a positive operator. Furthermore,

0 ≤ I − B−1S ≤ B − A

B
I,
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and consequently
∣
∣
∣
∣I − B−1S

∣
∣
∣
∣ = sup

||f ||=1

∣
∣〈(I − B−1S)f, f〉

∣
∣ ≤ B − A

B
< 1.

By Theorem 2.2.3, this shows that S is invertible.
(ii) Because the operator S is self-adjoint, also S−1 is self-adjoint. Note

that for f ∈ H,
∞∑

k=1

|〈f, S−1fk〉|2 =
∞∑

k=1

|〈S−1f, fk〉|2 ≤ B ||S−1f ||2

≤ B ||S−1||2 ||f ||2.
That is, {S−1fk}∞k=1 is a Bessel sequence. It follows that the frame operator
for {S−1fk}∞k=1 is well defined. By definition, it acts on f ∈ H by

∞∑

k=1

〈f, S−1fk〉S−1fk = S−1
∞∑

k=1

〈S−1f, fk〉fk = S−1SS−1f

= S−1f ; (5.8)

this shows that the frame operator for {S−1fk}∞k=1 equals S−1. The op-
erator S−1 commutes with both S and I, so using Theorem 2.4.2 we can
“multiply” the inequality (5.7) with S−1; this gives

B−1I ≤ S−1 ≤ A−1I,

i.e.,

B−1 ||f ||2 ≤ 〈S−1f, f〉 ≤ A−1 ||f ||2 , ∀f ∈ H.

Via (5.8), this means that

B−1 ||f ||2 ≤
∞∑

k=1

|〈f, S−1fk〉|2 ≤ A−1 ||f ||2 , ∀f ∈ H;

thus {S−1fk}∞k=1 is a frame with frame bounds B−1, A−1.
(iii) Let A be the optimal lower bound for {fk}∞k=1, and assume that the

optimal upper bound for {S−1fk}∞k=1 is C < A−1. By applying (ii) to the
frame {S−1fk}∞k=1, we obtain that {fk}∞k=1 = {(S−1)−1S−1fk}∞k=1 has the
lower bound C−1 > A, but this is a contradiction. Thus {S−1fk}∞k=1 has
the optimal upper bound A−1. The argument for the optimal lower bound
of {S−1fk}∞k=1 is similar. �

The frame {S−1fk}∞k=1 is called the canonical dual frame of {fk}∞k=1.
The reason for the name will become clear soon; in fact, Theorem 5.1.7
will show that {S−1fk}∞k=1 plays the same role in frame theory as the dual
in the theory of bases, see Theorem 3.3.2 and Theorem 3.7.5.
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The frame decomposition, stated in (5.9) below, is the most important
frame result. It shows that if {fk}∞k=1 is a frame for H, then every element
in H has a representation as an infinite linear combination of the frame
elements. Thus it is natural to view a frame as some kind of “generalized
basis.”

Theorem 5.1.7 Let {fk}∞k=1 be a frame with frame operator S. Then

f =
∞∑

k=1

〈f, S−1fk〉fk, ∀f ∈ H, (5.9)

and

f =
∞∑

k=1

〈f, fk〉S−1fk, ∀f ∈ H. (5.10)

Both series converge unconditionally for all f ∈ H.

Proof. Let f ∈ H. Using the properties of the frame operator in Lemma
5.1.6,

f = SS−1f =
∞∑

k=1

〈S−1f, fk〉fk =
∞∑

k=1

〈f, S−1fk〉fk.

Because {fk}∞k=1 is a Bessel sequence and {〈f, S−1fk〉}∞k=1 ∈ �2(N), the
fact that the series converges unconditionally follows from Corollary 3.1.5.
The expansion (5.10) is proved similarly, using that f = S−1Sf . �

Theorem 5.1.7 shows that all information about a given vector f ∈ H
is contained in the sequence {〈f, S−1fk〉}∞k=1. The numbers 〈f, S−1fk〉 are
called frame coefficients.

Theorem 5.1.7 also immediately reveals one of the main difficulties in
frame theory. In fact, in order for the expansions (5.9) and (5.10) to be
applicable in practice, we need to be able to find the operator S−1, or at
least to calculate its action on all fk, k ∈ N. In general, this is a major
problem. One way of circumventing the problem is to consider only tight
frames:

Corollary 5.1.8 If {fk}∞k=1 is a tight frame with frame bound A, then the
canonical dual frame is {A−1fk}∞k=1, and

f =
1
A

∞∑

k=1

〈f, fk〉fk, ∀f ∈ H. (5.11)

Proof. If {fk}∞k=1 is a tight frame with frame bound A and frame operator
S, the definition shows that

〈Sf, f〉 =
∞∑

k=1

|〈f, fk〉|2 = A ||f ||2 = 〈Af, f〉, ∀f ∈ H.
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By Lemma 2.4.3, this implies that S = AI; thus, S−1 acts by multiplication
by A−1, and the result follows from (5.9). �

By a suitable scaling of the vectors {fk}∞k=1 in a tight frame, we can
always obtain that A = 1; in that case, (5.11) has exactly the same form as
the representation via an orthonormal basis, see (3.7). Thus, such frames
can be used without any additional computational effort compared with
the use of orthonormal bases.

Tight frames have other advantages. For the design of frames with pre-
scribed properties, it is essential to control the behavior of the canonical
dual frame, but the complicated structure of the frame operator and its in-
verse makes this difficult. If, for example, we consider a frame {fk}∞k=1 for
L2(R) consisting of functions with exponential decay, nothing guarantees
that the functions in the canonical dual frame {S−1fk}∞k=1 have exponen-
tial decay. However, for tight frames, questions of this type trivially have
satisfying answers. Also, for a tight frame, the canonical dual frame au-
tomatically has the same structure as the frame itself: if the frame has
wavelet structure or Gabor structure as described in Section 3.5 and Sec-
tion 3.6, the same is the case for the canonical dual frame. In contrast,
the canonical dual frame of a non-tight wavelet frame might not have the
wavelet structure; a concrete example is given later, see Example 11.1.2.

Later we will discuss another way to avoid the problem of inverting the
frame operator S. In fact, for frames {fk}∞k=1 that are not bases, we prove
in Theorem 5.2.3 that one can find other frames {gk}∞k=1 than {S−1fk}∞k=1,
for which

f =
∞∑

k=1

〈f, gk〉fk, ∀f ∈ H. (5.12)

Such a frame {gk}∞k=1 is called a dual frame of {fk}∞k=1. Now, there is a
chance that even if the canonical dual frame is difficult to find, there exist
other duals that are easy to find! In Section 7.4 and Section 9.4, we discuss
such cases. For general frames in Hilbert spaces, all duals are characterized
in Section 5.7.

A note on terminology is in order. In Lemma 5.7.1, we prove that if
{gk}∞k=1 is a dual frame of {fk}∞k=1, then {fk}∞k=1 is also a dual of {gk}∞k=1.
For this reason, we will usually call {fk}∞k=1 and {gk}∞k=1 a pair of dual
frames or a dual frame pair when (5.12) holds.

Example 5.1.9 Let {ek}∞k=1 be an orthonormal basis for H and consider
the frame

{fk}∞k=1 = {e1, e1, e2, e3, ..},
see Example 5.1.5(ii). The canonical dual frame is given by

{S−1fk}∞k=1 = {1
2
e1,

1
2
e1, e2, e3, ..}.
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As examples of non-canonical dual frames we mention

{gk}∞k=1 = {0, e1, e2, e3, ..}

and

{gk}∞k=1 = {1
3
e1,

2
3
e1, e2, e3, ..}.

We leave the verifications to the reader (Exercise 5.8). �

We end this section with a warning. Misled by the situation in the finite-
dimensional setting, one could expect that if {fk}∞k=1 is a sequence in H
for which span{fk}∞k=1 = H, then every f ∈ H would have an expansion

f =
∞∑

k=1

ckfk

for certain scalar coefficients {ck}∞k=1. However, in an infinite-dimensional
Hilbert space this does not necessarily hold. We give an example below.
The example will be used several times in the sequel, and we extend it
later in Example 5.5.6.

Example 5.1.10 Let {ek}∞k=1 be an orthonormal basis for H and define

fk := ek + ek+1, k ∈ N.

We will show that

(i) span{fk}∞k=1 = H;

(ii) {fk}∞k=1 is a Bessel sequence, but not a frame;

(iii) There exists f ∈ H that cannot be written on the form
∑∞

k=1 ckfk

for any choice of the coefficients ck.

To prove that {fk}∞k=1 is complete, assume that f ∈ H and that

〈f, fk〉 = 0 for all k ∈ N.

Then 〈f, ek〉 = −〈f, ek+1〉 for all k ∈ N, implying that |〈f, ek〉| is a constant.
Since

∞∑

k=1

|〈f, ek〉|2 = ||f ||2 < ∞,

we conclude that 〈f, ek〉 = 0, ∀k, so f = 0. Thus {fk}∞k=1 is complete.
We now prove that {fk}∞k=1 is a Bessel sequence. For that purpose, we

will use that for any a, b ∈ R, the inequality (a + b)2 ≤ 2(a2 + b2) holds;
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the inequality is a consequence of 2ab ≤ a2 + b2, which again follows from
a2 + b2 − 2ab = (a − b)2 ≥ 0. Now, for any f ∈ H,

∞∑

k=1

|〈f, ek + ek+1〉|2 =
∞∑

k=1

|〈f, ek〉 + 〈f, ek+1〉|2

≤
∞∑

k=1

(|〈f, ek〉| + |〈f, ek+1〉|)2

≤ 2
∞∑

k=1

|〈f, ek〉|2 + 2
∞∑

k=1

|〈f, ek+1〉|2

≤ 4 ||f ||2.

This proves that {fk}∞k=1 is a Bessel sequence. However, {fk}∞k=1 does not
satisfy the lower frame condition. To see this, consider the vectors

gj :=
j∑

n=1

(−1)n+1en, j ∈ N.

We note that ||gj ||2 = j for all j ∈ N. Let us now calculate the inner
products 〈gj , fk〉. Considering a fixed j ∈ N, we see that

〈gj , fk〉 = 〈e1 − e2 + · · · + (−1)j+1ej , ek + ek+1〉 =

⎧
⎪⎨

⎪⎩

0 if k > j;
(−1)j+1 if k = j;
0 if k < j.

Therefore
∞∑

k=1

|〈gj , fk〉|2 = 1 =
1
j
||gj ||2.

Since this holds for all j ∈ N, we see that {fk}∞k=1 does not satisfy the
lower frame condition. We finally notice that, despite the fact that {fk}∞k=1

is complete, there exists f ∈ H that cannot be written as f =
∑∞

k=1 ckfk for
any choice of the coefficients {ck}∞k=1. As a concrete example, take f = e1.
�

5.2 Frames and Riesz bases

As we have seen, a frame {fk}∞k=1 in a Hilbert space H has one of the main
properties of a basis: given f ∈ H, there exist coefficients {ck}∞k=1 ∈ �2(N)
such that f =

∑∞
k=1 ckfk. This makes it natural to study the relationship

between frames and bases. In this section, we notice that all Riesz bases
are frames and characterize the frames that are actually Riesz bases.
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Theorem 5.2.1 A Riesz basis {fk}∞k=1 for H is a frame for H, and the
Riesz basis bounds coincide with the frame bounds. The dual Riesz basis
equals the canonical dual frame {S−1fk}∞k=1.

Proof. By Proposition 3.3.5, a Riesz basis {fk}∞k=1 for H is also a frame
for H; if we also involve Proposition 3.4.5, we obtain the statement about
the bounds. The rest follows from the frame decomposition combined with
the uniqueness part of Theorem 3.3.2. �

A frame that is not a Riesz basis is said to be overcomplete; in the
literature, the term redundant frame is also used. Theorem 5.2.2 will explain
why the word “overcomplete” is used: in fact, if {fk}∞k=1 is a frame that is
not a Riesz basis, there exist coefficients {ck}∞k=1 ∈ �2(N) \ {0} for which

∞∑

k=1

ckfk = 0. (5.13)

That is, for such frames there is some dependency between the frame
elements.

Theorem 5.2.2 Let {fk}∞k=1 be a frame for H. Then the following are
equivalent:

(i) {fk}∞k=1 is a Riesz basis for H.

(ii) If
∑∞

k=1 ckfk = 0 for some {ck}∞k=1 ∈ �2(N), then ck = 0, ∀k ∈ N.

Proof.
(i)⇒(ii). Assume that {fk}∞k=1 is a Riesz basis and that

∑∞
k=1 ckfk = 0

for a sequence {ck}∞k=1 ∈ �2(N). Writing {fk}∞k=1 = {Uek}∞k=1 for a certain
orthonormal basis for H and an appropriate bounded bijective operator H,
it follows that U

∑∞
k=1 ckek = 0. Because U is injective, this implies that∑∞

k=1 ckek = 0, and therefore ck = 0 for all k.

(ii)⇒(i). Let {δk}∞k=1 be the canonical orthonormal basis for �2(N). The as-
sumption (ii) assures that the pre-frame operator T associated with {fk}∞k=1

is injective, and T is also surjective because {fk}∞k=1 is a frame. Since
Tδk = fk, ∀k, the result follows from the definition of a Riesz basis. �

Much more can be said about the relationship between frames and Riesz
bases – see Theorem 5.5.4. For now, we just notice that if {fk}∞k=1 is an
overcomplete frame, then a given element f ∈ H has many representa-
tions in terms of the frame elements fk, k ∈ N. In fact, for any sequence
{ck}∞k=1 ∈ �2(N) \ {0} for which (5.13) holds, the frame decomposition



5.2 Frames and Riesz bases 107

shows that

f =
∞∑

k=1

〈f, S−1fk〉fk =
∞∑

k=1

(
〈f, S−1fk〉 + ck

)
fk.

We can actually go one important step further: we will now prove that
every overcomplete frame has other dual frames than the canonical. This
result should be compared with the uniqueness statement for Riesz bases
in Theorem 3.3.2.

Theorem 5.2.3 Assume that {fk}∞k=1 is an overcomplete frame. Then
there exist frames {gk}∞k=1 �= {S−1fk}∞k=1 for which

f =
∞∑

k=1

〈f, gk〉fk, ∀f ∈ H. (5.14)

Proof. We split the proof in two cases and assume first that f� = 0 for
some � ∈ N; in this case S−1f� = 0. Letting gk := S−1fk for k �= � and
choosing g� to be an arbitrary non-zero vector, the frame decomposition
shows that (5.14) holds, and {gk}∞k=1 �= {S−1fk}∞k=1.

Now we consider the case where fk �= 0 for all k ∈ N. By Theorem 5.2.2,
there exists a sequence {ck}∞k=1 ∈ �2(N) \ {0} such that

0 =
∞∑

k=1

ckfk.

For a certain � ∈ N we have c� �= 0, and we can write

f� =
−1
c�

∑

k �=�

ckfk.

We now show that {fk}k �=� is a frame for H; we only have to prove that
{fk}k �=� satisfies the lower frame condition. In order to do so, observe that
for any f ∈ H, Cauchy–Schwarz’ inequality shows that

|〈f, f�〉|2 =

∣
∣
∣
∣
∣
∣

−1
c�

∑

k �=�

ck〈f, fk〉

∣
∣
∣
∣
∣
∣

2

≤ 1
|c�|2

∑

k �=�

|ck|2
∑

k �=�

|〈f, fk〉|2

= C
∑

k �=�

|〈f, fk〉|2,
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where C := 1
|c�|2

∑
k �=� |ck|2. Letting A denote a lower frame bound for the

frame {fk}∞k=1, this implies that

A ||f ||2 ≤
∞∑

k=1

|〈f, fk〉|2

=
∑

k �=�

|〈f, fk〉|2 + |〈f, f�〉|2

≤ (1 + C)
∑

k �=�

|〈f, fk〉|2.

This shows that {fk}k �=� indeed satisfies the lower frame condition.
Denoting the canonical dual frame of {fk}k �=� by {gk}k �=� and defining

g� = 0, we have found a frame {gk}∞k=1 for which (5.14) holds; it is different
from the canonical dual of {fk}∞k=1 because S−1f� �= 0. �

All dual frames associated with a given frame {fk}∞k=1 are characterized
in Section 5.7. At the moment, it is not clear that there are cases where it
is an advantage to consider a dual frame different from the canonical one;
such cases will appear in Section 7.4 and Section 9.4.

5.3 Frames and operators

Lemma 5.1.6 shows that if {fk}∞k=1 is a frame, then {S−1fk}∞k=1 is also
a frame. This is a special case of a much more general result: {Ufk}∞k=1

is actually a frame for a large class of operators U . For later reference,
we state some general versions of this result, where we assume that U is
a bounded operator with closed range RU . We denote the pseudo-inverse
(see Lemma 2.5.1) of such an operator U by U†.

Proposition 5.3.1 Let {fk}∞k=1 be a frame for H with bounds A,B, and
let U : H → H be a bounded operator with closed range. Then {Ufk}∞k=1 is
a frame sequence with frame bounds A ||U†||−2, B ||U ||2.

Proof. If f ∈ H, then
∞∑

k=1

|〈f, Ufk〉|2 ≤ B ||U∗f ||2 ≤ B ||U ||2 ||f ||2,

which proves that {Ufk}∞k=1 is a Bessel sequence. For the lower frame
condition, let g ∈ span{Ufk}∞k=1; we can write g = Uf for some
f ∈ span{fk}∞k=1. By Lemma 2.5.2, the operator UU† is the orthogonal
projection onto RU and therefore self-adjoint. This implies that

g = Uf = (UU†)∗Uf = (U†)∗U∗Uf.
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Thus

||g||2 ≤ ||(U†)∗||2 ||U∗Uf ||2

≤ ||(U†)∗||2
A

∞∑

k=1

|〈U∗Uf, fk〉|2

=
||U†||2

A

∞∑

k=1

|〈g, Ufk〉|2.

Consequently, the lower frame condition is satisfied for all g∈ span{Ufk}∞k=1.
Via Lemma 5.1.2, we conclude that the condition holds on span{Ufk}∞k=1,
i.e., that {Ufk}∞k=1 is a frame sequence. �

Exercise 5.13 shows that the conclusion in Proposition 5.3.1 might fail
if U does not have closed range. And even if U has closed range, it is not
enough to assume that {fk}∞k=1 is a frame sequence (Exercise 5.14).

Corollary 5.3.2 Assume that {fk}∞k=1 is a frame for H with bounds A,B
and that U : H → H is a bounded surjective operator. Then {Ufk}∞k=1 is a
frame for H with frame bounds A ||U†||−2, B ||U ||2.

In the next result, it is enough to assume that {fk}∞k=1 is a frame
sequence. We leave the proof to the reader (Exercise 5.15).

Lemma 5.3.3 If {fk}∞k=1 is a frame sequence with frame bounds A,B and
U : H → H is a unitary operator, then {Ufk}∞k=1 is a frame sequence with
frame bounds A,B. If {fk}∞k=1 is a frame for H, then {Ufk}∞k=1 is also a
frame for H.

The kind of stability discussed here can often be used to construct frames
with special properties. For example, it is important to notice that we to
every frame can associate a canonical tight frame with frame bound A = 1:

Theorem 5.3.4 Let {fk}∞k=1 be a frame for H with frame operator S.
Denote the positive square root of S−1 by S−1/2. Then {S−1/2fk}∞k=1 is a
tight frame with frame bound equal to 1, and

f =
∞∑

k=1

〈f, S−1/2fk〉S−1/2fk, ∀f ∈ H.

Proof. The existence of a unique positive square root of S−1 follows from
Lemma 2.4.4. Since S−1/2 is a limit of a sequence of polynomials in S−1,
it commutes with S−1 and therefore with S. Therefore every f ∈ H can be
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written

f = S−1/2SS−1/2f

=
∞∑

k=1

〈S−1/2f, fk〉S−1/2fk

=
∞∑

k=1

〈f, S−1/2fk〉S−1/2fk.

This implies that

||f ||2 = 〈f, f〉 =
∞∑

k=1

|〈S−1/2f, fk〉|2,

i.e., that {S−1/2fk}∞k=1 is a tight frame with frame bound equal to 1. �

Orthogonal projections play a special role in many contexts. We state a
few relationships between frames and orthogonal projections.

Proposition 5.3.5 Let {fk}∞k=1 be a sequence in a Hilbert space H, and
let P denote the orthogonal projection of H onto a closed subspace V . Then
the following holds:

(i) If {fk}∞k=1 is a frame for H with frame bounds A,B, then {Pfk}∞k=1

is a frame for V with frame bounds A,B.

(ii) If {fk}∞k=1 is a frame for V with frame operator S, then the orthogonal
projection of H onto V is given by

Pf =
∞∑

k=1

〈f, S−1fk〉fk, f ∈ H. (5.15)

The proof of (i) is left to the reader (Exercise 5.16), and the proof of (ii) is
identical to the proof of Theorem 1.1.11.

In Section 5.2, we saw that if {fk}∞k=1 is an overcomplete frame, there
exist several sets of coefficients {ck}∞k=1 ∈ �2(N) for which f =

∑∞
k=1 ckfk.

The frame coefficients {〈f, S−1fk〉}∞k=1 have minimal �2-norm among all
sequences representing f :

Lemma 5.3.6 Let {fk}∞k=1 be a frame for H and let f ∈ H. If f has a
representation f =

∑∞
k=1 ckfk for some coefficients {ck}∞k=1, then

∞∑

k=1

|ck|2 =
∞∑

k=1

|〈f, S−1fk〉|2 +
∞∑

k=1

|ck − 〈f, S−1fk〉|2.

The proof is identical to the proof of Theorem 1.1.5(iii). As a consequence
of Lemma 5.3.6, we obtain an explicit expression for the pseudo-inverse T †

of the pre-frame operator. Recall that T † is defined in Section 2.5.
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Theorem 5.3.7 Let {fk}∞k=1 be a frame with pre-frame operator T and
frame operator S. Then the pseudo-inverse of T is given by

T † : H → �2(N), T †f = {〈f, S−1fk〉}∞k=1.

Proof. In terms of the pre-frame operator T , the equation f =
∑∞

k=1 ckfk

means that T{ck}∞k=1 = f . Now the result follows from Lemma 5.3.6
combined with Theorem 2.5.3. �

The optimal frame bounds can be expressed in terms of the operators T
and S and their inverses/pseudo-inverses:

Proposition 5.3.8 The optimal frame bounds A,B for a frame {fk}∞k=1

are given by

A = ||S−1||−1 = ||T †||−2, B = ||S|| = ||T ||2.

Proof. By definition, the optimal upper frame bound is given by

B = sup
||f ||=1

∞∑

k=1

|〈f, fk〉|2 = sup
||f ||=1

〈Sf, f〉 = ||S||.

The last equality follows from S being self-adjoint. Also, S = TT ∗ implies
that ||S|| = ||TT ∗|| = ||T ||2.

In order to prove the results about the lower frame bound, we use that
the dual frame {S−1fk}∞k=1 has frame operator S−1 and the optimal upper
bound A−1 by Lemma 5.1.6. Thus, according to what we just proved, we
know that A−1 = ||S−1||. Finally, via Theorem 5.3.7,

||S−1|| = sup
||f ||=1

∞∑

k=1

|〈f, S−1fk〉|2 = sup
||f ||=1

||T †f ||2 = ||T †||2. �

Because a frame {fk}∞k=1 might be overcomplete, it is possible that re-
moval of an element fj leaves us with a sequence {fk}k �=j that is still a
frame. It turns out that whether this happens or not can be determined
based on the value of the frame coefficient 〈fj , S

−1fj〉:

Theorem 5.3.9 The removal of a vector fj from a frame {fk}∞k=1 for H
leaves either a frame or an incomplete set. More precisely, the following
holds:

(i) If 〈fj , S
−1fj〉 �= 1, then {fk}k �=j is a frame for H;

(ii) If 〈fj , S
−1fj〉 = 1, then {fk}k �=j is incomplete.

Proof. Choose j ∈ N arbitrarily. By the frame decomposition,

fj =
∞∑

k=1

〈fj , S
−1fk〉fk.
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Define, for notational convenience, ak = 〈fj , S
−1fk〉, so fj =

∑∞
k=1 akfk.

Clearly, we also have fj =
∑∞

k=1 δj,kfk, so Lemma 5.3.6 yields the following
relation between δj,k and ak:

1 =
∞∑

k=1

|δj,k|2 =
∞∑

k=1

|ak|2 +
∞∑

k=1

|ak − δj,k|2

= |aj |2 +
∑

k �=j

|ak|2 + |aj − 1|2 +
∑

k �=j

|ak|2. (5.16)

We consider the cases aj = 1 and aj �= 1 separately. First, suppose that
aj �= 1; then fj = 1

1−aj

∑
k �=j akfk. Exactly like in the proof of Theorem

5.2.3, this implies that {fk}k �=j is a frame for H; this proves (i).
Suppose now that aj = 1. The calculation in (5.16) implies that∑
k �=j |ak|2 = 0, so that

ak = 〈S−1fj , fk〉 = 0 for all k �= j. (5.17)

Since aj = 〈S−1fj , fj〉 = 1 we know that S−1fj �= 0. Thus we have found
a non-zero element S−1fj that is orthogonal to {fk}k �=j , so {fk}k �=j is
incomplete. This proves (ii). �

5.4 Characterization of frames

Let us for a moment go back to the definition of a frame. In order to
check that a sequence {fk}∞k=1 is a frame, we have to verify the existence
of a positive lower frame bound A and a finite upper frame bound B.
Intuitively, the lower frame condition is the most critical one to verify: bad
upper estimates on

∑∞
k=1 |〈f, fk〉|2 will sometimes force us to take a larger

value for B than necessary, but bad lower estimates can easily make it
impossible to find a value for A > 0 that can be used for all f ∈ H. We
now give a characterization of frames in terms of the pre-frame operator.
It does not involve any knowledge of the frame bounds.

Theorem 5.4.1 A sequence {fk}∞k=1 in H is a frame for H if and only if

T : {ck}∞k=1 �→
∞∑

k=1

ckfk

is a well-defined mapping of �2(N) onto H.

Proof. First, suppose that {fk}∞k=1 is a frame. By Theorem 3.1.3, T is a
well-defined bounded operator from �2(N) into H, and by Lemma 5.1.6(i),
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the frame operator S = TT ∗ is surjective. Thus T is surjective. For the
opposite implication, suppose that T is a well-defined operator from �2(N)
onto H. Then Lemma 3.1.1 shows that T is bounded and that {fk}∞k=1 is
a Bessel sequence. Let T † : H → �2(N) denote the pseudo-inverse of T . For
f ∈ H, we have that

f = TT †f =
∞∑

k=1

(T †f)kfk,

where (T †f)k denotes the k-th coordinate of T †f . Thus

||f ||4 = |〈f, f〉|2

= |〈
∞∑

k=1

(T †f)kfk, f〉|2

≤
∞∑

k=1

|(T †f)k|2
∞∑

k=1

|〈f, fk〉|2

≤ ||T †||2 ||f ||2
∞∑

k=1

|〈f, fk〉|2.

We conclude that
∞∑

k=1

|〈f, fk〉|2 ≥ 1
||T †||2 ||f ||2, ∀f ∈ H,

i.e., that {fk}∞k=1 is a frame. �

For an arbitrary sequence {fk}∞k=1 in a Hilbert space, span{fk}∞k=1 is
itself a Hilbert space, and Theorem 5.4.1 leads to a statement about frame
sequences:

Corollary 5.4.2 A sequence {fk}∞k=1 in H is a frame sequence if and only
if the pre-frame operator is well-defined on �2(N) and has closed range.

In terms of the adjoint of the pre-frame operator we have:

Corollary 5.4.3 For a sequence {fk}∞k=1 in H the following holds:

(i) {fk}∞k=1 is a frame sequence if and only if

f �→ {〈f, fk〉}∞k=1 (5.18)

defines a map from H onto a closed subspace of �2(N).

(ii) If {fk}∞k=1 is a frame sequence, it is a frame for H if and only if the
map (5.18) is injective.
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Proof. The proof of (i) uses that a bounded operator has closed range if
and only if its adjoint operator has closed range, see Lemma 2.4.1. First,
assume that {fk}∞k=1 is a frame sequence. Then the pre-frame operator T
is well-defined and bounded, and the range RT is closed. Therefore T ∗,
i.e., the operator in (5.18), is well-defined, and has closed range. For the
opposite implication, if the operator in (5.18) maps H into �2(N), then
{fk}∞k=1 is a Bessel sequence (Exercise 3.4). Thus, the pre-frame operator
T is well defined and bounded; furthermore, if the range of the map in
(5.18) is closed, the same is true for T . This implies by Corollary 5.4.2 that
{fk}∞k=1 is a frame sequence.

For the proof of (ii), we note that RT = (NT∗)⊥. Thus, if {fk}∞k=1 is
a frame for H, then T ∗ is injective. On the other hand, if (5.18) defines
an injective mapping, then {fk}∞k=1 is complete in H; thus, if {fk}∞k=1 is a
frame sequence, it is a frame for H. �

Recall that Riesz bases for H are characterized as the families {Uek}∞k=1,
where {ek}∞k=1 is an orthonormal basis for H and U : H → H is bounded
and invertible. We can now give a similar characterization of frames:

Theorem 5.4.4 Let {ek}∞k=1 be an arbitrary orthonormal basis for H. The
frames for H are precisely the families {Uek}∞k=1, where U : H → H is a
bounded and surjective operator.

Proof. Let {δk}∞k=1 be the canonical basis for �2(N) and {ek}∞k=1 an
orthonormal basis for H. Let Φ : H → �2(N) be the isometric isomorphism
defined by Φek = δk. If {fk}∞k=1 is a frame, then the pre-frame operator
T is bounded and surjective, and Tδk = fk. With U := TΦ, we have
{fk}∞k=1 = {Uek}∞k=1, and U is bounded and surjective. That every family
{Uek}∞k=1 of the described type is a frame follows from Theorem 5.4.1 (see
Exercise 5.19). Alternatively, we can observe that

∞∑

k=1

|〈f, Uek〉|2 = ||U∗f ||2,

and refer to Lemma 2.4.1. �

Via Theorem 5.4.1, the question of existence of an upper and a lower
frame bound is replaced by an investigation of infinite series: we have to
check that

∑∞
k=1 ckfk converges for all {ck}∞k=1 ∈ �2(N) and that each

f ∈ H can be represented via such an infinite series. The above conse-
quences of Theorem 5.4.1 do not involve the frame bounds either. We now
state a characterization of frames that keeps the information about the
frame bounds. The obtained result is probably most useful for theoretical
considerations; see the proof of Theorem 7.1.7 for an application.
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Lemma 5.4.5 A sequence {fk}∞k=1 in H is a frame for H with bounds
A,B if and only if the following two conditions are satisfied:

(i) {fk}∞k=1 is complete in H.

(ii) The pre-frame operator T is well defined on �2(N) and

A

∞∑

k=1

|ck|2 ≤ ||T{ck}∞k=1||2 ≤ B

∞∑

k=1

|ck|2, ∀{ck}∞k=1 ∈ N⊥
T . (5.19)

In particular, {fk}∞k=1 is a frame sequence if and only if (ii) holds.

Proof. Theorem 3.1.3 gives the first part: the upper frame condition with
bound B is equivalent to the right-hand inequality in (5.19) (it is clear that
it is enough to check the condition for {ck}∞k=1 ∈ N⊥

T ). We therefore assume
that {fk}∞k=1 is a Bessel sequence and prove the equivalence of the lower
frame condition with the two conditions formed by (i) and the left-hand
inequality in (5.19).

First, assume that {fk}∞k=1 satisfies the lower frame condition with bound
A. Then (i) is satisfied. Note that RT∗ is closed because RT is closed (the
latter is equal to H because {fk}∞k=1 is a frame). Therefore

N⊥
T = RT∗ = RT∗ ,

i.e., N⊥
T consists of all sequences of the form {〈f, fk〉}∞k=1, f ∈ H. Now,

given f ∈ H,
( ∞∑

k=1

|〈f, fk〉|2
)2

= |〈Sf, f〉|2 ≤ ||Sf ||2 ||f ||2

≤ ||Sf ||2 1
A

∞∑

k=1

|〈f, fk〉|2.

This implies that

A
∞∑

k=1

|〈f, fk〉|2 ≤ ||Sf ||2 = ||T{〈f, fk〉}∞k=1||2,

as desired. For the other implication, assume that {fk}∞k=1 is complete
and that the left-hand inequality in (5.19) is satisfied. We first prove that
RT = H. Since span{fk}∞k=1 ⊂ RT , it is enough to prove that RT is
closed. Let {yn} be a sequence in RT that converges to some y ∈ H. Take
a sequence {xn} in N⊥

T such that yn = Txn; then (5.19) implies that
{xn} is a Cauchy sequence. Therefore {xn} converges to some x, which
by continuity of T satisfies that Tx = y. Thus RT is closed and hence
RT = H. Let T † denote the pseudo-inverse of T . By Lemma 2.5.2 and
(2.10), we know that the operator T †T is the orthogonal projection onto
N⊥

T , and that TT † is the orthogonal projection onto RT = H. Thus, for
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any {ck}∞k=1 ∈ �2(N), the inequality (5.19) has the consequence that

A ||T †T{ck}∞k=1||2 ≤ ||TT †T{ck}∞k=1||2 = ||T{ck}∞k=1||2. (5.20)

Again by (2.10), we have NT † = R⊥
T ; therefore (5.20) implies that

||T †||2 ≤ A−1.

Using Lemma 2.5.2, we also have ||(T ∗)†||2 ≤ A−1. But (T ∗)†T ∗ is the
orthogonal projection onto

R(T∗)† = R(T †)∗ = N⊥
T † = RT = H,

so for all f ∈ H,

||f ||2 = ||(T ∗)†T ∗f ||2 ≤ 1
A

||T ∗f ||2

=
1
A

∞∑

k=1

|〈f, fk〉|2.

This shows that {fk}∞k=1 satisfies the lower frame condition as desired. �

5.5 Various independency conditions

From linear algebra in finite-dimensional vector spaces, we know that a
basis is a linearly independent set. Linear independence is also necessary
for an infinite set to be a basis in an infinite-dimensional Hilbert space,
but it is not sufficient. We now discuss some of the relevant independency
conditions in infinite-dimensional spaces and their relationships.

Definition 5.5.1 Let {fk}∞k=1 be a sequence in H. We say that

(i) {fk}∞k=1 is linearly independent if every finite subset of {fk}∞k=1 is
linearly independent;

(ii) {fk}∞k=1 is ω-independent if whenever the series
∑∞

k=1 ckfk is con-
vergent and equal to zero for some scalar coefficients {ck}∞k=1, then
necessarily ck = 0 for all k ∈ N.

(iii) {fk}∞k=1 is minimal if fj /∈ span{fk}k �=j , ∀j ∈ N.

The relationship between the definitions is as follows:

Lemma 5.5.2 Let {fk}∞k=1 be a sequence in H. Then the following holds:

(i) If {fk}∞k=1 is minimal, then {fk}∞k=1 is ω-independent.

(ii) If {fk}∞k=1 is ω-independent, then {fk}∞k=1 is linearly independent.

The opposite implications in (i) and (ii) are not valid.
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Proof. For the proof of (i), assume that {fk}∞k=1 is not ω-independent.
Choose scalar coefficients {ck}∞k=1 with cj �= 0 for some j, such that∑∞

k=1 ckfk = 0; then fj =
∑

k �=j
−ck

cj
fk, implying that fj ∈ span{fk}k �=j .

That is, {fk}∞k=1 is not minimal. The statement (ii) is obvious, and the fact
that the opposite implications are not valid is demonstrated by examples
in Exercise 5.22. �

Recall from Theorem 3.4.4 that the existence of a complete biorthogonal
sequence is necessary for a sequence {fk}∞k=1 to be a Riesz basis. This
implies that {fk}∞k=1 must be minimal:

Lemma 5.5.3 Let {fk}∞k=1 be a sequence in H. Then the following holds:

(i) {fk}∞k=1 has a biorthogonal sequence {gk}∞k=1 if and only if {fk}∞k=1

is minimal.

(ii) If a biorthogonal sequence for {fk}∞k=1 exists, it is uniquely deter-
mined if and only if {fk}∞k=1 is complete in H.

Proof. For the proof of (i), suppose first that {fk}∞k=1 has a biorthogonal
system {gk}∞k=1. Then, for any given j ∈ N,

〈fj , gj〉 = 1 and 〈fk, gj〉 = 0 for k �= j.

Therefore fj /∈ span{fk}k �=j , i.e., {fk}∞k=1 is minimal. For the other impli-
cation in (i), assume that {fk}∞k=1 is minimal. Given j ∈ N, let Pj denote
the orthogonal projection of H onto span{fk}k �=j . Then it follows that
(I − Pj)fj �= 0, and

〈fj , (I − Pj)fj〉 = 〈Pjfj + (I − Pj)fj , (I − Pj)fj〉 = ||(I − Pj)fj ||2 �= 0.

For k �= j, clearly 〈fk, (I − Pj)fj〉 = 0. Defining

gj :=
(I − Pj)fj

||(I − Pj)fj ||2
, j ∈ N,

we obtain that {gk}∞k=1 is a biorthogonal system for {fk}∞k=1.
For the proof of (ii), assume that {fk}∞k=1 has a biorthogonal system

{gk}∞k=1. If {fk}∞k=1 is not complete, then it has several biorthogonal
systems. In fact, letting

H0 := span{fk}∞k=1,

we can replace {gk}∞k=1 by {gk +hk}∞k=1 for some hk ∈ H⊥
0 \{0} and hereby

obtain a new biorthogonal system for {fk}∞k=1. We leave it to the reader to
verify that if {fk}∞k=1 is complete, then the biorthogonality condition can
at most be satisfied for one family {gk}∞k=1. �

Depending on the frame at hand, it might happen that removal of a
particular element destroys the frame property, or that the frame property
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is preserved. A frame that ceases to be a frame when an arbitrary element
is removed is called an exact frame.

Lemma 5.5.2 shows that ω-independence and minimality are two different
concepts. We now give some equivalent conditions for a frame to be a Riesz
basis; in particular, we prove that for a frame, ω-independence is equivalent
to minimality.

Theorem 5.5.4 Let {fk}∞k=1 be a frame for H. Then the following are
equivalent.

(i) {fk}∞k=1 is a Riesz basis for H.

(ii) If
∑∞

k=1 ckfk = 0 for some {ck}∞k=1 ∈ �2(N), then ck = 0, ∀k ∈ N.

(iii) {fk}∞k=1 is an exact frame.

(iv) {fk}∞k=1 and {S−1fk}∞k=1 are biorthogonal.

(v) {fk}∞k=1 has a biorthogonal sequence.

(vi) {fk}∞k=1 is minimal.

(vii) {fk}∞k=1 is a basis.

(viii) {fk}∞k=1 is ω-independent.

Proof.
Note that (i)⇔(ii) is proved in Theorem 5.2.2. To prove the rest of the

equivalences, we proceed with the following steps:

(a) (i)⇒(iii);

(b) (iii)⇔(iv)⇔(v)⇔(vi);

(c) (iv)⇒(vii) and (vii)⇒(ii);

(d) (i)⇒(viii) and (viii)⇒(ii).

Step (a):
(i)⇒(iii). Let {fk}∞k=1 be a Riesz basis. If an arbitrary element is re-

moved, the remaining family is not complete, and therefore not a frame;
thus {fk}∞k=1 is an exact frame.
Step (b):

(iii)⇒(iv). Assume that {fk}∞k=1 is an exact frame and fix j ∈ N. Then
{fk}k �=j is not a frame, implying by Theorem 5.3.9 that

aj := 〈fj , S
−1fj〉 = 1.

In the proof of Theorem 5.3.9, the condition aj = 1 was sufficient to derive
(5.17), which shows that 〈S−1fj , fk〉 = δj,k. We conclude that {fk}∞k=1 and
{S−1fk}∞k=1 are biorthogonal.

(iv) ⇒ (v). Clear.
(v)⇒(vi). This is proved in Lemma 5.5.3 (i).
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(vi)⇒(iii). Assume that {fk}∞k=1 is minimal. Then, for an arbitrary j ∈ N,
the family {fk}k �=j is incomplete in H, and therefore not a frame for H.
Step(c): only the first of these implications needs an argument.

(iv)⇒(vii). Assume that {fk}∞k=1 and {S−1fk}∞k=1 are biorthogonal. By
the frame decomposition, we have that every f ∈ H can be expressed as
f =

∑∞
k=1〈f, S−1fk〉fk. In order to show that {fk}∞k=1 is a basis, it is

enough to show that this representation is unique. But if f =
∑∞

k=1 bkfk

for some coefficients bk, then

〈f, S−1fk〉 =

〈 ∞∑

j=1

bjfj , S
−1fk

〉

=
∞∑

j=1

bj〈fj , S
−1fk〉 = bk.

Step (d): only the implication (i)⇒(viii) needs an argument. But if
{fk}∞k=1 is a Riesz basis, Exercise 3.8 shows that

∑∞
k=1 ckfk is convergent

if and only if {ck}∞k=1 ∈ �2(N); now the result follows from the equivalence
between (i) and (ii). �

The next example is very illustrative: it exhibits a concrete frame, which
is overcomplete despite the fact that the elements are linearly independent.

Example 5.5.5 Let us return to Example 4.1.1, where we considered the
orthonormal basis {ek}k∈Z = {e2πikx}k∈Z for L2(0, 1). Let I ⊂ [0, 1] be a
proper subinterval, |I| < 1. We know that

∑

k∈Z

|〈f, ek〉|2 = ||f ||2, ∀f ∈ L2(0, 1);

identifying L2(I) with a subspace of L2(0, 1), it follows (Exercise 5.25) that
the restriction of the functions {ek}k∈Z to I form a tight frame for L2(I).
We have already in Example 4.1.1 proved that it is overcomplete. However,
recall from Exercise 1.21 that {ek}k∈Z is linearly independent. �

Example 5.5.5 points to a central property of frames: they can be over-
complete and linearly independent at the same time. The reason for this
is the difference between linear independence (i.e., independence of all fi-
nite subsets) and ω-independence. For frames, the most suitable notion of
independence is that of ω-independence.

Intuitively, we think about a frame as some kind of “overcomplete basis,”
so a natural question is the following: given a frame {fk}∞k=1, is it possible to
extract a basis {fk}k∈J , J ⊆ N, from {fk}∞k=1, i.e., does {fk}∞k=1 contain
a basis as a subset? A part of the answer is given already in Example
5.1.5(ii), which exhibits a concrete frame for which no subset forms a Riesz
basis (Exercise 5.4). The answer to the general question turns out to be
surprising: there even exist frames for which no subset is a Schauder basis.
The proof is much more involved that the above example – see [9] or [10].
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We now return to Example 5.1.10; we show that the sequence considered
there is minimal and we calculate its biorthogonal system.

Example 5.5.6 Let {ek}∞k=1 be an orthonormal basis for H and define

fk := ek + ek+1, k ∈ N.

We will show that {fk}∞k=1 is minimal and that its unique biorthogonal
sequence {gk}∞k=1 is given by

gk = (−1)k
k∑

j=1

(−1)jej , k ∈ N.

To prove that {fk}∞k=1 is minimal, assume the opposite, i.e., that for some
j ∈ N,

fj ∈ span{fk}k �=j

= span{e1 + e2, e2 + e3, . . . , ej−1 + ej , ej+1 + ej+2, . . . }. (5.21)

We now consider the component of fj = ej+ej+1 separately. From Example
5.1.10, we know that

ej+1 ∈ span{ej+k}∞k=1

⊆ span{e1 + e2, e2 + e3, . . . , ej−1 + ej , ej+1 + ej+2, . . . };
thus, (5.21) implies that

ej = fj − ej+1 ∈ span{e1 + e2, e2 + e3, . . . , ej−1 + ej , ej+1 + ej+2, . . . }.

That would imply that we for any given ε > 0 could find coefficients {ck}j−1
k=1

and {dk}N
k=1 for some N ∈ N, such that

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
ej −

(
j−1∑

k=1

ck(ek + ek+1) +
N∑

k=1

dk(ej+k + ej+k+1)

)∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
≤ ε.

But
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
ej −

(
j−1∑

k=1

ck(ek + ek+1) +
N∑

k=1

dk(ej+k + ej+k+1)

)∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≥
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
ej −

j−1∑

k=1

ck(ek + ek+1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
,

so then

ej ∈ span{e1 + e2, e2 + e3, . . . , ej−1 + ej},
a conclusion that certainly does not hold. Thus {fk}∞k=1 is minimal. By
Lemma 5.5.3, {fk}∞k=1 has a unique biorthogonal sequence {gk}∞k=1, which
is determined by the conditions

〈gk, ek + ek+1〉 = 1, 〈gk, ej + ej+1〉 = 0 for j �= k. (5.22)
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In order to find {gk}∞k=1, fix k ∈ N, and let C := 〈gk, ek〉. Then the first
condition in (5.22) implies that 〈gk, ek+1〉 = 1−C; now the second condition
implies that, in general for j > k, |〈gk, ej〉| = |1−C|. Because {ej}∞j=1 is a
Bessel sequence, we know that

∞∑

j=k+1

|〈gk, ej〉|2 ≤
∞∑

j=1

|〈gk, ej〉|2 < ∞,

so it follows that C = 1, i.e.,

〈gk, ek〉 = 1 and 〈gk, ej〉 = 0 for j > k.

Now apply the second condition in (5.22) for j = k − 1, k − 2, . . . , 1; this
shows that

〈gk, ej〉 = (−1)k−j , j = 1, . . . , k.

We now put all the information together, and conclude that

gk =
∞∑

j=1

〈gk, ej〉ej =
k∑

j=1

(−1)k−jej = (−1)k
k∑

j=1

(−1)jej . �

5.6 Perturbation of frames

In applications where bases appear, the question of stability plays an im-
portant role. That is, if {fk}∞k=1 is a basis and {gk}∞k=1 in some sense is
“close” to {fk}∞k=1, does it follow that {gk}∞k=1 also is a basis? A classi-
cal result states that if {fk}∞k=1 is a basis for a Banach space X, then a
sequence {gk}∞k=1 in X is a basis if there exists a constant λ ∈]0, 1[ such
that

∣
∣
∣
∣
∣
∣
∑

ck(fk − gk)
∣
∣
∣
∣
∣
∣ ≤ λ

∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣ (5.23)

for all finite sequences of scalars {ck}. The result is usually attributed to
Paley and Wiener, but it can actually be traced back to Neumann: in fact,
it is an almost immediate consequence of Theorem 2.2.3 with Ufk := gk.

We will now discuss a natural extension of this result to the frame setting.
That is, assuming that {fk}∞k=1 is a frame for a Hilbert space H, we want
to find conditions on a perturbed family {gk}∞k=1 that imply that it is a
frame. As a convention, we denote the pre-frame operators for {fk}∞k=1 and
{gk}∞k=1 by T and U respectively, i.e.,

T,U : �2(N) → H, T{ck}∞k=1 =
∞∑

k=1

ckfk, U{ck}∞k=1 =
∞∑

k=1

ckgk.
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Note that T is well defined by assumption; the pre-frame operator U is at
least well defined on finite sequences, but we have to prove that {gk}∞k=1

is a Bessel sequence before we know that U is well defined on �2(N). See
Theorem 3.1.3.

We first note that the condition (5.23) with λ < 1 is too restrictive
if {fk}∞k=1 is an overcomplete frame. In fact, if (5.23) holds for all finite
sequences {ck} and some λ ∈]0, 1[, then for all such sequences it holds that

∑
ckfk = 0 ⇔

∑
ckgk = 0;

thus, the condition can only handle perturbations {gk}∞k=1 that have the
“same linear dependence” as {fk}∞k=1. A much more flexible result can be
obtained by adding an extra term in the perturbation condition as in the
following Theorem 5.6.1. The original reference is [12].

Theorem 5.6.1 Let {fk}∞k=1 be a frame for H with bounds A,B. Let
{gk}∞k=1 be a sequence in H and assume that there exist constants λ, μ ≥ 0
such that λ + μ√

A
< 1 and

∣
∣
∣
∣
∣
∣
∑

ck(fk − gk)
∣
∣
∣
∣
∣
∣ ≤ λ

∣
∣
∣
∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣+ μ

(∑
|ck|2

)1/2

(5.24)

for all finite scalar sequences {ck}. Then {gk}∞k=1 is a frame for H with
bounds

A

(

1 −
(

λ +
μ√
A

))2

, B

(

1 + λ +
μ√
B

)2

.

Moreover, if {fk}∞k=1 is a Riesz basis, then {gk}∞k=1 is a Riesz basis.

Proof. {fk}∞k=1 is assumed to be a frame, so by Theorem 3.1.3, the pre-
frame operator T is bounded and ||T || ≤

√
B. The condition (5.24) implies

that for all finite sequences {ck},
∣
∣
∣
∣
∣
∣
∑

ckgk

∣
∣
∣
∣
∣
∣ =

∣
∣
∣
∣
∣
∣−
∑

ck(fk − gk) +
∑

ckfk

∣
∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
∣−
∑

ck(fk − gk)
∣
∣
∣
∣
∣
∣+

∣
∣
∣
∣
∣
∣
∑

ckfk
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∣

≤ (1 + λ)
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∣
∣
∣
∑

ckfk

∣
∣
∣
∣
∣
∣+ μ

(∑
|ck|2

)1/2

.

This calculation actually holds for all {ck}∞k=1 ∈ �2(N). To see this, we first
have to prove that

∑∞
k=1 ckgk is convergent for any given {ck}∞k=1 ∈ �2(N).

Given n,m ∈ N with n > m,
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

n∑

k=1

ckgk −
m∑

k=1

ckgk

∣
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∣
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=
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∣
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∣
∣
∣

n∑
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∣
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∣
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∣
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+ μ

(
n∑

k=m+1

|ck|2
)1/2

;
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since {ck}∞k=1 ∈ �2(N) and
∑∞

k=1 ckfk is convergent, this implies that
{
∑n

k=1 ckgk}∞n=1 is a Cauchy sequence in H and therefore convergent. Thus
the pre-frame operator U is well defined on �2(N); it follows that for all
{ck}∞k=1 ∈ �2(N),
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( ∞∑

k=1

|ck|2
)1/2

. (5.25)

In terms of the operators T,U , (5.25) states that

||U{ck}∞k=1|| ≤ (1 + λ) ||T{ck}∞k=1|| + μ

( ∞∑

k=1

|ck|2
)1/2

≤
(
(1 + λ)

√
B + μ

)
( ∞∑

k=1

|ck|2
)1/2

, ∀{ck}∞k=1 ∈ �2(N).

Via Theorem 3.1.3, this estimate shows that {gk}∞k=1 is a Bessel sequence
with bound

(
(1 + λ)

√
B + μ

)2

= B

(

1 + λ +
μ√
B

)2

.

Now we prove that {gk}∞k=1 has a lower frame bound. Because {fk}∞k=1 is
a frame, the frame operator S = TT ∗ is invertible by Lemma 5.1.6, and we
can define an operator (the pseudo-inverse of T , see Section 2.5) by

T † : H → �2(N), T †f := T ∗(TT ∗)−1f = {〈f, (TT ∗)−1fk〉}∞k=1. (5.26)

Note that {(TT ∗)−1fk}∞k=1 is the canonical dual frame of {fk}∞k=1, so by
Lemma 5.1.6,

||T †f ||2 =
∞∑

k=1

|〈f, (TT ∗)−1fk〉|2

≤ 1
A

||f ||2, ∀f ∈ H.

Since
∑∞

k=1 ckfk and
∑∞

k=1 ckgk are convergent for all {ck}∞k=1 ∈ �2(N), the
inequality (5.24) holds for all {ck}∞k=1 ∈ �2(N). In terms of the operators T
and U ,

||T{ck}∞k=1 − U{ck}∞k=1|| ≤ λ ||T{ck}∞k=1|| + μ

( ∞∑

k=1

|ck|2
)1/2

, (5.27)
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for all {ck}∞k=1 ∈ �2(N). Note that for f ∈ H,

TT †f = TT ∗(TT ∗)−1f = f,

UT †f =
∞∑

k=1

(T †f)kgk =
∞∑

k=1

〈f, (TT ∗)−1fk〉gk.

Using (5.27) on the sequence {ck}∞k=1 = T †f yields

||f − UT †f || ≤ λ ||f || + μ ||T †f ||

≤
(

λ +
μ√
A

)

||f ||, ∀f ∈ H.

Since we have assumed that λ + μ√
A

< 1, this implies that the operator
UT † is invertible, and that we have the estimate (Exercise 5.27)

||UT †|| ≤ 1 + λ +
μ√
A

, ||(UT †)−1|| ≤ 1

1 −
(
λ + μ√

A

) . (5.28)

Now, any f ∈ H can be written as

f = UT †(UT †)−1f

=
∞∑

k=1

〈(UT †)−1f, (TT ∗)−1fk〉gk;

inserting this in the first entry of 〈f, f〉 leads to

||f ||4 = |〈f, f〉|2

=

∣
∣
∣
∣
∣

∞∑

k=1

〈(UT †)−1f, (TT ∗)−1fk〉〈gk, f〉
∣
∣
∣
∣
∣

2

≤
∞∑

k=1

|〈(UT †)−1f, (TT ∗)−1fk〉|2
∞∑

k=1

|〈gk, f〉|2

≤ 1
A

||(UT †)−1f ||2
∞∑

k=1

|〈gk, f〉|2

≤ 1
A

⎛

⎝ 1

1 −
(
λ + μ√

A

)

⎞

⎠

2

||f ||2
∞∑

k=1

|〈gk, f〉|2.

So
∞∑

k=1

|〈gk, f〉|2 ≥ A

(

1 −
(

λ +
μ√
A

))2

||f ||2, ∀f ∈ H,

i.e., {gk}∞k=1 is a frame for H.

For the rest of the proof, we now assume that {fk}∞k=1 is a Riesz basis.
To prove that {gk}∞k=1 is a Riesz basis, we use Theorem 5.2.2 and assume
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that
∑∞

k=1 ckgk = 0 for some coefficients {ck}∞k=1 ∈ �2(N). By Theorem
5.2.1 the lower frame bound for {fk}∞k=1 is also a lower Riesz basis bound,
so (5.27) implies that

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≤ λ

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
+ μ

( ∞∑

k=1

|ck|2
)1/2

≤
(

λ +
μ√
A

) ∣∣
∣
∣
∣

∣
∣
∣
∣
∣

∞∑

k=1

ckfk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
.

Because λ + μ√
A

< 1, it follows that
∑∞

k=1 ckfk = 0. Using Theorem 5.2.2
on the Riesz basis {fk}∞k=1, we conclude that ck = 0 for all k ∈ N; therefore
{gk}∞k=1 is a Riesz basis. �

We already argued for the role of the μ-term in the condition (5.24).
Most applications of Theorem 5.6.1 actually take place with λ = 0, so a
natural question is whether the appearance of the λ-term improves the
result. In fact, it does: in Exercise 5.29, we consider an example where the
λ-term guarantees the frame property for a larger class of sequences than
the corresponding result without the λ-term.

We now illustrate Theorem 5.6.1 by an example in a general Hilbert
space. In particular, the example shows that the conclusion in Theorem
5.6.1 might fail if the condition λ + μ√

A
< 1 is replaced by λ + μ√

A
= 1.

In that sense, Theorem 5.6.1 is the best possible perturbation result. The
reader is asked to provide the details of the argument in Exercise 5.30.

Example 5.6.2 Let {ek}∞k=1 be an orthonormal basis for H. Given a se-
quence {ak}∞k=1 of complex numbers, we consider the family of vectors
{gk}∞k=1 defined by

gk = ek + akek+1, k ∈ N.

If a := supk |ak| < 1, Theorem 5.6.1 shows that {gk}∞k=1 is a frame (in fact,
a Riesz basis) with bounds (1 − a)2, (1 + a)2.

On the other hand, by taking ak = 1 for all k ∈ N, we obtain the family

gk = ek + ek+1, k ∈ N,

which was considered in Example 5.1.10. In particular, we know that
{gk}∞k=1 is not a frame. Letting fk = ek, one can check that the condi-
tion (5.24) is satisfied with (λ, μ) = (1, 0), or (λ, μ) = (0, 1); in either case,
it shows that the condition λ + μ√

A
= 1 together with (5.24) in Theorem

5.6.1 does not imply that {gk}∞k=1 is a frame. �
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An important special case of Theorem 5.6.1 is given by

Corollary 5.6.3 Let {fk}∞k=1 be a frame for H with bounds A,B, and let
{gk}∞k=1 be a sequence in H. If there exists a constant R < A such that

∞∑

k=1

|〈f, fk − gk〉|2 ≤ R ||f ||2, ∀f ∈ H, (5.29)

then {gk}∞k=1 is a frame for H with bounds

A

(

1 −
√

R

A

)2

, B

(

1 +

√
R

B

)2

.

If {fk}∞k=1 is a Riesz basis, then {gk}∞k=1 is a Riesz basis.

Proof. The condition (5.29) corresponds to the condition in Theorem
5.6.1 with λ = 0, μ =

√
R, just formulated in terms of the adjoint of the

pre-frame operator instead of the pre-frame operator itself. However, an
easier way to prove the frame part is to apply the triangle inequality in
�2(N) to the sequence

{〈f, gk〉}∞k=1 = {〈f, fk〉}∞k=1 − {〈f, fk − gk〉}∞k=1. �

5.7 The dual frames

We now aim at a characterization of all dual frames {gk}∞k=1 associated with
a given frame {fk}∞k=1. The result is originally due to Li. Since {fk}∞k=1 and
{gk}∞k=1 are assumed to be Bessel sequences, we can consider the associated
pre-frame operators; we will (as usual) denote the pre-frame operator for
{fk}∞k=1 by T , and the pre-frame operator for {gk}∞k=1 by U .

As we have seen in Section 5.2, two Bessel sequences {fk}∞k=1 and {gk}∞k=1

are dual frames if (5.14) holds, i.e., if

f =
∞∑

k=1

〈f, gk〉fk, ∀f ∈ H. (5.30)

In terms of the operators T and U , (5.30) means that

TU∗ = I.

We begin with a lemma, which shows that the roles of {fk}∞k=1 and
{gk}∞k=1 can be interchanged and that the lower frame condition au-
tomatically is satisfied for Bessel sequences {fk}∞k=1, {gk}∞k=1 if (5.30)
holds.
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Lemma 5.7.1 Assume that {fk}∞k=1 and {gk}∞k=1 are Bessel sequences in
H. Then the following are equivalent:

(i) f =
∑∞

k=1〈f, gk〉fk, ∀f ∈ H.

(ii) f =
∑∞

k=1〈f, fk〉gk, ∀f ∈ H.

(iii) 〈f, g〉 =
∑∞

k=1〈f, fk〉〈gk, g〉, ∀f, g ∈ H.

In case the equivalent conditions are satisfied, then {fk}∞k=1 and {gk}∞k=1

are dual frames for H; and if B denotes an upper frame bound for {fk}∞k=1,
then B−1 is a lower frame bound for {gk}∞k=1.

Proof. In terms of the pre-frame operators, (i) means that TU∗ = I; this
is equivalent to

UT ∗ = I, (5.31)

which is identical to the statement in (ii). It is also clear that (ii) im-
plies (iii). To prove that (iii) implies (ii), we fix f ∈ H and note that∑∞

k=1〈f, fk〉gk is well defined as an element in H because {fk}∞k=1 and
{gk}∞k=1 are Bessel sequences. Now the assumption in (iii) shows that

〈

f −
∞∑

k=1

〈f, fk〉gk, g

〉

= 0, ∀g ∈ H,

and (ii) follows.
In case the equivalent conditions are satisfied, we can write

||f ||2 = 〈f, f〉 =
∞∑

k=1

〈f, gk〉〈fk, f〉, ∀f ∈ H.

Using Cauchy–Schwarz’ inequality and that one of the families {fk}∞k=1,
{gk}∞k=1 is a Bessel sequence, we obtain that the other family satisfies the
lower frame condition, with the relationship between the frame bounds as
stated in the lemma. �

When (5.31) is satisfied, we say that U is a left-inverse of T ∗.

Lemma 5.7.2 Let {fk}∞k=1 be a frame for H and {δk}∞k=1 be the canonical
orthonormal basis for �2(N). The dual frames for {fk}∞k=1 are precisely
the families {gk}∞k=1 = {V δk}∞k=1, where V : �2(N) → H is a bounded
left-inverse of T ∗.

Proof. If V is a bounded left-inverse of T ∗, then V is surjective; by
Theorem 5.4.1 it follows that {gk}∞k=1 := {V δk}∞k=1 is a frame. Note that
in terms of {δk}∞k=1,

T ∗f = {〈f, fk〉}∞k=1 =
∞∑

k=1

〈f, fk〉δk;
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thus, for all f ∈ H,

f = V T ∗f =
∞∑

k=1

〈f, fk〉gk,

i.e., {gk}∞k=1 is a dual frame of {fk}∞k=1. For the other implication, assume
that {gk}∞k=1 is a dual frame of {fk}∞k=1. Then the pre-frame operator U
for {gk}∞k=1 satisfies the conditions: in fact, {gk}∞k=1 = {Uδk}∞k=1, and by
Lemma 5.7.1, UT ∗ = I. �

Lemma 5.7.3 Let {fk}∞k=1 be a frame with pre-frame operator T . The
bounded left-inverses of T ∗ are precisely the operators having the form
S−1T + W (I − T ∗S−1T ), where W : �2(N) → H is a bounded operator,
and I denotes the identity operator on �2(N).

Proof. Straightforward calculation gives that an operator of the given
form is a left-inverse of T ∗. On the other hand, if U is a given left-inverse
of T ∗, then by taking W = U ,

S−1T + W (I − T ∗S−1T ) = S−1T + U − UT ∗S−1T = U. �

We are now ready for the announced characterization of all dual frames
associated with a given frame.

Theorem 5.7.4 Let {fk}∞k=1 be a frame for H. The dual frames of {fk}∞k=1

are precisely the families

{gk}∞k=1 =

⎧
⎨

⎩
S−1fk + hk −

∞∑

j=1

〈S−1fk, fj〉hj

⎫
⎬

⎭

∞

k=1

, (5.32)

where {hk}∞k=1 is a Bessel sequence in H.

Proof. By Lemma 5.7.2 and Lemma 5.7.3, we can characterize the dual
frames as all families of the form

{gk}∞k=1 = {S−1Tδk + W (I − T ∗S−1T )δk}∞k=1, (5.33)

where W : �2(N) → H is a bounded operator, or, equivalently, an operator
of the form W{cj}∞j=1 =

∑∞
j=1 cjhj where {hk}∞k=1 is a Bessel sequence.

Inserting this expression for W in (5.33), we get

{gk}∞k=1 = {S−1fk + Wδk − WT ∗S−1Tδk}∞k=1

=

⎧
⎨

⎩
S−1fk + hk −

∞∑

j=1

〈S−1fk, fj〉hj

⎫
⎬

⎭

∞

k=1

.

�
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Note that if {fk}∞k=1 is a Riesz basis, then {fk}∞k=1 and {S−1fk}∞k=1

are biorthogonal by Theorem 5.2.1. Thus, independently of the choice of
{hk}∞k=1, the element gk in (5.32) is given by

gk = S−1fk + hk −
∞∑

j=1

〈S−1fk, fj〉hj = S−1fk + hk − hk = S−1fk.

This shows that a Riesz basis {fk}∞k=1 has a unique dual frame, in
accordance with Theorem 3.3.2.

5.8 Continuous frames

The frames discussed so far all lead to expansions of elements in Hilbert
spaces in terms of infinite sums. One can consider these frames as manifesta-
tions of a broader theory, which in general leads to integral representations
in Hilbert spaces. The following generalization of frames was proposed by
Kaiser and independently by Ali, Antoine, and Gazeau. In the current book,
it will only play a role in Section 9.9 and Section 11.8.

Definition 5.8.1 Let H be a complex Hilbert space and M a measure
space with a positive measure μ. A continuous frame is a family of vectors
{fk}k∈M for which the following hold:

(i) For all f ∈ H, the mapping k �→ 〈f, fk〉 is a measurable function on M ;

(ii) There exist constants A,B > 0 such that

A ||f ||2 ≤
∫

M

|〈f, fk〉|2dμ(k) ≤ B ||f ||2, ∀f ∈ H.

Note that Kaiser used the terminology generalized frames. Also, because
{fk}k∈M being a continuous frame or not depends on the measure space, it
would be more exact to speak about a continuous frame for H with respect
to the measure space (M,μ).

In order to distinguish them from the continuous frames, the frames
{fk}∞k=1 considered so far are frequently called discrete frames. The dis-
crete frames {fk}∞k=1 are actually a special case of the continuous frames,
corresponding to the case where M = N, equipped with the counting mea-
sure. An important feature of continuous frames is that the theory for
discrete frames and some results on the continuous Gabor transformation
and the wavelet transform can be considered as different manifestations of
a single theory. We come back to this in Section 9.9 and Section 11.8.

Let us derive the basic results for a continuous frame {fk}k∈M . First,
Cauchy–Schwarz’ inequality shows that the integral

∫
M
〈f, fk〉〈fk, g〉 dμ(k)
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is well defined for all f, g ∈ H. For a fixed f ∈ H, the mapping

g �→
∫

M

〈f, fk〉〈fk, g〉 dμ(k)

is conjugated linear, and bounded because
∣
∣
∣
∣

∫

M

〈f, fk〉〈fk, g〉 dμ(k)
∣
∣
∣
∣

2

≤
∫

M

|〈f, fk〉|2dμ(k)
∫

M

|〈fk, g〉|2dμ(k)

≤ B2 ||f ||2 ||g||2. (5.34)

By Theorem 2.3.2, there exists a unique element in H – we call it∫
M
〈f, fk〉fk dμ(k) – such that

〈∫

M

〈f, fk〉fk dμ(k), g
〉

=
∫

M

〈f, fk〉〈fk, g〉 dμ(k)

for all g ∈ H. By this procedure, we have defined a mapping

S : H → H, Sf =
∫

M

〈f, fk〉fk dμ(k).

It is easy to check that S is a linear operator. Using that

||Sf || = sup
||g||=1

|〈Sf, g〉|,

it follows from (5.34) that S is bounded and that ||S|| ≤ B. By definition,
S is positive, and

A ||f ||2 ≤ 〈Sf, f〉 ≤ B ||f ||2, ∀f ∈ H.

Exactly as in the proof of Lemma 5.1.6, one can now prove that S is
invertible. Thus, every f ∈ H has the representations

f = S−1Sf =
∫

M

〈f, fk〉S−1fk dμ(k),

f = SS−1f =
∫

M

〈f, S−1fk〉fk dμ(k).

Remember that these representations have to be interpreted in the weak
sense. Sometimes stronger results can be obtained in concrete cases.

5.9 Frames and signal processing

The frame theory described so far takes place in an ideal world, which can
hardly be realized in, e.g., signal processing. In this section, we describe
some of the steps that have to be taken in order to apply the abstract
results in practice. Much more can of course be said about this important
subject, and we refer to the books [53] by Mallat and [63] by Vetterli and
Kovačević for more detailed information.
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Some of the problems appear before one even thinks about frames. In
fact, even the most basic ingredient in mathematics, the real numbers, are
disturbed when we move away from the abstract level: every number has
to be replaced by a number with finitely many digits before any process-
ing can take place. In practice, this means that we represent all numbers
in an interval (for example, [1, 1 + 10−18[) by the same number (in this
case the number 1). The consequence is an inaccuracy, which is called the
quantization error.

The basic limitation in applications of the frame results is that any type
of signal processing has to be performed on finite sequences of numbers.
For example, this implies that the frame representation (5.1.7) has to be
truncated: we can only aim at calculating a finite number of frame coeffi-
cients, say, {〈f, S−1fk〉}N

k=1, and the exact representation in (5.1.7) has to
be replaced by

f ∼
N∑

k=1

〈f, S−1fk〉fk.

Even calculation of the frame coefficients 〈f, S−1fk〉 can in general only
be done with finite precision. That is, the outcome of a calculation will be

〈f, S−1fk〉 + wk (5.35)

for some (hopefully small) error term wk. All types of transmission or fur-
ther processing will introduce extra inaccuracies. One says that the frame
coefficients 〈f, S−1fk〉 have been contaminated by the noise wk.

Already on page 28, we gave a rather intuitive argument that overcom-
pleteness of frames might reduce the influence of noise, compared with use
of an orthonormal basis. To support this further, we now discuss a result
that is borrowed from [53].

Let us again use the example of signal transmission, as on page 28. That
is, we assume that one wants to transmit the signal f from A to R by
sending the frame coefficients {〈f, S−1fk〉}∞k=1. Because of quantization, the
coefficients will be contaminated by some noise {wk}∞k=1, and R will receive
the coefficients {〈f, S−1fk〉+wk}∞k=1; we assume that {wk}∞k=1 ∈ �2(N). The
receiver R will believe that the transmitted function was

∞∑

k=1

(
〈f, S−1fk〉 + wk

)
fk = f +

∞∑

k=1

wkfk

rather than f .
Note that R actually knows that the transmitted sequence was sup-

posed to be a sequence of frame coefficients, i.e., a sequence of the form
{〈g, fk〉}∞k=1 for some g ∈ H (namely, g = S−1f); that is, the sequence
belongs to the range of the operator T ∗. This might not be the case
for the perturbed coefficients {〈f, S−1fk〉 + wk}∞k=1, so it is natural to
compensate for this by projecting that sequence onto the range of the
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operator T ∗. Denoting the projection operator by Q, Exercise 5.17 shows
that the outcome is

Q{〈f, S−1fk〉 + wk}∞k=1 = {〈f, S−1fk〉}∞k=1 + Q{wk}∞k=1. (5.36)

Let w = {wk}∞k=1. Based on (5.36), R will reconstruct the transmitted
signal as

∞∑

k=1

(
〈f, S−1fk〉 + (Qw)k

)
fk = f +

∞∑

k=1

(Qw)kfk.

We will assume that the quantization error is white noise. This means
that the components wk are random variables with zero mean, variance σ2

independent of k, and that

E [wjw�] = σ2δj,�. (5.37)

We now prove that increased redundancy of the frame, measured by a
larger lower frame bound, will decrease the energy of the coefficients in the
“projected noise” Qw, i.e., the mean of the random variables |(Qw)k|2. We
return to this result in a concrete setting in Section 7.5.

Proposition 5.9.1 Suppose that the frame {fk}∞k=1 has lower frame bound
A and consists of normalized vectors. If w is white noise, then for each
k ∈ N,

E|(Qw)k|2 ≤ σ2

A
,

with equality if {fk}∞k=1 is a tight frame.

Proof. According to Exercise 5.17, the k-th component of Qw is given by

(Qw)k =
∞∑

j=1

wj〈S−1fj , fk〉.

Via (5.37), this implies that

E|(Qw)k|2 = E
[
(Qw)k(Qw)k

]

= E

⎡

⎣
∞∑

j=1

wj〈S−1fj , fk〉
∞∑

�=1

w�〈S−1f�, fk〉

⎤

⎦

=
∞∑

j=1

∞∑

�=1

E [wjw�] 〈S−1fj , fk〉〈S−1f�, fk〉

=
∞∑

�=1

E|w�|2|〈S−1f�, fk〉|2

= σ2
∞∑

�=1

|〈S−1f�, fk〉|2.
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Using that {S−1f�}∞�=1 is a frame with upper frame bound A−1, we finally
arrive at

E|(Qw)k|2 ≤ σ2

A
||fk||2 =

σ2

A
;

the inequality is an equality if {S−1fk}∞k=1 is a tight frame. By Lemma
5.1.6, the frame operator for {S−1fk}∞k=1 is S−1; thus, {S−1fk}∞k=1 being
a tight frame is equivalent with S−1 being a multiple of the identity. But
this is equivalent with S being a multiple of the identity, i.e., with {fk}∞k=1

being a tight frame. �

Quantization errors and noise during transmission are just some of the
obstacles for frames in real life. Depending on the underlying Hilbert space
H, there might be additional complications. In many cases H will be a
function space like L2(R), and even finite-dimensional subspaces hereof
cannot be processed directly: a discretization step is needed in order to
transfer the setting to a finite-dimensional sequence space like C

n. This is
exactly the point where the importance of the Gram matrix becomes clear:
whereas the frame operator S = TT ∗ maps H onto itself, the Gram matrix
T ∗T is an operator on the sequence space �2(N), i.e., the only step that
is needed is a truncation. For this reason, it is an advantage to formulate
algorithms involving frames in terms of the Gram matrix rather than the
frame operator, if possible.

5.10 Exercises

5.1 Find an example of a sequence in a Hilbert space that is a basis
but not a frame.

5.2 Prove that the upper and lower frame conditions are unrelated: in
an arbitrary Hilbert space H, there exists a sequence {fk}∞k=1 satis-
fying the upper condition for all f ∈ H, but not the lower condition;
and vice versa.

5.3 Prove Lemma 5.1.2 (use Lemma 3.1.6).

5.4 Find a frame that contains a Schauder basis as a subset,
but not a Riesz basis. (Hint: use Example 5.1.5.)

5.5 Let {ek}∞k=1 be an orthonormal basis and consider the family
{fk}∞k=1 := {e1 + 1

kek, ek}∞k=2.

(i) Prove that {fk}∞k=1 is not a Bessel sequence.

(ii) Find all possible representations of e1 as infinite linear
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combinations of {fk}∞k=1.

(iii) Prove that there exists no set of coefficients having minimal
�1-norm among all sequences representing e1.

5.6 Give an example of a frame {fk}∞k=1, for which
∑∞

k=1 ckfk converges
for some {ck}∞k=1 /∈ �2(N) (compare with Exercise 3.8!).

5.7 Let {fk}∞k=1 be a frame. Show that the following are equivalent:

(i) {fk}∞k=1 is tight.

(ii) {fk}∞k=1 has a dual of the form gk = Cfk for some constant

C > 0.

5.8 Verify the statements in Example 5.1.9.

5.9 Let {fk}∞k=1 be a frame sequence in H, with pre-frame operator
T : �2(N) → H. Prove that {fk}∞k=1 is a frame for H if and only if
T ∗ is injective.

5.10 Show that the family {ek + ek+1}∞k=1 in Example 5.1.10 and
Example 5.5.6 cannot be extended to a basis for H.

5.11 Let H̃ be the complexification of a real Hilbert space H. Prove
that a frame for H also is a frame for H̃.

5.12 Let {fk}∞k=1 be a Riesz basis with bounds A,B. Prove that

A ≤ ||fk||2 ≤ B for all k ∈ N,

and that the elements in the dual Riesz basis {gk}∞k=1 satisfy

1
B

≤ ||gk||2 ≤ 1
A

for all k ∈ N.

5.13 Prove that the conclusion in Proposition 5.3.1 might fail if U is
not assumed to have closed range. (Hint: let {ek}∞k=1 be an
orthonormal basis and define U by Uek = ek + ek+1.)

5.14 Let {ek}∞k=1 be an orthonormal basis for H, and define an operator
U on H by

Ue2k = e2k, Ue2k−1 =
1
k

e2k, k ∈ N.

Prove that

(i) U is a well-defined bounded operator on H, and RU is closed.



5.10 Exercises 135

(ii) {e2k−1}∞k=1 is a frame sequence, but {Ue2k−1}∞k=1 is not.

Thus, Proposition 5.3.1 does not extend to frame sequences.

5.15 Prove Lemma 5.3.3.

5.16 Prove Proposition 5.3.5.

5.17 Let {fk}∞k=1 be a frame sequence in H. Show that the orthogonal
projection Q of a sequence {ck}∞k=1 ∈ �2(N) onto the range of T ∗

is given by

Q{ck}∞k=1 =

⎧
⎨

⎩

〈 ∞∑

j=1

cjS
−1fj , fk

〉⎫
⎬

⎭

∞

k=1

. (5.38)

5.18 Let {fk}k∈Z be a Riesz basis. Our purpose is to show that

{fk + fk+1}k∈Z

cannot be a frame. Let {gk}k∈Z be the biorthogonal basis
associated with {fk}k∈Z, and let

hj =
j∑

k=1

(−1)kgk, j ∈ Z.

(i) Prove that
∑

k∈Z |〈hj , fk + fk+1〉|2 = 2.

(ii) Prove that ||hj ||2 ≥ j/B, where B is an upper frame bound for
{fk}k∈Z.

(iii) Conclude that {fk + fk+1}k∈Z is not a frame.

5.19 Prove via Theorem 5.4.1 that {Uek}∞k=1 is a frame whenever
{ek}∞k=1 is an orthonormal basis and U is a bounded surjective
operator.

5.20 Let {fk}∞k=1 = {Uek}∞k=1 be a Riesz basis for H as in Definition
3.3.1. Prove that the frame operator for {fk}∞k=1 is given by

S = UU∗.

5.21 Let {fk}∞k=1 be a frame with frame bounds A,B. Show that the
frame operator S satisfies the inequalities

A ||f || ≤ ||Sf || ≤ B ||f ||, ∀f ∈ H.
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5.22 Let {ek}∞k=1 be an orthonormal basis for a Hilbert space H.

(i) Prove that {
∑∞

�=1
1
� e�} ∪ {ek}∞k=1 is linearly independent, but

not ω-independent.

(ii) Prove that {e1} ∪ {ek + ek+1}∞k=1 is ω-independent, but not
minimal. (Hint: In Example 5.1.10, we proved that
{ek + ek+1}∞k=1 is complete.)

5.23 Prove that a basis in a Hilbert space is minimal.

5.24 Definition 5.5.1 applies word by word with the Hilbert space H
replaced by a Banach space X. Extend Lemma 5.5.2 to that setting.

5.25 Prove that the sequence {ek}k∈Z in Example 5.5.5 is a tight frame
for L2(I).

5.26 Let U be a bounded operator between Hilbert spaces. Prove that
if at least one of the spaces RU and RUU∗ is closed, then

RU = RUU∗ .

5.27 Prove the estimates (5.28).

5.28 Let {fk}∞k=1 be a frame for H with frame bounds A,B, and let
{gk}∞k=1 be a sequence in H. Prove that if

∞∑

k=1

||fk − gk||2 < A,

then {gk}∞k=1 is a frame for H.

5.29 Let {e1, e2} be an orthonormal basis for C
2, and consider the frame

{f1, f2} given by

f1 = e1, f2 = 2e2.

Given a number c ∈ C, let

g1 = e1, g2 = ce2.

Based on the frame {f1, f2} we want to find the range of parameter
c for which {g1, g2} is also a frame.

(i) Apply Theorem 5.6.1 with λ = 0 – for which c ∈ C does the
result guarantee that {g1, g2} is a frame?

(ii) Apply Theorem 5.6.1 with μ = 0 – for which c ∈ C does the
result guarantee that {g1, g2} is a frame?

(iii) What is the exact range of c ∈ C for which {g1, g2} is a frame?
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5.30 Provide the details in Example 5.6.2.

5.31 Extend Corollary 5.6.3 to Riesz sequences.

5.32 Let {fk}∞k=1 and {gk}∞k=1 be dual frames for a Hilbert space H,
and U : H → H a unitary operator. Show that {Ufk}∞k=1 and
{Ugk}∞k=1 also form a pair of dual frames for H.

5.33 Find a tight frame {fk}∞k=1 for which dual frames {gk}∞k=1 with
arbitrary large optimal frame Bessel bound exist. (This shows that
for non-canonical dual frames, no expression for the upper frame
bound in terms of the frame bounds for {fk}∞k=1 exists.)

5.34 This exercise concerns the question of finding generalized duals
that are not frames.

(i) Find an overcomplete frame {fk}∞k=1, for which a family {gk}∞k=1

satisfying (5.14) automatically is a frame.

(ii) Find an overcomplete frame {fk}∞k=1 and a non-Bessel sequence
{gk}∞k=1 such that (5.14) is satisfied.



6
B-splines

In Chapters 1–5, we described frames in abstract Hilbert spaces. The pur-
pose of the rest of the book is to provide concrete frame constructions in
L2(R) and subspaces hereof. The intention is that the constructions should
be convenient to apply in practice, so it is important that the frames are
generated by functions that are easy to deal with. For this reason, several
of the frames will be based on B-splines; and this is the reason for including
an introductory chapter on these.

In short, splines are functions that are piecewise polynomials; in the
one-dimensional case, this means that one can split the domain of a spline
into intervals in such a way that the function is a polynomial on each
interval. The points where the function changes from one polynomial to
another polynomial are called knots. In principle, no assumptions on the
knots need to be made, but it is convenient to restrict attention to splines
which are continuous – or even differentiable – at the knots.

We will not discuss general splines, but only some special splines, called
B-splines. In Section 6.1, we introduce B-splines supported on compact
subintervals of the positive real axis. We derive explicit expressions for
these functions and their Fourier transforms. Furthermore, we prove that
the integer-translates of any B-spline satisfies a so-called partition of unity
property, which will play a crucial role in the constructions of Gabor frames
and their duals in Chapter 9. The symmetric counterparts of the B-splines
are treated in Section 6.2.

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008
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6.1 The B-splines

The B-splines are defined inductively: the first is simply

N1(x) = χ[0,1](x), (6.1)

and, assuming that we have defined Nn for some n ∈ N, the next is defined
by a convolution:

Nn+1(x) = Nn ∗ N1(x) =
∫ ∞

−∞
Nn(x − t)N1(t) dt

=
∫ 1

0

Nn(x − t) dt. (6.2)

The functions Nn defined by (6.1) and (6.2) are called B-splines, and n is
the order. See Figures 6.1 and 6.2 for graphs of the first few B-splines. We
collect some of their fundamental properties:

Theorem 6.1.1 Given n ∈ N, the B-spline Nn has the following
properties:

(i) supp Nn = [0, n] and Nn > 0 on ]0, n[.

(ii)
∫∞
−∞ Nn(x) dx = 1.

(iii) For n ≥ 2,
∑

k∈Z

Nn(x − k) = 1 for all x ∈ R; (6.3)

for n = 1, the formula (6.3) holds for a.e. x ∈ R.

(iv) For any continuous function f : R → C,
∫ ∞

−∞
Nn(x)f(x) dx =

∫

[0,1]n
f(x1 + · · · + xn) dx1 · · · dxn. (6.4)

Proof. All the statements can be proved by induction based on (6.2); we
prove (i) and leave the rest to the reader (Exercise 6.1). It is clear that (i)
holds for n = 1. Assuming that (i) holds for some n ∈ N, we now consider
the B-spline Nn+1. Whenever t ∈ [0, 1], it is only possible for Nn(x − t) to
be non-zero if x ∈ [0, n + 1], so (6.2) shows that suppNn+1 ⊆ [0, n + 1].
On the other hand, if x ∈]0, n + 1[, then there exists t ∈]0, 1[ such that
x − t ∈]0, n[; by the induction hypothesis this implies that Nn(x − t) > 0.
Since Nn is non-negative, we conclude by (6.2) that Nn+1(x) > 0. This
also shows that actually supp Nn+1 = [0, n + 1]. �

The formula (6.3) shows that the integer-translates of any B-spline point-
wise adds up to 1; we say that they form a partition of unity. This property
will be of central importance in Chapter 9.



6.1 The B-splines 141

Figure 6.1. The B-spline N2.

Figure 6.2. The B-spline N3.
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Via (6.4), we can find the Fourier transform of Nn:

Corollary 6.1.2 For any n ∈ N,

N̂n(γ) =
(

1 − e−2πiγ

2πiγ

)n

. (6.5)

Proof.

N̂n(γ) =
∫ ∞

−∞
Nn(x)e−2πixγ dx =

∫

[0,1]n
e−2πi(x1+···+xn)γ dx1 · · · dxn

=
(∫ 1

0

e−2πixγdx

)n

=
(

1 − e−2πiγ

2πiγ

)n

. �

We will now derive an alternative expression for the B-splines Nn. For a
real-valued function f , let

f(x)+ := max{0, f(x)}.

Also, for any non-negative integer n, let

f(x)n
+ := (f(x)+)n

.

Finally, for n ∈ N and j = 0, 1, . . . , n, let

(
n

j

)

:=
n!

j!(n − j)!
.

Theorem 6.1.3 For each n = 2, 3, . . . , the B-spline Nn can be written

Nn(x) =
1

(n − 1)!

n∑

j=0

(−1)j

(
n

j

)

(x − j)n−1
+ , x ∈ R. (6.6)

Proof. We prove (6.6) by induction. For n = 2, the result can be proved
by a direct calculation (Exercise 6.2). Now, assume that (6.6) holds for the
B-spline Nn for some n ∈ N, and consider the B-spline Nn+1; we want to
show that

Nn+1(x) =
1
n!

n+1∑

j=0

(−1)j

(
n + 1

j

)

(x − j)n
+, x ∈ R. (6.7)

First we notice that for x < 0, we have Nn+1(x) = 0 and (x − j)+ = 0 for
all j = 0, . . . , n + 1; thus, the equation in (6.7) holds. Let us now consider
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x ∈ [0, n + 1]. Via the induction hypothesis, we derive that

Nn+1(x) =
∫ 1

0

Nn(x − t) dt

=
1

(n − 1)!

n∑

j=0

(−1)j

(
n

j

)∫ 1

0

(x − t − j)n−1
+ dt. (6.8)

For technical reasons, we will now split the interval [0, n+1] into subinter-
vals and consider x ∈ [J, J+1] for some arbitrary but fixed J ∈ {0, 1, . . . , n};
if we can prove (6.7) for such x, the result holds for all x ∈ [0, n + 1]. In
order to calculate the integrals in (6.8), we split the index set j = 0, 1, . . . , n
into 3 groups:

• For j = J + 1, J + 2, . . . , n,

∫ 1

0

(x − t − j)n−1
+ dt = 0.

• For j = J ,

∫ 1

0

(x − t − J)n−1
+ dt =

∫ x−J

0

(x − t − J)n−1 dt

=
1
n

(x − J)n.

• For j = 0, 1, . . . , J − 1,

∫ 1

0

(x − t − j)n−1
+ dt =

∫ 1

0

(x − t − j)n−1 dt

=
1
n

((x − j)n − (x − 1 − j)n) .

We now have all the information needed to calculate the sum in (6.8). Let
us first consider the partial sum corresponding to j = 0, . . . , J − 1:

J−1∑

j=0

(−1)j

(
n

j

)∫ 1

0

(x − t − j)n−1
+ dt

=
1
n

J−1∑

j=0

(−1)j

(
n

j

)

((x − j)n − (x − 1 − j)n)

=
1
n

J−1∑

j=0

(−1)j

(
n

j

)

(x − j)n − 1
n

J−1∑

j=0

(−1)j

(
n

j

)

(x − 1 − j)n = (∗).
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Splitting of the sum into two and reordering of the terms leads to

(∗) =
1
n

J−1∑

j=0

(−1)j

(
n

j

)

(x − j)n +
1
n

J∑

j=1

(−1)j

(
n

j − 1

)

(x − j)n

=
1
n

xn +
1
n

J−1∑

j=1

(−1)j

((
n

j

)

+
(

n

j − 1

))

(x − j)n

+
1
n

(−1)J

(
n

J − 1

)

(x − J)n.

Using that
(

n

j

)

+
(

n

j − 1

)

=
(

n + 1
j

)

, (6.9)

this implies that

J−1∑

j=0

(−1)j

(
n

j

)∫ 1

0

(x − t − j)n−1
+ dt

=
1
n

xn +
1
n

J−1∑

j=1

(−1)j

(
n + 1

j

)

(x − j)n +
1
n

(−1)J

(
n

J − 1

)

(x − J)n.

We can now find Nn+1 using (6.8):

Nn+1(x)

=
1

(n − 1)!

n∑

j=0

(−1)j

(
n

j

)∫ 1

0

(x − t − j)n−1
+ dt

=
1

(n − 1)!

J∑

j=0

(−1)j

(
n

j

)∫ 1

0

(x − t − j)n−1
+ dt

=
1

(n − 1)!

⎛

⎝ 1
n

xn +
1
n

J−1∑

j=1

(−1)j

(
n + 1

j

)

(x − j)n

⎞

⎠

+
1

(n − 1)!
1
n

(−1)J

(
n

J − 1

)

(x − J)n

+
1

(n − 1)!
1
n

(−1)J

(
n

J

)

(x − J)n

=
1
n!

xn +
1
n!

J−1∑

j=1

(−1)j

(
n + 1

j

)

(x − j)n

+
1
n!

(−1)J

((
n

J − 1

)

+
(

n

J

))

(x − J)n.
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Using (6.9) again, this leads to

Nn+1(x) =
1
n!

J∑

j=0

(−1)j

(
n + 1

j

)

(x − j)n

=
1
n!

n+1∑

j=0

(−1)j

(
n + 1

j

)

(x − j)n
+.

This proves (6.7) for x ∈ [0, n+1]. The proof that (6.7) holds for x > n+1
is similar and is left to the reader (Exercise 6.3). �

Theorem 6.6 has some direct consequences:

Corollary 6.1.4 For n = 2, 3, . . . , the B-spline Nn has the following
properties:

(i) Nn ∈ Cn−2(R).

(ii) The restriction of Nn to each interval [k, k+1], k ∈ Z, is a polynomial
of degree at most n − 1.

We now state a lemma concerning linear independence of translated
versions of a B-spline. We will only need the lemma in Section 7.4.

Lemma 6.1.5 Let n ∈ N. Then the functions Nn(·+ k), k = 0, . . . , n− 1,
are linearly independent on [0, 1].

Proof. For 0 ≤ x ≤ 1 and k = 0, . . . , n − 1, it follows from (6.6) that

Nn(x + k) =
1

(n − 1)!

n∑

j=0

(−1)j

(
n

j

)

(x + k − j)n−1
+

=
1

(n − 1)!

k∑

j=0

(−1)j

(
n

j

)

(x + k − j)n−1

=
1

(n − 1)!

k∑

�=0

(−1)k−�

(
n

k − �

)

(x + �)n−1

=
(−1)k

(n − 1)!

k∑

�=0

(−1)�

(
n

k − �

)

(x + �)n−1.

This calculation shows that the linear operator that maps the functions

(· + �)n−1, � = 0, 1, . . . , n − 1,

onto the functions

Nn(· + k), k = 0, 1, . . . , n − 1
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is lower triangular, with non-zero diagonal entries; thus, the transformation
is invertible. Consider the operator

∇f(x) := f(x + 1) − f(x);

in the literature, this is often called the forward difference operator. For
k = 0, . . . , n−1, ∇k(xn−1) is a polynomial of exact degree n−1−k, which
is a linear combination of xn−1, (x + 1)n−1, · · · , (x + k)n−1. It follows that

span{(· + k)n−1 : k = 0, . . . , n − 1}
equals the space of all polynomials of degree less than n. Therefore, the
polynomials (· + k)n−1, k = 0, . . . , n − 1 are linearly independent on [0, 1].
As we have seen, (·+k)n−1, k = 0, . . . , n−1 and Nn(·+k), k = 0, 1, . . . , n−1
are related by an invertible operator; as a consequence, we infer that the
functions Nn(·+ k), k = 0, 1, . . . , n− 1 are linearly independent on [0, 1]. �

6.2 Symmetric B-splines

We will now consider a symmetric version of the B-splines discussed in
Section 6.1. For n ∈ N, let

Bn(x) := T−n
2
Nn(x) = Nn(x +

n

2
). (6.10)

We will also call the functions Bn for B-splines. Alternatively, one can
define these functions by

B1 := χ[−1/2,1/2], Bn+1 := Bn ∗ B1, n ∈ N, (6.11)

see Exercise 6.6. Thus, for any n ∈ N, we have that

Bn+1(x) =
∫ 1

2

− 1
2

Bn(x − t) dt.

Note that an explicit expression for Bn can be obtained via the definition
(6.10) together with Theorem 6.6.

It is clear that Bn has support on the interval [−n/2, n/2]. We state the
following direct consequences of Theorem 6.1.1 and Corollary 6.1.2:

Corollary 6.2.1 For n ∈ N, the B-spline Bn has the following properties:

(i) For n ≥ 2,
∑

k∈Z

Bn(x − k) = 1 for all x ∈ R.

For n = 1, the formula holds for a.e. x ∈ R.

(ii) B̂n(γ) =
(

eπiγ−e−πiγ

2πiγ

)n

=
(

sin(πγ)
πγ

)n

.
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Figure 6.3. The B-spline B2.

Figure 6.4. The B-spline B3.
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6.3 Exercises

6.1 Prove Theorem 6.1.1 (ii)–(iv).

6.2 (i) Show via the definition that the B-spline N2 is given by

N2(x) =

⎧
⎨

⎩

x if x ∈ [0, 1],
2 − x if x ∈ [1, 2],
0 otherwise,

(ii) Use this to show that (6.6) holds for n = 2.

(iii) Show that

N3(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2x2 if x ∈ [0, 1],
−x2 + 3x − 3

2 if x ∈ [1, 2],
1
2x2 − 3x + 9

2 if x ∈ [2, 3],
0 otherwise.

6.3 Show that (6.6) holds for x > n + 1.

6.4 Consider the B-spline Nn, n ∈ N.

(i) Show that

N̂n(γ) = e−πinγ

(
sin πγ

πγ

)n

.

(ii) Show that

N̂n(2γ) = e−πinγ (cos πγ)n
N̂n(γ).

(iii) Show that the function

H0(γ) := e−πinγ (cos πγ)n

is 1-periodic.

6.5 Show that the B-splines B2 and B3 are given by

B2(x) =

⎧
⎨

⎩

1 + x if x ∈ [−1, 0],
1 − x if x ∈ [0, 1],
0 otherwise,

B3(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2x2 + 3

2x + 9
8 if x ∈ [− 3

2 ,− 1
2 ],

−x2 + 3
4 if x ∈ [− 1

2 , 1
2 ],

1
2x2 − 3

2x + 9
8 if x ∈ [ 12 , 3

2 ],
0 otherwise.
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6.6 Show that the definitions of the symmetric B-splines Bn in (6.10)
and (6.11) coincide.

6.7 Consider the B-spline Bn, n ∈ N.

(i) Show that

B̂n(2γ) = (cos πγ)n
B̂n(γ).

(ii) Show that the function

H0(γ) := (cos πγ)n

is 1-periodic if and only if n is even.



7
Frames of Translates

The previous chapters have concentrated on general frame theory. We
have only seen a few concrete frames, and most of them were constructed
via manipulations on an orthonormal basis for an arbitrary separable
Hilbert space. An advantage of this approach is that we obtain universal
constructions, valid in all Hilbert spaces.

In order to make frame theory useful in engineering or signal process-
ing, it is necessary to be more specific and construct frames in concrete
Hilbert spaces consisting of functions or sequences. This will be the central
theme in the following chapters, where we show how to do this in L2(R)
and subspaces hereof. We will exclusively consider coherent frames, i.e.,
frames {fk}∞k=1 for which all the elements fk appear by the action of some
operators (belonging to a special class) on a single element f in the Hilbert
space. This feature is essential for applications: it simplifies manipulations
on the frame and makes it easier to store information about the frame.

In this chapter, we consider the case where the operators act by trans-
lation. That is, we consider families of functions of the form {φ(· − k)}k∈Z

for some φ ∈ L2(R). We characterize the frame properties for such systems
and find an expression for the canonical dual frame.

Frames of translates are natural examples of frame sequences. In fact,
we show that {φ(· − k)}k∈Z at most can be a frame for a proper subspace
of L2(R). It turns out that this feature gives us some additional flexibility
compared with the frame theory described in the previous chapters: we
have the option to consider “dual frames” just belonging to L2(R), but
outside the space where we have the frame expansion. We will show that

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008
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this freedom allows us to construct duals with better properties than the
dual frames considered so far.

The next chapters will show that sequences of translates are of
fundamental importance also for construction of frames for all of L2(R).

7.1 Frames of translates

For b ∈ R, we define the translation operator Tb : L2(R) → L2(R) by

(Tbf)(x) = f(x − b), x ∈ R.

Some of the most important properties of the translation operator are de-
scribed in Section 2.9. We will now consider systems of functions in L2(R)
of the form {Tkbφ}k∈Z, where φ is a fixed function and b > 0 is given. In
the current section, our goal is to characterize Riesz sequences and frames
of this form, but we need some preparation before we can do that. Our
presentation is inspired by the paper [50].

The Fourier transform and the modulation operators Eb, defined in Sec-
tion 2.9, will play central roles in this chapter. Recall that for b ∈ R and
f ∈ L2(R),

Ebf(x) = e2πibxf(x), x ∈ R,

and that we also use the notation Eb for the function Eb(x) = e2πibx. The
commutator relationship

FTb = E−bF

will be used repeatedly.
In order to simplify the notation, we will assume that b = 1. This is not

a restriction; in fact, the following lemma shows that we can always obtain
this by a scaling of the function φ. Remember that for a > 0, the scaling
operator Da : L2(R) → L2(R) is defined by

(Daf)(x) =
1√
a
f(

x

a
), x ∈ R.

Lemma 7.1.1 Let φ ∈ L2(R) and a, b > 0 be given. Then {Tkbφ}k∈Z is
a frame sequence (Riesz sequence) if and only if {TkbaDaφ}k∈Z is a frame
sequence (Riesz sequence). In the affirmative case, the two sequences have
the same frame bounds.

Proof. By the commutator relations stated in (2.20),

DaTkb = TkbaDa.
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Since Da is a unitary operator, the frame-case in Lemma 7.1.1 follows from
Lemma 5.3.3. The Riesz-basis case also follows from the stated commutator
relation, together with the definition of a Riesz basis. �

The following lemma will be used throughout the book. For this reason,
we state it slightly more general than needed in the current section.

Lemma 7.1.2 Let a > 0 be given, and f : R → C be a bounded,
measurable, and a-periodic function. Then, for g ∈ L1(R),

∫ ∞

−∞
f(x)g(x) dx =

∫ a

0

f(x)
∑

k∈Z

g(x − ka) dx. (7.1)

Proof. We first show that
∫ a

0

|f(x)|
∑

k∈Z

|g(x − ka)| dx < ∞. (7.2)

For positive functions, sums and integrals can be interchanged, so
∫ a

0

|f(x)|
∑

k∈Z

|g(x − ka)| dx =
∑

k∈Z

∫ a

0

|f(x)| |g(x − ka)| dx = (∗).

Using that f is assumed to be a-periodic,

(∗) =
∑

k∈Z

∫ a

0

|f(x − ka)| |g(x − ka)| dx =
∫ ∞

−∞
|f(x)| |g(x)| dx,

which is finite because f is bounded and g ∈ L1(R). This proves (7.2). As
a consequence, Lebesgue’s dominated convergence theorem now allows us
to exchange the order of the sum and the integral on the right-hand side
in (7.1). Repeating the above calculations now leads to the result. �

We will often need a variant of this result. The proof is similar and is
left to the reader as Exercise 7.1.

Lemma 7.1.3 Let a > 0 be given, and f, g ∈ L2(R). Then the series∑
k∈Z f(x − ka)g(x − ka) is absolutely convergent for a.e. x ∈ R, and

∫ ∞

−∞
f(x)g(x) dx =

∫ a

0

∑

k∈Z

f(x − ka)g(x − ka) dx.

We know from Chapter 5 that the pre-frame operator plays a central
role in the analysis of the frame-properties for a collection of elements
in a Hilbert space. For a system of translates {Tkφ}k∈Z, the associated
pre-frame operator is

T : {ck}k∈Z →
∑

k∈Z

ckTkφ. (7.3)
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If we do not assume that {Tkφ}k∈Z is a Bessel sequence, the operator T
might not be defined on all sequences in �2(Z). However, it is always well
defined as a map from all finite sequences in �2(Z) to L2(R). We will need
the following result.

Lemma 7.1.4 Let φ ∈ L2(R), and consider the operator T defined in (7.3)
for finite sequences {ck}k∈Z. Then the following holds:

(i) For all finite sequences {ck}k∈Z,

||T{ck}k∈Z||2 =
∫ 1

0

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2
∑

k∈Z

|φ̂(γ + k)|2 dγ. (7.4)

(ii) {Tkφ}k∈Z is a Bessel sequence with bound B if and only if
∑

k∈Z

|φ̂(γ + k)|2 ≤ B, a.e. γ ∈ R. (7.5)

Proof. Let {ck}k∈Z be a finite sequence. Using that the Fourier transform
is unitary, we obtain that

||T{ck}k∈Z||2 =

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∑

k∈Z

ckTkφ

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
F
∑

k∈Z

ckTkφ

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

=
∫ ∞

−∞

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ φ̂(γ)

∣
∣
∣
∣
∣

2

dγ

=
∫ ∞

−∞

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

|φ̂(γ)|2 dγ.

Via Lemma 7.1.2, we can continue with

||T{ck}k∈Z||2 =
∫ 1

0

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2
∑

k∈Z

∣
∣
∣φ̂(γ + k)

∣
∣
∣
2

dγ.

Thus we have obtained the result in (i). To prove (ii), we first assume that
(7.5) holds. Then (i) implies that for all finite sequences {ck}k∈Z,

||T{ck}k∈Z||2 ≤ B

∫ 1

0

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

dγ = B
∑

k∈Z

|ck|2.

Exercise 3.8 now shows that {Tkφ}k∈Z is a Bessel sequence with bound B.
In order to prove the other implication in (ii), assume that {Tkφ}k∈Z is

a Bessel sequence with bound B. Using Plancherel’s equation we see that,
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for any f ∈ L2(R),

∑

k∈Z

|〈f, Tkφ〉|2 =
∑

k∈Z

∣
∣
∣
∣

∫ ∞

−∞
f(x)Tkφ(x) dγ

∣
∣
∣
∣

2

=
∑

k∈Z

∣
∣
∣
∣

∫ ∞

−∞
f̂(γ)FTkφ dγ

∣
∣
∣
∣

2

=
∑

k∈Z

∣
∣
∣
∣

∫ ∞

−∞
f̂(γ)φ̂(γ)e2πikγ dγ

∣
∣
∣
∣

2

.

Using Lemma 7.1.3, this shows that

∑

k∈Z

|〈f, Tkφ〉|2 =
∑

k∈Z

∣
∣
∣
∣
∣

∫ 1

0

∑

n∈Z

f̂(γ + n)φ̂(γ + n)e2πik(γ+n)dγ

∣
∣
∣
∣
∣

2

. (7.6)

Note that
∫ 1

0

∑

n∈Z

f̂(γ + n)φ̂(γ + n)e2πik(γ+n) dγ =
∫ 1

0

∑

n∈Z

f̂(γ + n)φ̂(γ + n)e2πikγ dγ;

this expression is the −k-th Fourier coefficients for the 1-periodic function

γ �→
∑

n∈Z

f̂(γ + n)φ̂(γ + n).

Thus, by Parseval’s equation applied to (7.6), we obtain that

∑

k∈Z

|〈f, Tkφ〉|2 =
∫ 1

0

∣
∣
∣
∣
∣

∑

n∈Z

f̂(γ + n)φ̂(γ + n)

∣
∣
∣
∣
∣

2

dγ. (7.7)

Since

||f ||2 =
∫ ∞

−∞
|f(x)|2 dx =

∫ ∞

−∞
|f̂(γ)|2 dγ =

∫ 1

0

∑

n∈Z

∣
∣
∣f̂(γ + n)

∣
∣
∣
2

dγ,

the definition of a Bessel sequence together with (7.7) shows that
∫ 1

0

∣
∣
∣
∣
∣

∑

n∈Z

f̂(γ + n)φ̂(γ + n)

∣
∣
∣
∣
∣

2

dγ ≤ B

∫ 1

0

∑

n∈Z

∣
∣
∣f̂(γ + n)

∣
∣
∣
2

dγ. (7.8)

Now, assume that the set

E :=

{

γ ∈ [0, 1] |
∑

n∈Z

∣
∣
∣φ̂(γ + n)

∣
∣
∣
2

> B

}

has positive measure. For γ ∈ [0, 1[, let g(γ) = χE(γ), and extend g to a
1-periodic function on R. Define the function f ∈ L2(R) via its Fourier
transform by

f̂(γ) = g(γ)φ̂(γ).
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Then
∑

n∈Z

∣
∣
∣f̂(γ + n)

∣
∣
∣
2

=
∑

n∈Z

∣
∣
∣χE(γ)φ̂(γ + n)

∣
∣
∣
2

= χE(γ)
∑

n∈Z

∣
∣
∣φ̂(γ + n)

∣
∣
∣
2

,

and
∑

n∈Z

∣
∣
∣f̂(γ + n)φ̂(γ + n)

∣
∣
∣ = χE(γ)

∑

n∈Z

∣
∣
∣φ̂(γ + n)

∣
∣
∣
2

.

Thus,

∫ 1

0

∣
∣
∣
∣
∣

∑

n∈Z

f̂(γ + n)φ̂(γ + n)

∣
∣
∣
∣
∣

2

dγ =
∫

E

(
∑

n∈Z

∣
∣
∣φ̂(γ + n)

∣
∣
∣
2
)2

dγ

> B

∫

E

∑

n∈Z

∣
∣
∣φ̂(γ + n)

∣
∣
∣
2

dγ

= B

∫ 1

0

∑

n∈Z

∣
∣
∣f̂(γ + n)

∣
∣
∣
2

dγ,

which contradicts (7.8). Thus E is a zero-set, which proves (ii). �

Associated with a given function φ ∈ L2(R) and motivated by Lemma
7.1.4(ii), we will consider the function

Φ(γ) =
∑

k∈Z

∣
∣
∣φ̂(γ + k)

∣
∣
∣
2

, γ ∈ R. (7.9)

We will now state some of the properties for the function Φ; in particular,
we show that Φ(γ) is finite for almost all γ ∈ R.

Lemma 7.1.5 Given φ ∈ L2(R), the associated function Φ is 1-periodic
and belongs to L1(0, 1); in particular, Φ(γ) is finite for almost all γ ∈ R.
Its Fourier coefficients are

ck =
∫ ∞

−∞
φ(x)φ(x + k) dx, k ∈ Z. (7.10)

Proof. The expression for Φ is 1-periodic. Further, by Lemma 7.1.3,
∫ 1

0

Φ(γ) dγ =
∫ 1

0

∑

k∈Z

∣
∣
∣φ̂(γ + k)

∣
∣
∣
2

dγ =
∫ ∞

−∞

∣
∣
∣φ̂(γ)

∣
∣
∣
2

dγ

< ∞.

Thus Φ ∈ L1(0, 1); in particular, Φ(γ) < ∞ for a.e. γ ∈ R. Using the
1-periodicity of the function Ek, the Fourier coefficients for Φ can be
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expressed by

ck =
∫ 1

0

Φ(γ)e−2πikγ dγ

=
∫ 1

0

∑

n∈Z

(
|φ̂(γ + n)|2e−2πik(γ+n)

)
dγ.

Via Lemma 7.1.3, we obtain that

ck =
∫ 1

0

∑

n∈Z

(
|φ̂(γ + n)|2e−2πik(γ+n)

)
dγ

=
∫ ∞

−∞
|φ̂(γ)|2e−2πikγdγ

= 〈φ̂, Ekφ̂〉
= 〈Fφ,FT−kφ〉
= 〈φ, T−kφ〉.

This concludes the proof. �

The next lemma will be needed repeatedly as a tool to analyze series
expansions consisting of translates of a function φ.

Lemma 7.1.6 Let φ ∈ L2(R) and assume that {Tkφ}k∈Z is a Bessel se-
quence. Let {ck}k∈Z ∈ �2(Z). Then

∑
k∈Z ckTkφ converges in L2(R) and∑

k∈Z ckE−k converges in L2(0, 1), and

F
∑

k∈Z

ckTkφ =

(
∑

k∈Z

ckE−k

)

φ̂. (7.11)

Proof. That
∑

k∈Z ckTkφ and
∑

k∈Z ckE−k converge as described follows
from Theorem 3.1.3, so we only have to prove (7.11). We first observe that
(Exercise 7.2)

(
∑

k∈Z

ckE−k

)

φ̂ ∈ L2(R). (7.12)

Also, note that

F
∑

k∈Z

ckTkφ =
∑

k∈Z

ckFTkφ =
∑

k∈Z

(ckE−kφ̂),

where the series on the right-hand side converges in L2(R). We have to
prove that

∑

k∈Z

(ckE−kφ̂) =

(
∑

k∈Z

ckE−k

)

φ̂,
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i.e., that
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

|k|≤N

ckE−kφ̂ −
(
∑

k∈Z

ckE−k

)

φ̂

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
L2(R)

→ 0 as N → ∞.

Because
∑

k∈Z ckE−k is 1-periodic,
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

|k|≤N

ckE−kφ̂ −
(
∑

k∈Z

ckE−k

)

φ̂

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
L2(R)

=

⎛

⎜
⎝

∫ ∞

−∞

∣
∣
∣
∣
∣
∣

∑

|k|≤N

ckE−k(γ)φ̂(γ) −
(
∑

k∈Z

ckE−k(γ)

)

φ̂(γ)

∣
∣
∣
∣
∣
∣

2

dγ

⎞

⎟
⎠

1/2

=

⎛

⎜
⎝

∫ 1

0

∣
∣
∣
∣
∣
∣

∑

|k|≤N

ckE−k(γ) −
∑

k∈Z

ckE−k(γ)

∣
∣
∣
∣
∣
∣

2
∑

k∈Z

|φ̂(γ + k)|2dγ

⎞

⎟
⎠

1/2

≤
√

B

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

|k|≤N

ckE−k −
∑

k∈Z

ckE−k

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
L2(0,1)

;

here B denotes a Bessel bound for {Tkφ}k∈Z. The last term converges to 0
as N → ∞, and the proof is completed. �

We are now ready for the announced characterization of the frame
properties for {Tkφ}k∈Z. They are formulated in terms of the function Φ
associated with φ.

Theorem 7.1.7 Let φ ∈ L2(R). For any A,B > 0, the following
characterizations hold:

(i) {Tkφ}k∈Z is an orthonormal sequence if and only if

Φ(γ) = 1, a.e. γ ∈ [0, 1].

(ii) {Tkφ}k∈Z is a Riesz sequence with bounds A,B if and only if

A ≤ Φ(γ) ≤ B, a.e. γ ∈ [0, 1].

(iii) {Tkφ}k∈Z is a frame sequence with bounds A,B if and only if

A ≤ Φ(γ) ≤ B, a.e. γ ∈ [0, 1] \ N,

where N = {γ ∈ [0, 1] : Φ(γ) = 0} .

Proof. We first prove (iii) via Lemma 5.4.5. Because of Lemma 7.1.4,
we will assume that {Tkφ}k∈Z is a Bessel sequence and concentrate our
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analysis on the lower bounds. Consequently, the equality (7.4), i.e.,

||T{ck}k∈Z||2 =
∫ 1

0

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

Φ(γ) dγ, (7.13)

now holds for all sequences {ck}k∈Z ∈ �2(Z). With the set N defined as in
the statement of the theorem, it follows that the kernel of the operator T is

NT =

{

{ck}k∈Z ∈ �2(Z) |
∑

k∈Z

cke−2πikγ = 0 for γ ∈ [0, 1] \ N

}

. (7.14)

For arbitrary sequences {ck}k∈Z, {dk}k∈Z ∈ �2(Z), the fact that {Ek}k∈Z is
an orthonormal basis for L2(0, 1) implies that

〈{ck}k∈Z, {dk}k∈Z〉�2(Z) = 0 ⇔
〈
∑

k∈Z

ckE−k,
∑

k∈Z

dkE−k

〉

L2(0,1)

= 0;

it follows that (Exercise 7.3)

N⊥
T =

{

{ck}k∈Z ∈ �2(Z) |
∑

k∈Z

cke−2πikγ = 0 for γ ∈ N

}

. (7.15)

So for {ck}k∈Z ∈ N⊥
T ,

∑

k∈Z

|ck|2 =
∫

[0,1]

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

dγ =
∫

[0,1]\N

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

dγ;

using (7.13), the left-hand condition in (5.19) in Lemma 5.4.5 therefore is
equivalent to

A

∫

[0,1]\N

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

dγ

≤
∫

[0,1]\N

∣
∣
∣
∣
∣

∑

k∈Z

cke−2πikγ

∣
∣
∣
∣
∣

2

Φ(γ) dγ, ∀{ck}k∈Z ∈ N⊥
T .

This, in turn, is equivalent to (Exercise 7.3)

A ≤ Φ(γ), a.e. γ ∈ [0, 1] \ N. (7.16)

This proves (iii). For the rest of the proof, recall from Theorem 5.2.1 that
the Riesz bounds and the frame bounds coincide for Riesz sequences. By
Theorem 3.3.7, {Tkφ}k∈Z is a Riesz sequence if and only if the inequality
(5.19) holds for all {ck}k∈Z ∈ �2(Z). This is the case if and only if NT = {0},
i.e., by (7.14), if and only if N is a null set; this gives (ii). The result in (i)
now follows from Proposition 3.2.8. �
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As a very important consequence of Theorem 7.1.7, we now prove that
the integer-translates of any B-spline forms a Riesz sequence. We formulate
the result for the symmetric B-splines Bn defined in (6.11), but the same
result holds for the B-splines Nn in (6.2); this remark in fact applies to all
results concerning B-splines in the current chapter.

Theorem 7.1.8 For each n ∈ N, the sequence {TkBn}k∈Z is a Riesz
sequence.

Proof. For n = 1, {TkB1}k∈Z is an orthonormal system, and therefore a
Riesz sequence. In order to prove the result for n > 1, we apply Theorem
7.1.7 to B1; this shows that

∑

k∈Z

∣
∣
∣B̂1(γ + k)

∣
∣
∣
2

= 1, a.e. γ ∈ R.

Since |B̂1(γ)| ≤ 1 for all γ ∈ R and B̂n(γ) = (B̂1(γ))n by Corollary 6.2.1,
it immediately follows that

∑

k∈Z

∣
∣
∣B̂n(γ + k)

∣
∣
∣
2

≤
∑

k∈Z

∣
∣
∣B̂1(γ + k)

∣
∣
∣
2

= 1, a.e. γ ∈ R.

Thus {TkBn}k∈Z is a Bessel sequence. In order to prove that {TkBn}k∈Z

satisfies the lower Riesz basis condition, we again use Corollary 6.2.1: it
shows that, for a.e. γ ∈ R,

∑

k∈Z

∣
∣
∣B̂n(γ + k)

∣
∣
∣
2

≥ inf
γ∈[− 1

2 , 1
2 ]

∣
∣
∣B̂n(γ)

∣
∣
∣
2

=
(

sin(π/2)
π/2

)2n

=
(

2
π

)2n

. (7.17)

The result now follows from Theorem 7.1.7. �

Example 7.1.9 Define the function φ ∈ L2(R) by φ̂ = χ[−1/3,1/3]. Then
Theorem 7.1.7 shows that {Tkφ}k∈Z is an overcomplete frame sequence. �

Frames of translates are genuine examples of frame sequences: as we show
now, they cannot be frames for all of L2(R), no matter how φ ∈ L2(R) is
chosen. Thus, a more exact name would be to call them frame sequences
of translates. However, in the literature they are simply called frames of
translates, and we will follow this tradition.

Proposition 7.1.10 A sequence {Tkφ}k∈Z can at most be a frame for a
proper subspace of L2(R).
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Proof. Let φ ∈ L2(R). Given a number h ∈]0, 1/2[,
∑

k∈Z

|〈χ]0,h[, Tkφ〉|2 =
∑

k∈Z

|〈χ]0,h[, χ]0,h[Tkφ〉|2

≤
∑

k∈Z

||χ]0,h[||2 ||χ]0,h[Tkφ||2

= ||χ]0,h[||2
∑

k∈Z

∫ k+h

k

|φ(x)|2 dx.

Letting

Δh :=
⋃

k∈Z

]h, h + k[,

it follows that
∑

k∈Z

|〈χ]0,h[, Tkφ〉|2 ≤ ||χ]0,h[||2
∫

Δh

|φ(x)|2 dx.

By Lebesgue’s theorem of dominated convergence,
∫

Δh

|φ(x)|2 dx → 0 as h → 0;

thus, {Tkφ}k∈Z does not satisfy the lower frame condition on L2(R). �

Proposition 7.1.10 shows that span{Tkφ}k∈Z is a proper subspace of
L2(R) for any frame sequence {Tkφ}k∈Z. Therefore, in order to apply the
frame decomposition, it is necessary to be able to characterize membership
of span{Tkφ}k∈Z. This can be done in terms of the Fourier transform:

Lemma 7.1.11 Assume that φ ∈ L2(R) and that {Tkφ}k∈Z is a frame
sequence. Then a function f ∈ L2(R) belongs to span{Tkφ}k∈Z if and only
if there exists a 1-periodic function F whose restriction to [0, 1[ belongs to
L2(0, 1), such that

f̂ = Fφ̂.

Proof. A function f ∈ L2(R) belongs to span{Tkφ}k∈Z if and only if there
exists a sequence {ck}k∈Z ∈ �2(Z) such that

f =
∑

k∈Z

ckTkφ;

via the Fourier transform and Lemma 7.1.6, this is equivalent to

f̂ =

(
∑

k∈Z

ckE−k

)

φ̂. �
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7.2 The canonical dual frame

We now turn the focus to the canonical dual of a frame of translates
{Tkφ}k∈Z. Assuming that {Tkφ}k∈Z is a frame sequence, i.e., a frame for

V := span{Tkφ}k∈Z,

we know from general frame theory that the frame operator

S : V → V, Sf =
∑

k∈Z

〈f, Tkφ〉Tkφ

is invertible. The frame decomposition, see Theorem 5.9, takes the form

f =
∑

k∈Z

〈f, S−1Tkφ〉Tkφ, f ∈ V. (7.18)

In order to apply the frame decomposition, we need to be able to calculate
the elements S−1Tkφ in the canonical dual frame. For this purpose, we
need the following lemma.

Lemma 7.2.1 Let φ ∈ L2(R) and assume that {Tkφ}k∈Z is a frame for
its closed linear span V . Then for all f ∈ V ,

STkf = TkSf, ∀k ∈ Z,

and

S−1Tkf = TkS−1f, ∀k ∈ Z.

Proof. Given f ∈ V and k ∈ Z, we have

STkf =
∑

k′∈Z

〈Tkf, Tk′φ〉Tk′φ

=
∑

k′∈Z

〈f, Tk′−kφ〉Tk′φ.

Replacing the summation index k′ by k′ + k gives

STkf =
∑

k′∈Z

〈f, Tk′φ〉Tk′+kφ

= TkSf.

The second part of the result follows from here. �

By Lemma 7.2.1, the frame decomposition can now be written

f =
∑

k∈Z

〈f, TkS−1φ〉Tkφ, f ∈ V. (7.19)

This result is a great simplification compared with (7.18). In fact, in or-
der to apply (7.18), we would have to compute the action of S−1 on the
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infinite family of functions {Tkφ}k∈Z. On the other hand, application of
(7.19) only requires that we find S−1φ; the other functions in the canonical
dual frame are obtained by translation of this function. This is certainly
a simplification, but we are still left with the question of finding S−1φ. In
the current context, we are now able to find S−1φ in terms of its Fourier
transform. Again, the associated function Φ in (7.9) will play a role.

Proposition 7.2.2 Let φ ∈ L2(R) and assume that {Tkφ}k∈Z is a frame
for its closed linear span V , with frame operator S. Consider the set

E := {γ ∈ R : Φ(γ) �= 0},

and define the function θ via its Fourier transform by

θ̂(γ) :=

{
φ̂(γ)
Φ(γ) if γ ∈ E,
0 if γ /∈ E.

(7.20)

Then θ = S−1φ, and the canonical dual frame of {Tkφ}k∈Z is given by
{Tkθ}k∈Z.

Proof. The function

γ �→
{ 1

Φ(γ) if γ ∈ E ,
0 if γ /∈ E

is 1-periodic, and by Theorem 7.1.7 its restriction to ]0, 1[ belongs to
L2(0, 1). Thus, Lemma 7.1.11 shows that the function θ defined by (7.20)
belongs to V . Using the definition of the frame operator, properties of the
Fourier transform, and Lemma 7.1.6, we have that

FSθ = F
∑

k∈Z

〈θ, Tkφ〉Tkφ

= F
∑

k∈Z

〈θ̂,FTkφ〉Tkφ

=

(
∑

k∈Z

〈θ̂, E−kφ̂〉E−k

)

φ̂. (7.21)

Now, using that the functions γ �→ e2πikγ are 1-periodic, the definition of
θ, and Lemma 7.1.3, we arrive at

〈θ̂, E−kφ̂〉 =
∫ ∞

−∞
θ̂(γ)φ̂(γ)e2πikγ dγ

=
∫ 1

0

∑

n∈Z

(
θ̂(γ + n)φ̂(γ + n)e2πi(k+n)γ

)
dγ

=
∫ 1

0

∑

n∈Z

|φ̂(γ + n)|2
Φ(γ + n)

χE(γ + n)e2πikγ dγ.
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Note that if γ ∈ E , then γ + n ∈ E for all n ∈ Z; thus, for such γ,

∑

n∈Z

|φ̂(γ + n)|2
Φ(γ + n)

χE(γ + n) =
∑

n∈Z

|φ̂(γ + n)|2
Φ(γ)

= 1.

Similarly, if γ /∈ E , then

∑

n∈Z

|φ̂(γ + n)|2
Φ(γ + n)

χE(γ + n) = 0.

Thus, we conclude that

〈θ̂, E−kφ̂〉 =
∫ 1

0

χE(γ)E−k(γ) dγ,

which is the −k-th Fourier coefficient for the function χE in L2(0, 1).
Therefore

∑

k∈Z

〈θ̂, E−kφ̂〉E−k = χE .

Noting that χE(γ) = 1 if φ̂(γ) �= 0, (7.21) now implies that

FSθ = χE φ̂ = φ̂.

Therefore Sθ = φ; since S is an invertible operator on V , we conclude that
θ = S−1φ. Now Lemma 7.2.1 gives the rest. �

Example 7.2.3 Consider the B-spline Bn for n ≥ 2. As we saw in The-
orem 7.1.8, {TkBn}k∈Z is a Riesz sequence. By Proposition 7.2.2, the
canonical dual frame is given by {Tkθ}k∈Z, where

θ̂(γ) =
B̂n(γ)

∑
k∈Z |B̂n(γ + k)|2

.

Denoting the Fourier coefficients for the function
(∑

k∈Z |B̂n(γ + k)|2
)−1

by {ck}k∈Z, this implies that

θ̂(γ) =
∑

k∈Z

cke2πikγB̂n(γ) = F
∑

k∈Z

ckT−kBn(γ),

i.e., that

θ =
∑

k∈Z

ckT−kBn.

It follows from Lemma 7.1.5 that Φ(γ) =
∑

k∈Z |B̂n(γ + k)|2 is a trigono-
metric polynomial. Because Φ is positive and not constant, the inverse
Φ(γ)−1 can not be a trigonometric polynomial (Exercise 7.4). Therefore,
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the sequence {ck}k∈Z of Fourier coefficients is infinite. In particular, the
generator θ does not have compact support. �

7.3 Compactly supported generators

In applications of systems of the form {Tkφ}k∈Z, it is usually important
that the generator φ has compact support. This excludes {Tkφ}k∈Z from
being an overcomplete frame sequence:

Proposition 7.3.1 Assume that φ ∈ L2(R) has compact support. Then
the following holds:

(i) {Tkφ}k∈Z is a Bessel sequence.

(ii) {Tkφ}k∈Z cannot be an overcomplete frame sequence.

Proof. Let {ck}k∈Z be the Fourier coefficients for Φ. Because of the com-
pact support of φ, (7.10) in Lemma 7.1.5 shows that there is an N ∈ N

such that ck = 0 if |k| > N . Thus, the associated function Φ in (7.9) is
a trigonometric polynomial and therefore continuous. Now Theorem 7.1.7
shows that {Tkφ}k∈Z is a Bessel sequence, and that overcompleteness of
{Tkφ}k∈Z is impossible. �

Thus, if φ ∈ L2(R) has compact support, then {Tkφ}k∈Z can at most be
a Riesz sequence. In cases where the concrete frame bounds are irrelevant,
we can check whether this is the case or not via the following consequence
of Theorem 7.1.7. We ask the reader to give the proof in Exercise 7.5.

Corollary 7.3.2 Assume that φ ∈ L2(R) is compactly supported. Then
{Tkφ}k∈Z is a Riesz sequence if and only if there is no γ ∈ R such that

φ̂(γ + k) = 0, ∀k ∈ Z.

The assumption of φ ∈ L2(R) having compact support has the additional
benefit that we can find an explicit expression for the associated function
Φ, see (7.9):

Lemma 7.3.3 Assume that φ ∈ L2(R) has compact support in an interval
of length N for some N ∈ N and is real–valued. Let {ck}k∈Z denote the
Fourier coefficients for the function Φ in (7.9). Then Φ is a trigonometric
polynomial of the form

Φ(γ) = c0 + 2
N∑

k=1

ck cos(2πkγ).
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Proof. Via Lemma 7.1.5, the assumption that φ is real-valued implies
that ck = c−k for all k ∈ Z; and the compact support implies that ck = 0
if |k| > N . Expressing Φ via its Fourier series, we see that

Φ(γ) =
∑

|k|≤N

cke2πikγ

= c0 +
N∑

k=1

ck(e2πikγ + e−2πikγ)

= c0 + 2
N∑

k=1

ck cos(2πkγ).

�

The concrete expression for Φ in Lemma 7.3.3 makes it easy to check
whether {Tkφ}k∈Z is a Riesz sequence or not:

Example 7.3.4 Let φ = χ[−1,2[. By Lemma 7.1.5, the Fourier coefficients
for Φ are

ck =

⎧
⎪⎪⎨

⎪⎪⎩

3 if k = 0,
2 if k = ±1,
1 if k = ±2,
0 otherwise.

Thus, by Lemma 7.3.3,

Φ(γ) = 3 + 4 cos(2πγ) + 2 cos(4πγ).

Note that Φ is continuous and that Φ has two isolated zero’s on [0, 1[:
Φ(γ) = 0 for γ = 1

3 and for γ = 2
3 . By Theorem 7.1.7, it follows that

{Tkφ}k∈Z is not a frame sequence. �

Overcomplete frames {Tkφ}k∈Z are not used much in practice. One rea-
son is that, as we have seen, the generator φ cannot have compact support.
Another reason is that for overcomplete frames of that type, the function
φ cannot be well-localized in time and frequency simultaneously: either φ
or its Fourier transform decays slowly. See Exercise 7.8.

7.4 Frames of translates and oblique duals

In the discussion of general frame theory in Section 5.1, we have given
arguments that it often is an advantage to search for other dual frames
than the canonical dual frame. Assume that {Tkφ}k∈Z is an overcomplete
frame sequence, i.e., a frame for

V = span{Tkφ}k∈Z;
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then Theorem 5.2.3 tells us that there exist various choices of sequences of
functions {gk}k∈Z ⊂ V such that

f =
∑

k∈Z

〈f, gk〉Tkφ, ∀f ∈ V. (7.22)

It is natural to insist on the dual frame {gk}k∈Z having the same struc-
ture as {Tkφ}k∈Z, i.e., being translates of a single function. Unfortunately,
Corollary 7.4.2 will show us that this removes all the freedom: the canonical
dual frame {TkS−1φ}k∈Z is the only dual frame, which consists of translates
of a single function and belongs to span{Tkφ}k∈Z.

In order to gain flexibility, we will remove the constraint that the elements
of the dual frame should belong to span{Tkφ}k∈Z. In fact, we will just search
for some function φ̃ ∈ L2(R) such that

f =
∑

k∈Z

〈f, Tkφ̃〉Tkφ, ∀f ∈ V. (7.23)

A family {Tkφ̃}k∈Z for which (7.23) holds will be called an oblique dual of
{Tkφ}k∈Z. Note that we do not require {Tkφ̃}k∈Z to be a frame sequence;
this is the reason that we use the name “oblique dual” rather than “oblique
dual frame.” The results in this section are taken from [14] and [15].

Given two Bessel sequences {Tkφ}k∈Z and {Tkφ̃}k∈Z, the following the-
orem provides a necessary and sufficient condition on the generators φ and
φ̃ such that {Tkφ̃}k∈Z is an oblique dual of {Tkφ}k∈Z. Again, the function
Φ defined in (7.9) will play a role.

Theorem 7.4.1 Let φ, φ̃ ∈ L2(R), and assume that {Tkφ}k∈Z and
{Tkφ̃}k∈Z are Bessel sequences. Then the following are equivalent:

(i) f =
∑

k∈Z〈f, Tkφ̃〉Tkφ, ∀f ∈ V .

(ii)
∑

k∈Z φ̂(γ + k) ˆ̃
φ(γ + k) = 1 a.e. on {γ : Φ(γ) �= 0}.

In case the equivalent conditions are satisfied, {Tkφ}k∈Z is a frame
sequence.

Proof. First, consider an arbitrary function f ∈ L2(R) for which the map

γ �→
∑

k∈Z

|f̂(γ + k)|2

is bounded. Since we have assumed that {Tkφ̃}k∈Z is a Bessel sequence,
Lemma 7.1.4 and Cauchy–Schwarz’ inequality imply that

[γ �→
∑

k∈Z

f̂(γ + k) ˆ̃
φ(γ + k)] ∈ L2(0, 1).

Now observe that, via Lemma 7.1.3 and Lemma 7.1.6,
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F
∑

k∈Z

〈f, Tkφ̃〉Tkφ(γ)

=
∑

k∈Z

(∫ ∞

−∞
f̂(μ) ˆ̃

φ(μ)e2πikμ dμ

)

e−2πikγ φ̂(γ)

= φ̂(γ)
∑

k∈Z

(∫ 1

0

∑

n∈Z

f̂(μ + n) ˆ̃
φ(μ + n)e2πikμdμ

)

e−2πikγ

= φ̂(γ)
∑

n∈Z

f̂(γ + n) ˆ̃
φ(γ + n). (7.24)

Assuming that (i) holds and letting f = φ, it follows that

∑

k∈Z

φ̂(γ + k) ˆ̃
φ(γ + k) = 1 a.e. on {γ : φ̂(γ) �= 0}.

Using the above calculation with γ replaced by γ +m for some m ∈ Z (and

using the periodicity of γ �→
∑

k∈Z φ̂(γ + k) ˆ̃
φ(γ + k)), we even arrive at

∑

k∈Z

φ̂(γ + k) ˆ̃
φ(γ + k) = 1 a.e. on {γ : φ̂(γ + m) �= 0}, ∀m ∈ Z.

This proves (ii). On the other hand, assuming (ii), our calculation (7.24)
shows that for m ∈ Z,

F
∑

k∈Z

〈Tmφ, Tkφ̃〉Tkφ(γ) = φ̂(γ)
∑

n∈Z

FTmφ(γ + n) ˆ̃
φ(γ + n)

= φ̂(γ)
∑

n∈Z

φ̂(γ + n)e−2πim(γ+n) ˆ̃
φ(γ + n)

= φ̂(γ)e−2πimγ

= FTmφ(γ).

This shows that (i) holds for all functions Tmφ,m ∈ Z, and hence for all
functions f ∈ span{Tkφ}k∈Z. Now, because {Tkφ}k∈Z and {Tkφ̃}k∈Z are
Bessel sequences, the operator

f �→
∑

k∈Z

〈f, Tkφ̃〉Tkφ

is continuous; in fact, it is a composition of the pre-frame operator associ-
ated with {Tkφ}k∈Z and the analysis operator associated with {Tkφ̃}k∈Z,
see page 100. Therefore, (i) holds for all f ∈ span{Tkφ}k∈Z.

Now assume that the equivalent conditions hold. In order to show that
{Tkφ}k∈Z is a frame sequence, we need to show that the lower frame bound
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is satisfied. Via (i), for all f ∈ V , we have

||f ||2 =
∑

k∈Z

〈f, Tkφ̃〉〈Tkφ, f〉;

that {Tkφ}k∈Z is a frame sequence now follows from Cauchy–Schwarz’
inequality and the assumption that {Tkφ̃}k∈Z is a Bessel sequence. �

One important consequence of Theorem 7.4.1 is that the canonical dual
frame is the only dual frame that consists of integer–translates of a single
function, i.e., the only dual that has same structure as {Tkφ}k∈Z itself:

Corollary 7.4.2 Let φ ∈ L2(R) and assume that {Tkφ}k∈Z is a frame
sequence. Then there is a unique function φ̃ ∈ span{Tkφ}k∈Z such that

f =
∑

k∈Z

〈f, Tkφ̃〉Tkφ, ∀f ∈ span{Tkφ}k∈Z, (7.25)

namely φ̃ = S−1φ.

Proof. The condition φ̃ ∈ span{Tkφ}k∈Z implies by Lemma 7.1.10 that

ˆ̃
φ = Fφ̂

for some 1-periodic function F ∈ L2(0, 1). Now, if (7.25) holds, condition
(ii) in Theorem 7.4.1 implies that

F (γ)
∑

k∈Z

φ̂(γ + k)φ̂(γ + k) = 1, a.e. on {γ : Φ(γ) �= 0},

i.e., that

F (γ)
∑

k∈Z

∣
∣
∣φ̂(γ + k)

∣
∣
∣
2

= 1, a.e. on {γ : Φ(γ) �= 0}.

This defines the function F uniquely, except on the zero-set for Φ. For γ
such that Φ(γ) = 0, we can define F (γ) arbitrarily, but regardless of the

choice, we arrive at ˆ̃
φ(γ) = F (γ)φ̂(γ) = 0. Thus ˆ̃

φ is uniquely defined, and
so is φ̃. �

The role of Theorem 7.4.1 is that it might be used to construct oblique
duals with better or more convenient properties than the canonical dual
frame. Later in this section, we will show that one might be able to find
oblique duals generated by a compactly supported function, even in cases
where the canonical dual frame is generated by a function supported on
R. For now, we will show how to construct oblique duals {Tkφ̃}k∈Z with
generators φ̃ belonging to prescribed subspaces. In fact, the following con-
sequence of Theorem 7.4.1 shows that if {Tkφ}k∈Z is a frame sequence, then
certain conditions imply that we can find an oblique dual {Tkφ̃}k∈Z with
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a generator φ̃ belonging to a space of the form span{Tkφ1}k∈Z for some
φ1 ∈ L2(R). We ask the reader to provide the proof in Exercise 7.9.

Corollary 7.4.3 Let φ, φ1 ∈ L2(R), and assume that {Tkφ}k∈Z and
{Tkφ1}k∈Z are frame sequences. If there exists a constant A > 0 such that

∣
∣
∣
∣
∣

∑

k∈Z

φ̂(γ + k)φ̂1(γ + k)

∣
∣
∣
∣
∣
≥ A a.e. on {γ : Φ(γ) �= 0}, (7.26)

then there exists a function φ̃ ∈ span{Tkφ1}k∈Z such that

f =
∑

k∈Z

〈f, Tkφ̃〉Tkφ, ∀f ∈ span{Tkφ}k∈Z; (7.27)

one choice of φ̃ ∈ span{Tkφ1}k∈Z satisfying (7.27) is given in the Fourier
domain by

ˆ̃
φ(γ) =

{ (∑
k∈Z φ̂(γ + k)φ̂1(γ + k)

)−1

φ̂1(γ) on {γ : Φ(γ) �= 0},
0 on {γ : Φ(γ) = 0}.

Corollary 7.4.3 can be used to “tailor” an oblique dual: that is, if the
canonical dual frame does not satisfy the requirements for a specific ap-
plication, we might search for an oblique dual that does. As an example,
we show that one might be able to construct oblique duals of arbitrary
smoothness, even if the canonical dual frame consists of non-continuous
functions:

Example 7.4.4 Consider the B-spline Bn for some n ∈ N. By The-
orem 7.1.8, we know that {TkBn}k∈Z is a Riesz sequence; in partic-
ular, {TkBn}k∈Z has a unique dual frame consisting of elements in
span{TkBn}k∈Z. Now, fix any m ∈ N; we will show that there exists an
oblique dual {Tkφ̃}k∈Z of {TkBn}k∈Z belonging to span{TkBn+2m}k∈Z, i.e.,
such that

φ̃ ∈ span{TkBn+2m}k∈Z.

For any γ ∈ R, the argument in (7.17) shows that

∑

k∈Z

B̂n(γ + k)B̂n+2m(γ + k) =
∑

k∈Z

(
sin π(γ + k)

π(γ + k)

)2(m+n)

≥
(

2
π

)2(m+n)

.

By Corollary 7.4.3, there exists a function φ̃ ∈ span{TkBn+2m}k∈Z that
generates an oblique dual of {TkBn}k∈Z. That is, for an arbitrary spline
Bn, we can find an oblique dual {Tkφ̃}k∈Z for which the generator φ̃ has
prescribed smoothness. In contrast, the canonical dual of {TkBn}k∈Z has
the same smoothness as Bn itself; for example, the canonical dual frame of
{TkB1}k∈Z is generated by B1, which is not even continuous. �
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In the rest of this section, we will restrict our attention to frame sequences
{Tkφ}k∈Z generated by compactly supported functions. As we have seen in
Example 7.2.3, this does not imply that the canonical dual frame necessarily
is generated by a compactly supported function. Nevertheless, we will now
show that it often is possible to find oblique duals {Tkφ̃}k∈Z for which the
function φ̃ has compact (and small) support. For convenience, we choose
the support to be the interval [0, 1], but the same considerations work on
any other interval.

In Theorem 7.4.1, we characterized the oblique duals {Tkφ̃}k∈Z associ-
ated with a given frame of translates {Tkφ}k∈Z. We first show that this
result has a much simpler version if we assume that the functions φ and φ̃
are compactly supported:

Lemma 7.4.5 Assume that the functions φ, φ̃ ∈ L2(R) have compact
support. Then the following are equivalent:

(i) f =
∑

k∈Z〈f, Tkφ̃〉Tkφ, ∀f ∈ V ;

(ii) 〈φ, Tkφ̃〉 = δk,0.

Proof. If (i) holds, then Theorem 7.4.1 shows that {Tkφ}k∈Z is a frame
for V . Because of the compact support of φ, this implies by Proposition
7.3.1 that {Tkφ}k∈Z is a Riesz sequence. Using (i) on f = φ, the statement
in (ii) follows because the expansion coefficients in terms of a Riesz basis
are unique. On the other hand, if (ii) holds, then (i) holds for f = φ. A
change of the summation index proves that then (i) holds for any translate
Tkφ, and therefore on span{Tkφ}k∈Z; finally, by continuity of the operator
f �→

∑
k∈Z〈f, Tkφ̃〉Tkφ we obtain that (i) holds for all f ∈ V . �

Lemma 7.4.5 shows that, with the given assumptions, the question of
finding an oblique dual of a frame {Tkφ}k∈Z can be reformulated as a
so-called moment problem, see Section 2.6.

The essence of the following result is that, under certain conditions, a
Riesz sequence {Tkφ}k∈Z has an oblique dual {Tkφ̃}k∈Z, where φ̃ has the
form

φ̃(x) =

(
N−1∑

�=0

d�φ(x + �)

)

χ[0,1](x). (7.28)

For practical reasons, we will formulate a more general version of the re-
sult. The reason is that even if φ is smooth, the multiplication with the
characteristic function χ[0,1] in the expression for φ̃ in (7.28) might lead to
a function that is discontinuous at x = 0 or x = 1. On the other hand,
multiplying the function in (7.28) with a function of the type xp(1 − x)q

for some p, q ∈ N will lead to a continuous function if φ is continuous – and
we show that functions of that type can be used as generators as well:
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Theorem 7.4.6 Assume that φ ∈ L2(R) is a real-valued function with
support on an interval [0, N ] for some N ∈ N, and that {Tkφ}k∈Z is a
Riesz sequence. Assume that

N−1∑

k=0

ckφ(x + k) = 0,∀x ∈ [0, 1] ⇒ c0 = 0. (7.29)

Then, for any p, q ∈ {0} ∪ N, {Tkφ}k∈Z has an oblique dual {Tkφ̃}k∈Z,
where φ̃ has the form

φ̃(x) = xp(1 − x)q

(
N−1∑

�=0

d�φ(x + �)

)

χ[0,1](x) (7.30)

for some coefficients d0, . . . , dN−1 ∈ R.

Proof. We use Lemma 7.4.5, and search for a function φ̃ such that
〈φ, Tkφ̃〉 = δk,0. First, for any function φ̃ ∈ L2(R) with support on [0, 1],
we have that

〈φ, Tkφ̃〉 =
∫ ∞

−∞
φ(x)φ̃(x − k) dx =

∫ ∞

−∞
φ(x + k)φ̃(x) dx

=
∫ 1

0

φ(x + k)φ̃(x) dx.

Assuming that φ has support on [0, N ], this shows that

〈φ, Tkφ̃〉 = 0 if k /∈ {0, 1, . . . , N − 1}.
Thus the moment problem in Lemma 7.4.5(ii) takes the form

〈T−kφ, φ̃〉 = δk,0, k = 0, 1, . . . , N − 1. (7.31)

Because of the assumption (7.29), we know that if
N−1∑

k=0

ckφ(x + k)xp/2(1 − x)q/2 = 0 for all x ∈ [0, 1],

then c0 = 0. Thus, according to Lemma 2.6.1 with H = L2(0, 1) and fk

corresponding to the functions x �→ φ(x+k)xp/2(1−x)q/2, k = 0, . . . , N−1,
the moment problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 =
∫ 1

0

φ(x)xp/2(1 − x)q/2h(x) dx

0 =
∫ 1

0

φ(x + 1)xp/2(1 − x)q/2h(x) dx

·
·

0 =
∫ 1

0

φ(x + N − 1)xp/2(1 − x)q/2h(x) dx
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has a solution h of the form

h(x) =

(
N−1∑

�=0

d�φ(x + �)xp/2(1 − x)q/2

)

χ[0,1](x).

This means that the function

φ̃(x) := xp/2(1 − x)q/2h(x) =

(
N−1∑

�=0

d�φ(x + �)

)

xp(1 − x)qχ[0,1](x)

solves the moment problem (7.31). �

Note that the coefficients d0, . . . , dN−1 in (7.30) are determined by the
conditions in (7.31), i.e., by the equations

N−1∑

�=0

∫ 1

0

d�φ(x + k)φ(x + �)xp(1 − x)q dx = δk,0, k = 0, . . . , N − 1. (7.32)

On matrix form, this takes the form

Md = e,

where M is the N × N symmetric matrix with entries

Mk,� =
∫ 1

0

xp(1 − x)qφ(x + k)φ(x + �) dx, k, � = 0, . . . , N − 1

and

d =

⎛

⎜
⎜
⎜
⎜
⎝

d0

d1

·
·

dN−1

⎞

⎟
⎟
⎟
⎟
⎠

, e =

⎛

⎜
⎜
⎜
⎜
⎝

1
0
·
·
0

⎞

⎟
⎟
⎟
⎟
⎠

.

Recall that the parameters p and q in (7.30) were introduced in order to
ensure higher-order derivatives of φ̃ to exist. We see that this only affects
the integrals in the entries of matrix M , but not the size of the matrix;
thus, the computational complexity does not increase.

Let us apply the results to B-splines. Using Theorem 7.4.6, we will be
able to find an oblique dual of any {TkBn}k∈Z, which is generated by a
compactly supported function. In contrast, we saw in Example 7.2.3 that
for n ≥ 2, the generator for the canonical dual frame never has compact
support.

Example 7.4.7 For any n ∈ N, Lemma 6.1.5 shows that the functions
Bn(· + k), k = 0, . . . n − 1, are linearly independent on the interval [0, 1].
Thus, the condition (7.29) is satisfied. Therefore, for any p, q ∈ N∪{0},
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5

3

2

1

-1

0,8

4

0

-2

x

0,60 0,2 0,4 1

Figure 7.1. The generator φ̃ in (7.30) corresponding to φ = B2, p = q = 2.
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-30
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Figure 7.2. The generator φ̃ in (7.30) corresponding to φ = B3, p = q = 3.

the frame sequence {TkBn}k∈Z has an oblique dual {Tkφ̃}k∈Z with a
function φ̃ of the form

φ̃(x) =

(
n−1∑

�=0

d�Bn(x + �)

)

xp(1 − x)qχ[0,1](x).

Note that on the interval [0, 1], this function is a polynomial of degree
p + q + n − 1.
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Figures 7.1 and 7.2 show some oblique dual generators for Riesz sequences
generated by the B-splines B2 and B3, for various values of p and q. We
ask the reader to do the calculations (Exercise 7.12). �

7.5 An application to sampling theory

We will now return to the Paley–Wiener space PW , which we introduced in
Section 3.8. Already in Theorem 3.8.1 we saw that any continuous function
f ∈ PW ∩ L1(R) can be recovered from its samples {f(k)}k∈Z via

f(x) =
∑

k∈Z

f(k) sinc(x − k). (7.33)

As discussed in Section 5.9, one will always encounter quantization errors
when this result is applied in practice. We will now show that the effect
of the quantization error can be reduced via oversampling, i.e, by invoking
samples {f(k/M)}k∈Z for some M ∈ N,M > 1. Note that for the sequence
{f(k/M)}k∈Z, the distance between two consecutive samples is 1/M .

First, as noticed in Theorem 3.8.1, the expansion (7.33) is really an
expansion in terms of the orthonormal basis {sinc(· − k)}k∈Z for the
Paley–Wiener space PW. Given any M ∈ N, it follows that for each
m = 0, . . . , M − 1, the family {sinc(· − k − m/M)}k∈Z also forms an
orthonormal basis for PW. The union of these bases, i.e.,

M−1⋃

m=0

{sinc(· − k − m/M)}k∈Z = {sinc(· − k/M)}k∈Z,

therefore forms a tight frame for PW with frame bound A = M . Thus, for
each f ∈ PW ,

f =
1
M

∑

k∈Z

〈f, sinc(· − k/M)〉 sinc(· − k/M). (7.34)

Note that because {sinc(·−k)}k∈Z forms an orthonormal basis for PW, we
know from (7.33) that

f(k) = 〈f, Tksinc〉;
this implies that

〈f, sinc(· − k/M) =
∫ ∞

−∞
f(x) sinc(x − k/M) dx

=
∫ ∞

−∞
T−k/Mf(x) sinc(x) dx

= T−k/Mf(0)
= f(k/M).
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Thus, the expansion (7.34) takes the form

f =
1
M

∑

k∈Z

f(k/M) sinc(· − k/M). (7.35)

We now adopt the model for quantization errors discussed in Section 5.9. In
particular, Proposition 5.9.1 shows that oversampling with the factor M ,
i.e., the use of (7.35) instead of (7.33) reduces the energy of the quantization
noise by a factor M :

E|(Qw)k|2 =
σ2

A
=

σ2

M
.

The relevance of this result is that it usually is easier to increase the
redundancy of the frame than to increase the quantization precision.

7.6 Exercises

7.1 Prove Lemma 7.1.3.

7.2 Prove (7.12) in the proof of Lemma 7.1.6.

7.3 In this exercise, we ask the reader to provide some details in the
proof of Theorem 7.1.7.

(i) Prove (7.15).

(ii) Prove the equivalence between (7.16) and the statement
preceding it.

7.4 Let Φ be a positive trigonometric polynomial. Show that if Φ(·)−1

is a trigonometric polynomial, then Φ is a constant.

7.5 Prove Corollary 7.3.2.

7.6 Show that the sequence {Tkχ]0,2[}k∈Z does not form a Riesz
sequence in L2(R).

7.7 For which values of c ∈]0, 2[ does the system {Tkχ]0,c[}k∈Z form a
Riesz sequence in L2(R)?

7.8 Let φ ∈ L2(R) and assume that {Tkφ}k∈Z is an overcomplete frame
sequence. We will show that either φ /∈ L1(R) or there is no constant
C > 0 for which

|φ̂(γ)| ≤ C

(
1

1 + |γ|2
)1/2

. (7.36)
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(i) Assume that an estimate of the type (7.36) is available. Show
that for γ ∈ [0, 1[ and all N ∈ N,
∣
∣
∣
∣
∣
∣
Φ(γ) −

∑

|k|≤N

|φ̂(γ + k)|2
∣
∣
∣
∣
∣
∣

≤ 2C2
∞∑

k=N

1
1 + k2

.

(ii) Argue now that if (7.36) holds, then φ /∈ L1(R).

7.9 Prove Corollary 7.4.3. (Hint: use the argument from the proof of
Corollary 7.4.2.)

7.10 This exercise connects to Exercise 3.7 and Exercise 5.2. Let H be
a separable Hilbert space.

(i) Find a sequence {fk}∞k=1 in H that satisfies the lower frame
condition but not the upper frame condition.

(ii) Find a sequence {fk}∞k=1 of vectors with norm 1 that satisfies
the lower frame condition but not the upper frame condition.

7.11 Let d > 0, and prove that {eikx/d}k∈Z is a frame for L2(−R,R) if
and only if R ∈]0, πd].

7.12 Calculate the oblique duals of {TkBn}k∈Z in Theorem 7.4.6 for
n = p = q = 2 and n = p = q = 3 (use Maple or a similar
program).



8
Shift-Invariant Systems

Chapter 7 dealt with systems of functions generated by integer-translates of
a single function in L2(R). We will now generalize this setup and consider
translates of a given countable family of functions rather than just one
function. Such systems of functions are called shift-invariant systems. Our
goal is to characterize various frame properties for shift-invariant systems,
a subject that was treated first in the paper [58] by Ron and Shen. The
presentation is inspired by the approach by Janssen in [44]. The derived
results will play an important role in the analysis of Gabor systems in
Chapter 9.

The theory for shift-invariant systems is based on two classes of operators
on L2(R), namely,

Translation by a ∈ R, Ta : L2(R) → L2(R), (Taf)(x) = f(x − a);
Modulation by b ∈ R, Eb : L2(R) → L2(R), (Ebf)(x) = e2πibxf(x).

Both classes of operators were introduced in Section 2.9; in particular, we
will use their interaction with the Fourier transform, a subject that is also
treated in Section 2.9.

8.1 Frame-properties of shift-invariant systems

Let {gm}m∈I be a countable collection of functions in L2(R) and a > 0 be a
given (shift-) parameter. The shift-invariant system generated by {gm}m∈I

and a is the collection of functions {gm(· − na)}m∈I,n∈Z. Formulated in

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008

8,



180 8. Shift-Invariant Systems

terms of the translation operator, the system has the form {Tnagm}m∈I,n∈Z.
Usually, we will let I = Z, in which case we simply write

{gnm} := {Tnagm}m,n∈Z. (8.1)

As already mentioned, our goal is to characterize various frame properties
for systems of the form {gnm}. The Fourier transform will be an important
tool; in fact, the characterizations will be formulated in terms of certain
conditions on the functions ĝm.

In particular, we will present equivalent conditions for two systems {gnm}
and {hnm} to form dual frames. Given the two shift-invariant Bessel sys-
tems {gnm} and {hnm}, and two functions e, f ∈ L2(R), the analysis of the
function ρ(e, f) defined by

ρ(e, f) : R → C, ρ(e, f)(x) =
∑

m,n∈Z

〈Txe, gnm〉〈hnm, Txf〉 (8.2)

will play a central role. The reason for considering this function is apparent
from our discussion of general dual frame pairs in Section 5.7: in fact,
Lemma 5.7.1 shows that two Bessel sequences {gnm} and {hnm} form dual
frames for L2(R) if and only if

ρ(e, f)(0) = 〈e, f〉, ∀e, f ∈ L2(R).

In the first result, we will derive a useful consequence of the Bessel
condition.

Lemma 8.1.1 Assume that {gnm} is a Bessel sequence with bound B.
Then

∑

m∈Z

|ĝm(ν)|2 ≤ aB, a.e. ν ∈ R. (8.3)

Proof. Let f ∈ L2(R), and consider the function

ρ(f, f)(x) =
∑

m,n∈Z

|〈Txf, gnm〉|2; (8.4)

it corresponds to the general expression in (8.2) in the case hm = gm. The
assumption that {gnm} is a Bessel sequence with bound B implies that
ρ(f, f) is bounded: in fact,

ρ(f, f)(x) ≤ B ||Txf ||2 = B ||f ||2, ∀x ∈ R. (8.5)

The shift-invariance of the system {gnm} implies that ρ(f, f) is periodic
with period a (Exercise 8.1), so we can consider its Fourier expansion in
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L2(0, a). By definition, the Fourier coefficient c0 is given by

c0 =
1
a

∫ a

0

∑

m,n∈Z

|〈Txf, gnm〉|2 dx

=
1
a

∑

m,n∈Z

∫ a

0

∣
∣
∣
∣

∫ ∞

−∞
f(z − x)gm(z − na) dz

∣
∣
∣
∣

2

dx

=
1
a

∑

m,n∈Z

∫ a

0

∣
∣
∣
∣

∫ ∞

−∞
f(z − (x − na))gm(z) dz

∣
∣
∣
∣

2

dx. (8.6)

Introducing the functions Φm(x), m ∈ Z, by

Φm(x) :=
∣
∣
∣
∣

∫ ∞

−∞
f(z − x)gm(z) dz

∣
∣
∣
∣

2

= |〈Txf, gm〉|2, x ∈ R,

this can be written as

c0 =
1
a

∑

m∈Z

∑

n∈Z

∫ a

0

Φm(x − na) dx

=
1
a

∑

m∈Z

∫ ∞

−∞
Φm(x) dx

=
1
a

∑

m∈Z

∫ ∞

−∞
|〈Txf, gm〉|2dx.

By direct calculation, we see that for arbitrary functions e, φ ∈ L2(R),

〈Txe, φ〉 = 〈FTxe,Fφ〉
= 〈E−xê, φ̂〉

=
∫ ∞

−∞
ê(ν)φ̂(ν)e−2πixνdν

= F
(
ê φ̂
)

(x). (8.7)

Thus, via Parseval’s equation,

c0 =
1
a

∑

m∈Z

∫ ∞

−∞

∣
∣
∣F(f̂ ĝm)(ν)

∣
∣
∣
2

dν

=
1
a

∑

m∈Z

∫ ∞

−∞

∣
∣
∣f̂(ν)ĝm(ν)

∣
∣
∣
2

dν

=
1
a

∫ ∞

−∞
|f̂(ν)|2

∑

m∈Z

|ĝm(ν)|2dν. (8.8)

On the other hand, via the definition of c0 used in (8.6), an estimate of c0

can be obtained:
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c0 =
1
a

∫ a

0

∑

m,n∈Z

|〈Txf, gnm〉|2 dx

≤ B ||f ||2

= B

∫ ∞

−∞
|f̂(ν)|2dν.

Thus, via (8.8) we see that

1
a

∫ ∞

−∞
|f̂(ν)|2

∑

m∈Z

|ĝm(ν)|2dν ≤ B

∫ ∞

−∞
|f̂(ν)|2dν.

Since this holds for all f ∈ L2(R), we conclude that

1
a

∑

m∈Z

|ĝm(ν)|2 ≤ B, a.e. ν ∈ R;

the desired result now follows. �

We will now analyze the function ρ(e, f) in (8.2).

Lemma 8.1.2 Assume that two shift-invariant systems {gnm} and {hnm}
are Bessel sequences and let e, f ∈ L2(R). Then the function

ρ(e, f) : R → C, ρ(e, f)(x) =
∑

m,n∈Z

〈Txe, gnm〉〈hnm, Txf〉

is continuous and has period a. Its Fourier series in L2(0, a) is

ρ(e, f)(x) =
∑

k∈Z

cke2πikx/a, (8.9)

where

ck =
1
a

∫ ∞

−∞
ê(ν)f̂(ν + k/a)

∑

m∈Z

ĝm(ν)ĥm(ν + k/a) dν, k ∈ Z. (8.10)

Proof. Assume that {gnm} and {hnm} are Bessel sequences; then, an
application of Cauchy–Schwarz’ inequality shows that the series defining
ρ(e, f)(x) converges absolutely for all x ∈ R. In particular, this demon-
strates that the function ρ(e, f)(x) is well defined. We will now prove that
ρ(e, f) is a continuous function. First, given x, x0 ∈ R,

|ρ(e, f)(x) − ρ(e, f)(x0)|

=

∣
∣
∣
∣
∣
∣

∑

m,n∈Z

(〈Txe, gnm〉〈hnm, Txf〉 − 〈Tx0e, gnm〉〈hnm, Tx0f〉)

∣
∣
∣
∣
∣
∣

≤
∑

m,n∈Z

|〈Txe, gnm〉〈hnm, Txf〉 − 〈Tx0e, gnm〉〈hnm, Tx0f〉| .
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Writing Txe = Txe − Tx0 + Tx0e, we see that

〈Txe, gnm〉〈hnm, Txf〉 − 〈Tx0e, gnm〉〈hnm, Tx0f〉
= 〈Txe − Tx0e, gnm〉〈hnm, Txf〉 + 〈Tx0e, gnm〉〈hnm, Txf〉

−〈Tx0e, gnm〉〈hnm, Tx0f〉
= 〈Txe − Tx0e, gnm〉〈hnm, Txf〉 + 〈Tx0e, gnm〉〈hnm, Txf − Tx0f〉;

thus, letting B denote a common Bessel bound for {gnm} and {hnm},

|ρ(e, f)(x) − ρ(e, f)(x0)|
≤

∑

m,n∈Z

|〈Txe − Tx0e, gnm〉| |〈hnm, Txf〉|

+
∑

m,n∈Z

|〈Tx0e, gnm〉| |〈hnm, Txf − Tx0f〉|

≤

⎛

⎝
∑

m,n∈Z

|〈Txe − Tx0e, gnm〉|2
⎞

⎠

1/2⎛

⎝
∑

m,n∈Z

|〈hnm, Txf〉|2
⎞

⎠

1/2

+

⎛

⎝
∑

m,n∈Z

|〈Tx0e, gnm〉|2
⎞

⎠

1/2⎛

⎝
∑

m,n∈Z

|〈hnm, Txf − Tx0f〉|2
⎞

⎠

1/2

≤ B ||Txe − Tx0e|| ||Txf || + B ||Tx0e|| ||Txf − Tx0f ||
= B ||Tx−x0e − e|| ||f || + B ||e|| ||Tx−x0f − f ||.

The last expression converges to zero for x → x0 by Lemma 2.9.1; this
proves the desired continuity.

The periodicity of ρ(e, f) follows from the structure of the shift-invariant
systems {gnm} and {hnm} (Exercise 8.2). For the computation of the
Fourier coefficients, we first assume that e, f are continuous functions
with compact support; this will justify the following interchanges of sums
and integrals. The coefficients in the Fourier expansion with respect to
{e2πikx/a}k∈Z are given by (Exercise 8.2)

ck =
1
a

∫ a

0

ρ(e, f)(x)e−2πikx/a dx

=
1
a

∑

m∈Z

∑

n∈Z

∫ a

0

〈Txe, gm(· − na)〉〈hm(· − na), Txf〉e−2πikx/a dx

=
1
a

∑

m∈Z

∫ ∞

−∞
〈Txe, gm〉〈hm, Txf〉e−2πikx/a dx

=
1
a

∑

m∈Z

∫ ∞

−∞
〈Txe, gm〉〈Txf, hm〉e2πikx/a dx. (8.11)
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Using (8.7), it follows that

〈Txf, hm〉e2πikx/a = Ek/aF
(
f̂ ĥm

)
(x)

= F
(
T−k/a(f̂ ĥm)

)
(x).

Inserting this as well as (8.7) in (8.11) and using Plancherel’s equation leads
to

ck =
1
a

∑

m∈Z

∫ ∞

−∞
〈Txe, gm〉〈Txf, hm〉e2πikx/a dx

=
1
a

∑

m∈Z

∫ ∞

−∞
F
(
ê ĝm

)
(x)F

(
T−k/a(f̂ ĥm)

)
(x) dx

=
1
a

∑

m∈Z

∫ ∞

−∞

(
ê ĝm

)
(ν)T−k/a(f̂ ĥm)(ν) dν

=
1
a

∑

m∈Z

∫ ∞

−∞
ê(ν)ĝm(ν)f̂(ν + k/a)ĥm(ν + k/a) dν.

The reader can check (Exercise 8.2) that the series
∫ ∞

−∞
|ê(ν)| |f̂(ν + k/a)|

∑

m∈Z

|ĝm(ν)| |ĥm(ν + k/a)| dν (8.12)

is convergent. Thus, we can interchange the sum and the integral in the
above expression for c0. This proves the result for all functions e, f ∈ Cc(R).
The general case now follows by a density argument (Exercise 8.2). �

It is very complicated to check the frame conditions for a shift-invariant
system directly via the definition. We will now derive equivalent conditions
in terms of matrix-valued functions. However, some preparation is needed
before we state the main results in Theorem 8.1.6 and Theorem 8.1.7.

We begin with a definition.

Definition 8.1.3 For f ∈ L2(R), the fiber of f at a point ν ∈ R is defined
as the sequence

f̂(ν) := {f̂(ν − k/a)}k∈Z.

The following lemma shows that the sequence f̂(ν) belongs to �2(Z) for
a.e. ν ∈ Z; for this reason, ||f̂(ν)|| will always denote the �2-norm. We ask
the reader to provide the proof (Exercise 8.3).

Lemma 8.1.4 Let f ∈ L2(R). Then f(ν) ∈ �2(Z) for a.e. ν ∈ Z.
Furthermore, for any interval I of length 1/a,

||f ||2 =
∫

I

∑

k∈Z

|f̂(ν − k/a)|2 dν =
∫

I

||f̂(ν)||2dν.
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Given a shift-invariant system {gnm} as in (8.1), define the matrix-valued
function

H(ν) := (ĝm(ν − k/a))k,m∈Z , a.e. ν ∈ R. (8.13)

Note that the columns in the matrix H(ν) consist of the fibers for the
functions gm. In case H(ν) defines a bounded operator on �2(Z) for some
ν ∈ R, the adjoint operator will be denoted by H(ν)∗; it is given by

H(ν)∗ =
(
ĝm(ν − k/a)

)

m,k∈Z
.

For technical reasons, several of the following results will first be proven
for functions f belonging to a subspace of the Schwartz space S of rapidly
decaying functions. Recall that S consists of all infinitely often differentiable
functions f on R, which decay faster than any inverse polynomial; that is,
for any α, k ∈ N ∪ {0},

sup
x∈R

∣
∣
∣
∣x

α dkf

dxk
(x)
∣
∣
∣
∣ < ∞.

Let

D := {f ∈ S | f̂ is compactly supported}. (8.14)

One can prove that D is a dense subspace of L2(R).

Lemma 8.1.5 Let {gnm} be a shift-invariant system in L2(R), and assume
that for a.e. ν ∈ R, the matrix H(ν) defines a bounded operator on �2(Z).
Then, for any interval I of length 1/a and any function f ∈ D,

∫

I

||H(ν)∗ f̂(ν)||2dν = a
∑

m,n∈Z

|〈f, gnm〉|2.

Proof. For the set of ν ∈ R for which the matrix H(ν) is bounded, its
adjoint is bounded, and ||H(ν)|| = ||H(ν)∗||. Given any interval I of length
1/a,

∫

I

||H(ν)∗f̂(ν)||2dν =
∫

I

∑

m∈Z

∣
∣
∣
∣
∣

∑

k∈Z

ĝm(ν − k/a)f̂(ν − k/a)

∣
∣
∣
∣
∣

2

dν

=
∑

m∈Z

∫

I

∣
∣
∣
∣
∣

∑

k∈Z

ĝm(ν − k/a)f̂(ν − k/a)

∣
∣
∣
∣
∣

2

dν.

Now, for each m ∈ Z, one can prove (Exercise 8.4) that the mapping

ν �→
∑

k∈Z

ĝm(ν − k/a)f̂(ν − k/a) (8.15)
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is well defined for a.e. ν ∈ R and defines a function in L2(I) with Fourier
series

∑

k∈Z

ĝm(· − k/a)f̂(· − k/a) =
∑

n∈Z

a〈f, gnm〉e2πina(·). (8.16)

Parseval’s equation, see (3.24), shows that

a

∫

I

∣
∣
∣
∣
∣

∑

k∈Z

ĝm(ν − k/a)f̂(ν − k/a)

∣
∣
∣
∣
∣

2

dν = a2
∑

n∈Z

|〈f, gnm〉|2.

Thus,

a
∑

m,n∈Z

|〈f, gnm〉|2 =
∑

m∈Z

∫

I

∣
∣
∣
∣
∣

∑

k∈Z

ĝm(ν − k/a)f̂(ν − k/a)

∣
∣
∣
∣
∣

2

dν

=
∫

I

||H(ν)∗f̂(ν)||2dν,

as desired. �

We are now ready to state characterizations of several frame properties
for shift-invariant systems. They are formulated in terms of the matrix-
valued function H(ν) in (8.13), i.e., in terms of the fibers associated with
the generators gm. We begin with the upper frame condition.

Theorem 8.1.6 A shift-invariant system {gnm} is a Bessel sequence with
bound B if and only if the matrix H(ν) for a.e. ν ∈ R defines a bounded
operator on �2(Z) with norm at most

√
aB.

Proof. Let us first assume that the matrix H(ν) for a.e. ν ∈ R defines a
bounded operator on �2(Z) with norm at most

√
aB. Fix any interval I of

length 1/a. Then, for any function f belonging to the space D defined in
(8.14), Lemma 8.1.5 shows that
∑

m,n∈Z

|〈f, gnm〉|2 =
1
a

∫

I

||H(ν)∗f̂(ν)||2dν ≤ aB

a

∫

I

||f̂(ν)||2dν = B ||f ||2.

Since D is dense in L2(R), it follows from Lemma 3.1.6 that {gnm} is a
Bessel sequence with bound B.

Assume now that {gnm} is a Bessel sequence with bound B. We have to
prove that for almost all ν ∈ R, the inequality

∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cm

∣
∣
∣
∣
∣

2

≤ aB
∑

m∈Z

|cm|2 (8.17)

holds for all {cm}m∈Z ∈ �2(Z). We first assume that {cm}m∈Z is a fi-
nite sequence. Given another finite sequence {dn}n∈Z, we consider the
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trigonometric polynomial

ϕ(ν) =
∑

n∈Z

dne−2πinaν .

Note that ϕ has period 1/a. For any interval I of length 1/a, Parseval’s
theorem, see (3.24), shows that

∑

n∈Z

|dn|2 = a

∫

I

|ϕ(ν)|2dν.

The periodicity of ϕ implies that for any such interval I, we have that

∫

I

|ϕ(ν)|2
∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cm

∣
∣
∣
∣
∣

2

dν

=
∫

I

∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ϕ(ν − k/a)ĝm(ν − k/a)cm

∣
∣
∣
∣
∣

2

dν

=
∫ ∞

−∞

∣
∣
∣
∣
∣

∑

m∈Z

ϕ(γ)ĝm(ν)cm

∣
∣
∣
∣
∣

2

dν

=
∫ ∞

−∞

∣
∣
∣
∣
∣

∑

m∈Z

∑

n∈Z

dncme−2πinaν ĝm(ν)

∣
∣
∣
∣
∣

2

dν

=
∫ ∞

−∞

∣
∣
∣
∣
∣
F
∑

m∈Z

∑

n∈Z

dncmgm(ν − na)

∣
∣
∣
∣
∣

2

dν

=

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

m,n∈Z

dncmgnm

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2

.

Using that {gnm} is a Bessel sequence with bound B, we can estimate this
term as follows:

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

m,n∈Z

dncmgnm

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2

≤ B
∑

m,n∈Z

|dncm|2

= B
∑

m∈Z

|cm|2
∑

n∈Z

|dn|2

= aB
∑

m∈Z

|cm|2
∫

I

|ϕ(ν)|2dν.

Altogether, we arrive at the inequality

∫

I

|ϕ(ν)|2
∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cm

∣
∣
∣
∣
∣

2

dν ≤ aB
∑

m∈Z

|cm|2
∫

I

|ϕ(ν)|2dν.
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Since this holds for all trigonometric polynomials ϕ with period 1/a, we
conclude that (8.17) holds for a.e. ν ∈ I, for any given finite sequence
{cm}m∈Z; for reasons of periodicity, it therefore holds for a.e. ν ∈ R for
such sequences.

However, we have to prove that there is a null set N ⊂ R such that (8.17)
holds for all {cm}m∈Z ∈ �2(Z) if ν ∈ R\N . In order to do so, let V ⊂ �2(Z)
be a subset formed by a countable and dense collection of finite sequences
{cm}m∈Z. Note that a countable union of null sets again is a null set; this
implies that there exists a null set N ⊂ J such that (8.17) holds for all
ν ∈ R \ N and all {cm}m∈Z ∈ V . Via Lemma 8.1.1, we might also assume
that the inequality (8.3) holds for all ν ∈ R \ N. We now prove that for
ν ∈ R \ N, the result in (8.17) actually holds for all {cm}m∈Z ∈ �2(Z). In
order to do so, let {cm}m∈Z ∈ �2(Z) be given, and take a sequence of finite
sequences {cn

m}m∈Z ∈ V, n ∈ N, such that

{cn
m}m∈Z → {cm}m∈Z in �2(Z) as n → ∞.

Now let ν ∈ R\N. For all k ∈ Z, we know that {ĝm(ν−k/a)}m∈Z ∈ �2(Z);
thus,

∑

m∈Z

ĝm(ν − k/a)cm = 〈{ĝm(ν − k/a)}m∈Z, {cm}m∈Z〉�2(Z)

= lim
n→∞

〈{ĝm(ν − k/a)}m∈Z, {cn
m}m∈Z〉�2(Z)

= lim inf
n→∞

〈{ĝm(ν − k/a)}m∈Z, {cn
m}m∈Z〉�2(Z)

= lim inf
n→∞

∑

m∈Z

ĝm(ν − k/a)cn
m.

By Fatou’s lemma, see Lemma 2.7.4, this implies that

∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cm

∣
∣
∣
∣
∣

2

=
∑

k∈Z

lim inf
n→∞

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cn
m

∣
∣
∣
∣
∣

2

≤ lim inf
n→∞

∑

k∈Z

∣
∣
∣
∣
∣

∑

m∈Z

ĝm(ν − k/a)cn
m

∣
∣
∣
∣
∣

2

≤ aB lim inf
n→∞

∑

m∈Z

|cn
m|2

= aB
∑

m∈Z

|cm|2.

This shows that for ν ∈ R \ N , the inequality (8.17) indeed holds for all
{cm}m∈Z ∈ �2(Z). This completes the proof. �

We now state characterizations of various frame properties for the system
{gnm} in terms of the matrices H(ν) and their adjoints. The first of these
is formulated as a matrix inequality, involving certain positive bi-infinite
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matrices indexed by Z × Z. Recall that for two such matrices M and N ,
the inequality N ≤ M means that for all sequences {ck} ∈ �2(Z),

〈N{ck}, {ck}〉 ≤ 〈M{ck}, {ck}〉. (8.18)

Theorem 8.1.7 The following characterizations hold:

(i) A Bessel sequence {gnm} is a frame for L2(R) with lower frame bound
A if and only if

aAI ≤ H(ν)H(ν)∗, a.e. ν ∈ R. (8.19)

(ii) {gnm} is a tight frame for L2(R) if and only if there is a constant
c > 0 such that

∑

m∈Z

ĝm(ν)ĝm(ν + k/a) = cδk,0, k ∈ Z, a.e. ν ∈ R. (8.20)

In case (8.20) is satisfied, the frame bound is A = c/a.

(iii) Two shift-invariant systems {gnm} and {hnm}, which form Bessel
sequences, are dual frames if and only if

∑

m∈Z

ĝm(ν)ĥm(ν + k/a) = aδk,0, k ∈ Z, a.e. ν ∈ R. (8.21)

Proof. To prove (i), first assume that (8.19) holds. According to (8.18),
this means that

aA ||{ck}k∈Z||2 ≤ 〈H(ν)H(ν)∗{ck}k∈Z, {ck}k∈Z〉

for all {ck}k∈Z ∈ �2(Z); or, equivalently, that

||H(ν)∗{ck}k∈Z||2 ≥ aA ||{ck}k∈Z||2 (8.22)

holds for all {ck}k∈Z ∈ �2(Z). Let I ⊂ R be an arbitrary interval of length
1/a. Then, for any function f ∈ D, Lemma 8.1.5 shows that
∑

m,n∈Z

|〈f, gnm〉|2 =
1
a

∫

I

||H(ν)∗f̂(ν)||2dν ≥ A

∫

I

||f̂(ν)||2dν = A ||f ||2;

by Lemma 5.1.2, this implies that the number A is a lower frame bound
for {gnm}.

The second part of the proof of (i) is more technical. Assume that A is
a lower frame bound for {gnm}; we want to prove that the inequality in
(8.22) holds for all {ck}k∈Z ∈ �2(Z). Like in the proof of Theorem 8.1.6,
we first consider a finite sequence {ck}k∈Z. For technical reasons that will
become clear soon, we furthermore consider a function ϕ for which ϕ̂ is
supported on an interval I of length 1/a. We can associate the function ϕ
to a fiber of a certain function f . In fact, define the function f in terms
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of its Fourier transform by the following: given ν ∈ R, choose the unique
number k ∈ Z such that ν + k/a ∈ I, and let

f̂(ν) = ckϕ̂(ν + k/a).

By definition, the �-th coordinate in the fiber for a function f is f̂(ν−�/a).
Thus, directly by the definition of the function f , we see that for ν ∈ I,

f̂(ν − �/a) = c�ϕ̂(ν).

Thus,

f̂(ν) = ϕ̂(ν){ck}k∈Z, ν ∈ I.

By construction and Lemma 8.1.4,

||f ||2 =
∫

I

||f̂(ν)||2dν =
∫

I

|ϕ̂(ν)|2dν
∑

k∈Z

|ck|2;

thus, Lemma 8.1.5 shows that
∫

I

|ϕ̂(γ)|2||H∗(ν){ck}k∈Z||2dν =
∫

I

||H∗(ν)f̂(ν)||2dν

≥ a
∑

m,n∈Z

|〈f, gnm〉|2

≥ aA ||f ||2

= aA

∫

I

|ϕ̂(ν)|2dν
∑

k∈Z

|ck|2.

Since this holds for all functions ϕ for which ϕ̂ is supported on an interval
I of length 1/a, we conclude that

||H∗(ν){ck}k∈Z||2 ≥ aA
∑

k∈Z

|ck|2, a.e. ν ∈ I. (8.23)

The null set depends on the sequence {ck}k∈Z. It remains to show that
there is a null set N such that (8.23) holds for all ν ∈ R \ N and all
{ck}k∈Z ∈ �2(Z); this part is left to the reader (Exercise 8.5).

We now prove (iii). The proof is based on the functions ρ(e, f) from
Lemma 8.1.2 and the derived expression for their Fourier coefficients. Recall
from Lemma 5.7.1 that two Bessel sequences {gnm} and {hnm} are dual
frames if and only if

〈e, f〉 =
∑

m,n∈Z

〈e, gnm〉〈hnm, f〉, ∀e, f ∈ L2(R). (8.24)

If we assume that {gnm}, {hnm} are dual frames, it follows from this
identity that for all e, f ∈ L2(R),

ρ(e, f)(x) =
∑

m,n∈Z

〈Txe, gnm〉〈hnm, Txf〉 = 〈Txe, Txf〉 = 〈e, f〉, x ∈ R.
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Hence the function ρ(e, f)(x) and the constant 〈e, f〉 have the same Fourier
coefficients in L2(0, a). Via Lemma 8.1.2, this implies that for all k ∈ Z,

1
a

∫ ∞

−∞
ê(ν)f̂(ν + k/a)

∑

m∈Z

ĝm(ν)ĥm(ν + k/a) dν = δk,0〈e, f〉

= δk,0

∫ ∞

−∞
ê(ν)f̂(ν) dν.

Since this holds for all e ∈ L2(R),

f̂(ν + k/a)
∑

m∈Z

ĝm(ν)ĥm(ν + k/a) = aδk,0f̂(ν), a.e. ν ∈ R, ∀f ∈ L2(R).

For k = 0 this implies that
∑

m∈Z

ĝm(ν)ĥm(ν) = a, a.e. ν ∈ R;

furthermore, the choices f̂ = χ[�/a,(�+1)/a[, � ∈ Z, lead to
∑

m∈Z

ĝm(ν)ĥm(ν + k/a) = 0, a.e. ν ∈ R when k �= 0.

The opposite implication can be obtained by reversing the above steps:
assuming that (8.21) is satisfied, it follows that the function ρ(e, f)(x) and
the constant 〈e, f〉 have the same Fourier coefficients, so by continuity

ρ(e, f)(x) = 〈e, f〉, ∀x ∈ R.

Now take x = 0, and we obtain (8.24).
We now prove (ii). Via Exercise 5.7, the equivalence in (ii) follows directly

from (iii); thus, we only need to prove the statement about the frame bound.
Now, if (8.20) is satisfied, the entry in the k-th row and �-th column of the
matrix H(ν)H(ν)∗ is

∑

m∈Z

ĝm(ν − k/a)ĝm(ν − �/a) = cδk,�;

by the result in (i), this implies that the frame bound is A = c/a. �

Theorem 8.1.7 characterizes frames of the type {gnm} in terms of
the Fourier transforms ĝm. One speaks about characterizations in the
frequency-domain, as opposed to time-domain characterizations directly in
terms of the functions gm.

8.2 Representations of the frame operator

As we have seen, the frame operator plays a very prominent role in frame
theory. In order to facilitate manipulations on the frame operator, it is
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important to have various ways of representing it. In the context of shift-
invariant systems, we will now provide a representation in the Fourier-
domain in terms of fibers.

Theorem 8.2.1 Assume that the shift-invariant system {gnm} is a Bessel
sequence. Define the functions dk, k ∈ Z, by

dk(ν) :=
∑

m∈Z

ĝm(ν)ĝm(ν − k/a), ν ∈ R.

Then the frame operator S associated with {gnm} has a representation in
the Fourier-domain, given by

Ŝf(ν) =
1
a

∑

k∈Z

dk(ν)f̂(ν − k/a), (8.25)

with absolute convergence for a.e. ν ∈ R.

Proof. We ask the reader (Exercise 8.6) to verify that the series defining
dk(ν) is convergent for a.e. ν ∈ R and that

∑

k∈Z

|dk(ν)|2 ≤ (aB)2, a.e. ν ∈ R. (8.26)

For any f ∈ L2(R), Lemma 8.1.4, shows that
∑

k∈Z

|f̂(ν − k/a)|2 < ∞, a.e. ν ∈ R;

via Cauchy–Schwarz’ inequality, this implies that the series on the right-
hand side of (8.25) is absolutely convergent for a.e. γ ∈ R. In order to show
that it represents the frame operator S in the Fourier-domain, we first note
that for f, h ∈ L2(R),

〈Sf, h〉 = 〈
∑

m,n∈Z

〈f, gnm〉gnm, h〉 =
∑

m,n∈Z

〈f, gnm〉〈gnm, h〉.

By Lemma 8.1.2, the function

ρ(f, h)(x) :=
∑

m,n∈Z

〈Txf, gnm〉〈gnm, Txh〉

is continuous and has period a; its Fourier series is

ρ(f, h)(x) =
∑

k∈Z

cke2πikx/a,

where

ck =
1
a

∫ ∞

−∞
f̂(ν)ĥ(ν + k/a)

∑

m∈Z

ĝm(ν)ĝm(ν + k/a) dν

=
1
a

∫ ∞

−∞
f̂(ν)ĥ(ν + k/a)dk(ν + k/a) dν, k ∈ Z.
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Note that ρ(f, h)(0) = 〈Sf, h〉. We will use the Fourier expansion of ρ(f, h)
to calculate 〈Sf, h〉 for functions h ∈ D, see (8.14). In order to do so, we
first need to show that the Fourier expansion for ρ(f, h) holds pointwise;
according to Theorem 3.5.1, this is the case if we can show that the sequence
of Fourier coefficients belongs to �1(Z). Now,

∑

k∈Z

|ck| =
1
a

∑

k∈Z

∣
∣
∣
∣

∫ ∞

−∞
f̂(ν)ĥ(ν + k/a)dk(ν + k/a) dν

∣
∣
∣
∣

≤ 1
a

∑

k∈Z

∫ ∞

−∞
|f̂(ν)| |ĥ(ν + k/a)| |dk(ν + k/a)| dν

=
1
a

∫ ∞

−∞

∑

k∈Z

|f̂(ν − k/a)| |ĥ(ν)| |dk(ν)| dν.

Using Cauchy–Schwarz’ inequality on the sum leads to

∑

k∈Z

|ck| ≤ 1
a

∫ ∞

−∞

(
∑

k∈Z

|dk(ν)|2
)1/2(

∑

k∈Z

|f̂(ν − k/a)|2
)1/2

|ĥ(ν)| dν

≤ B

∫ ∞

−∞

(
∑

k∈Z

|f̂(ν − k/a)|2
)1/2

|ĥ(ν)| dν.

Applying Cauchy–Schwarz’ inequality on the integral now shows that

∑

k∈Z

|ck| ≤ B

(∫

supp ĥ

∑

k∈Z

|f̂(ν − k/a)|2dν

)1/2(∫

supp ĥ

|ĥ(ν)|2dν

)1/2

≤ B ||h||2
(∫

supp ĥ

∑

k∈Z

|f̂(ν − k/a)|2dν

)1/2

.

The compact set supp ĥ can be covered by a finite number of intervals
of length 1/a, so Lemma 8.1.4 implies that {ck}k∈Z ∈ �1(Z). Thus, we
conclude that the Fourier series for ρ(f, h) is absolutely convergent for all
x ∈ R. In particular,

〈Sf, h〉 = ρ(f, h)(0) =
∑

k∈Z

ck

=
1
a

∑

k∈Z

∫ ∞

−∞
f̂(ν)ĥ(ν + k/a)dk(ν + k/a) dν

=
1
a

∑

k∈Z

∫ ∞

−∞
dk(ν)f̂(ν − k/a)ĥ(ν) dν

= 〈1
a

∑

k∈Z

dk(·)f̂(· − k/a), ĥ(·)〉.
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Since 〈Sf, h〉 = 〈Ŝf , ĥ〉, we conclude that

〈1
a

∑

k∈Z

dk(·)f̂(· − k/a), ĥ(·)〉 = 〈Ŝf , ĥ〉.

This holds for all h ∈ D; thus,

Ŝf =
1
a

∑

k∈Z

dk(·)f̂(· − k/a),

as desired. �

8.3 Exercises

8.1 Show that the function ρ(f, f) in (8.4) has period a.

8.2 In this exercise, we ask the reader to provide some details in the
proof of Lemma 8.1.2.

(i) Verify that the function ρ(e, f) has period a.

(ii) Justify the calculations leading to (8.11).

(iii) Prove that the series in (8.12) is convergent.

(iv) Provide the density argument at the end of the proof.

8.3 Prove Lemma 8.1.4.

8.4 Complete the proof of Lemma 8.1.5 by showing that the infinite
series in (8.15) converges absolutely for a.e. ν ∈ R and that the
resulting function has the Fourier expansion stated in (8.16).
(Hint: use the periodicity of the function in (8.15) followed by an
application of Fourier’s inversion theorem.)

8.5 Complete the proof of Theorem 8.1.7(i) by showing that there is a
null set N such that (8.23) holds for all ν ∈ R \ N and all
{ck}k∈Z ∈ �2(Z).

8.6 Prove that the series defining dk(ν) in Theorem 8.2.1 converges for
a.e. ν ∈ R, and that (8.26) holds. (Hint: use Lemma 8.1.1.)



9
Gabor Frames in L2(R)

The mathematical theory for Gabor analysis in L2(R) is based on two
classes of operators on L2(R), namely

Translation by a ∈ R, Ta : L2(R) → L2(R), (Taf)(x) = f(x − a),
Modulation by b ∈ R, Eb : L2(R) → L2(R), (Ebf)(x) = e2πibxf(x).

Gabor analysis aims at representing functions f ∈ L2(R) as superpositions
of translated and modulated versions of a fixed function g ∈ L2(R). There
are two ways one can think about this. The first is to restrict the translation
and modulation parameters to a lattice {(na,mb)}m,n∈Z ⊂ R

2 and ask for
series expansions of f in terms of the functions

{e2πimbxg(x − na)}m,n∈Z. (9.1)

This naturally fits into the discrete frame theory, which has been our main
concern so far. The second approach is to ask for integral representations
involving all possible translations and modulations, i.e., representations like

f(x) =
∫ ∞

−∞

∫ ∞

−∞
cf (a, b)e2πibxg(x − a) dbda; (9.2)

here we have to search for a function cf of two variables making this true, ei-
ther pointwise, or in some weak sense. Formulated this way, the continuous
frames discussed in Section 5.8 become a natural tool.

Concerning the first approach, the natural question is how we can choose
g ∈ L2(R) and the parameters a, b > 0 such that the functions in (9.1)
constitute a frame for L2(R). We actually saw the first example of such

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3
c© Springer Science+Business Media, LLC 2008
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a frame in Example 3.5.3, where we proved that {EmTnχ0,1]}m,n∈Z is an
orthonormal basis for L2(R).

The basic idea goes back to Gabor, who considered a sequence of func-
tions of the form {EmbTnag}m,n∈Z, where ab = 1 and g is the Gaussian,
g(x) = e−x2/2. The mathematical analysis of Gabor systems was initi-
ated by Janssen in a series of papers around 1980. Gabor analysis took
an entirely new direction with the fundamental paper [27] by Daubechies,
Grossmann, and Meyer from 1986. Here one finds for the first time the idea
of combining Gabor analysis with frame theory. The authors constructed
tight frames for L2(R) having the form {EmbTnag}m,n∈Z at hand, and this
contribution was the beginning of an intense activity that is still ongoing.

We begin in Section 9.1 by introducing Gabor frames in L2(R) and some
of their fundamental properties. In Section 9.2, we characterize tight Gabor
frames. In Section 9.3, we prove that the canonical dual frame of a Gabor
frame again has Gabor structure. We discuss some of the properties of the
canonical dual frame and how other duals can be found. These results are
applied in Section 9.4, where explicitly given pairs of dual frames with com-
pactly supported generators are constructed. Section 9.5 introduces some
Banach spaces and technical conditions that appear in Gabor analysis, and
Section 9.6 presents various representations of the Gabor frame operator.
The Zak transform and its connections to Gabor systems are discussed in
Section 9.7. Section 9.8 deals with a very important aspect in applications
of Gabor systems, namely, how time–frequency localization of a signal af-
fects its representation via a Gabor frame. Finally, we consider continuous
representations in Section 9.9.

The commutator relations (2.23) show that modulation in the time do-
main corresponds to translation in the Fourier domain; for this reason, the
functions EbTag are called time–frequency shifts of g. For more information
about the role of Gabor frames in time–frequency analysis, we refer to the
book [37] by Gröchenig. For a broader perspective on Gabor frames and
their use in many different fields, the reader should consult the two books
[32], [33] edited by Feichtinger and Strohmer, which contain surveys and
research articles covering several aspects.

9.1 Basic Gabor frame theory

A collection of functions on the form {EmbTnag}m,n∈Z is called a Gabor
system. Explicitly, these functions have the form

EmbTnag(x) = e2πimbxg(x − na).

We will consider frames of that particular form:
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Definition 9.1.1 A Gabor frame is a frame for L2(R) of the form
{EmbTnag}m,n∈Z, where a, b > 0 are given and g ∈ L2(R) is a fixed
function.

Frames of this type are also called Weyl–Heisenberg frames. The function g
is called the window function or the generator. Note the convention, which
is implicit in our definition: when speaking about a Gabor frame, it is
understood that it is a frame for all of L2(R), i.e., we will not deal with
frames for subspaces in the current chapter.

The Gabor system {EmbTnag}m,n∈Z only involves translates with param-
eters na, n ∈ Z and modulations with parameters mb, m ∈ Z. The points
{(na,mb)}m,n∈Z form a lattice in R

2, and for this reason one frequently
calls {EmbTnag}m,n∈Z a regular Gabor system.

We begin with a proposition that gives a necessary condition for
{EmbTnag}m,n∈Z to be a frame for L2(R). It depends on the interplay
between the function g and the translation parameter a and is expressed
in terms of the function

G(x) :=
∑

n∈Z

|g(x − na)|2, x ∈ R. (9.3)

Proposition 9.1.2 Let g ∈ L2(R) and a, b > 0 be given, and assume that
{EmbTnag}m,n∈Z is a frame with bounds A,B. Then

bA ≤
∑

n∈Z

|g(x − na)|2 ≤ bB, a.e. x ∈ R. (9.4)

More precisely: if the upper bound in (9.4) is violated, then {EmbTnag}m,n∈Z

is not a Bessel sequence; if the lower bound is violated, then {EmbTnag}m,n∈Z

does not satisfy the lower frame condition.

Proof. The proof is by contradiction. Assume that the upper condition in
(9.4) is violated. Then there exists a measurable set Δ ⊆ R with positive
measure such that G(x) =

∑
n∈Z |g(x − na)|2 > bB on Δ. We can assume

that Δ is contained in an interval of length 1
b . Letting

Δ0 := {x ∈ Δ | G(x) ≥ 1 + bB},

Δk := {x ∈ Δ | 1
k + 1

+ bB ≤ G(x) <
1
k

+ bB}, k ∈ N,

we obtain a partition of Δ into disjoint measurable sets. At least one of
them, say, Δk′ , has positive measure. Now consider the function f = χΔk′ ,
and note that ||f ||2 = |Δk′ |. For n ∈ Z, the function f Tnag has support in
Δk′ ; since Δk′ is contained in an interval of length 1/b and the functions
{
√

bEmb}m∈Z = {
√

be2πimbx}m∈Z constitute an orthonormal basis for L2(I)
for every interval I of length 1/b, we have
∑

m∈Z

|〈f,EmbTnag〉|2 =
∑

m∈Z

|〈fTnag,Emb〉|2 =
1
b

∫ ∞

−∞
|f(x)|2 |g(x−na)|2 dx.
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Thus, for our particular choice of f ,
∑

m,n∈Z

|〈f,EmbTnag〉|2 =
1
b

∑

n∈Z

∫ ∞

−∞
|f(x)|2 |g(x − na)|2 dx

=
1
b

∫

Δk′

G(x) dx

≥ 1
b

(
1

k′ + 1
+ bB

)

||f ||2

=
(

B +
1

b(k′ + 1)

)

||f ||2.

But then B cannot be an upper frame bound for {EmbTnag}m,n∈Z. A sim-
ilar proof shows that if the lower condition in (9.4) is violated, then A
cannot be a lower frame bound for {EmbTnag}m,n∈Z. �

Proposition 9.1.2 implies that a function g generating a Gabor frame
{EmbTnag}m,n∈Z necessarily is bounded. Note also that Proposition 9.1.2
gives a relationship between the frame bounds and the lower and upper
bounds for the function G in (9.3). In Corollary 9.1.7, we will see that
under certain circumstances, the necessary condition (9.4) is also sufficient
for {EmbTnag}m,n∈Z to be a frame for L2(R).

Proposition 9.1.2 also implies that the function G is constant if
{EmbTnag}m,n∈Z is a tight frame. An extension of this observation actually
leads to a characterization of tight frames, see Theorem 9.2.1.

We now discuss various conditions for {EmbTnag}m,n∈Z to be a frame
for L2(R). We begin with two lemmas, which will be needed repeatedly.

Lemma 9.1.3 Let f, g ∈ L2(R) and a, b > 0 be given. Then, for any n ∈ N

the following hold:

(i) The series
∑

k∈Z

f(x − k/b)g(x − na − k/b), x ∈ R, (9.5)

converges absolutely for a.e. x ∈ R.

(ii) The mapping x �→
∑

k∈Z |f(x − k/b)g(x − na − k/b)| belongs to
L1(0, 1/b).

(iii) The 1/b-periodic function Fn ∈ L1(0, 1/b) defined by

Fn(x) =
∑

k∈Z

f(x − k/b)g(x − na − k/b) (9.6)

has the Fourier coefficients

cm = b 〈f,EmbTnag〉, m ∈ Z.
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Proof. Since f, Tnag ∈ L2(R), we have fTnag ∈ L1(R) for all n ∈ Z. Thus
∫ 1/b

0

∑

n∈Z

|f(x − k/b)g(x − na − k/b)| dx =
∫ ∞

−∞

∣
∣
∣f(x)g(x − na)

∣
∣
∣ dx

< ∞.

This proves (ii), and also implies that
∑

n∈Z |f(x − k/b)g(x − na − k/b)|
converges for a.e. x ∈ [0, 1/b]; for reasons of periodicity, it therefore con-
verges for a.e. x ∈ R. As a consequence, the series in (9.5) converges for
a.e. x ∈ R and defines a function with period 1/b. For part (iii) concerning
the Fourier coefficients for Fn, note that

〈f,EmbTnag〉 =
∫ ∞

−∞
f(x)g(x − na)e−2πimbx dx

=
∑

k∈Z

∫ 1/b

0

f(x − k/b)g(x − na − k/b)e−2πimbx dx

=
∫ 1/b

0

(
∑

k∈Z

f(x − k/b)g(x − na − k/b)

)

e−2πimbx dx.

We leave it to the reader to justify the manipulations. �

If we want to check that a Gabor system {EmbTnag}m,n∈Z forms
a frame by hand, we need to be able to estimate the expression∑

m,n∈Z |〈f,EmbTnag〉|2 for all functions f belonging to L2(R) (or at least
a dense subset hereof). Under certain conditions on the functions f and g,
we can find an explicit expression for this infinite sum:

Lemma 9.1.4 Suppose that f is a bounded measurable function with
compact support and that the function G defined by (9.3) is bounded. Then

∑

m,n∈Z

|〈f,EmbTnag〉|2

=
1
b

∫ ∞

−∞
|f(x)|2

∑

n∈Z

|g(x − na)|2 dx

+
1
b

∑

k �=0

∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx.

Proof. Let n ∈ Z, and consider the 1
b -periodic function Fn defined in

(9.6). We have already given a general argument for Fn being well defined
pointwise almost everywhere, but our present assumptions give more; in
fact, for a given x ∈ R, the compact support of f implies that f(x − k/b)
only can be non-zero for finitely many k-values. The number of k-values
for which f(x − k/b) �= 0 is uniformly bounded, i.e., there is a constant C
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such that at most C k-values appear, independently of the chosen x. It
follows that Fn is bounded, so Fn ∈ L1(0, 1/b) ∩ L2(0, 1/b); in fact, even

[

x �→
∑

k∈Z

∣
∣
∣f(x − k/b)g(x − na − k/b)

∣
∣
∣

]

∈ L1(0, 1/b) ∩ L2(0, 1/b).

By Lemma 9.1.3, for all m,n ∈ Z,

〈f,EmbTnag〉 =
∫ 1/b

0

Fn(x)e−2πimbx dx. (9.7)

Parseval’s theorem, see (3.24), gives that

∑

m∈Z

∣
∣
∣
∣
∣

∫ 1/b

0

Fn(x)e−2πimbx dx

∣
∣
∣
∣
∣

2

=
1
b

∫ 1/b

0

|Fn(x)|2 dx. (9.8)

The assumption on f being a bounded measurable function with compact
support will justify all interchanges of integration and summation in the
final calculation. This follows from the observation that

∑

k∈Z

∫ ∞

−∞
|f(x)f(x − k/b)|

∑

n∈Z

|g(x − na)g(x − na − k/b)| dx < ∞. (9.9)

The verification of (9.9) and the proof that this is exactly what we need is
left to the reader (Exercise 9.2). Now, via (9.7) and (9.8),

∑

n∈Z

∑

m∈Z

|〈f,EmbTnag〉|2 =
∑

n∈Z

∑

m∈Z

∣
∣
∣
∣
∣

∫ 1/b

0

Fn(x)e−2πimbx dx

∣
∣
∣
∣
∣

2

=
1
b

∑

n∈Z

∫ 1/b

0

|Fn(x)|2 dx.

Writing

|Fn(x)|2 = Fn(x)Fn(x) =
∑

�∈Z

f(x − �/b)g(x − na − �/b)Fn(x),
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and using that Fn is 1/b-periodic, Lemma 7.1.3 finally implies that
∑

n∈Z

∑

m∈Z

|〈f,EmbTnag〉|2

=
1
b

∑

n∈Z

∫ 1/b

0

∑

�∈Z

f(x − �/b)g(x − na − �/b)Fn(x) dx

=
1
b

∑

n∈Z

∫ ∞

−∞
f(x)g(x − na)Fn(x) dx

=
1
b

∑

n∈Z

∫ ∞

−∞
f(x)g(x − na)

∑

k∈Z

f(x − k/b)g(x − na − k/b) dx (9.10)

=
1
b

∫ ∞

−∞
|f(x)|2

∑

n∈Z

|g(x − na)|2 dx

+
1
b

∑

k �=0

∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx. �

Lemma 9.1.4 has several important consequences. For example, it leads
to a sufficient condition for {EmbTnag}m,n∈Z to form a frame:
Theorem 9.1.5 Let g ∈ L2(R), a, b > 0 and suppose that

B :=
1
b

sup
x∈[0,a]

∑

k∈Z

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)g(x − na − k/b)

∣
∣
∣
∣
∣
< ∞. (9.11)

Then {EmbTnag}m,n∈Z is a Bessel sequence with bound B. If also

A := (9.12)

1
b

inf
x∈[0,a]

⎡

⎣
∑

n∈Z

|g(x − na)|2 −
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)g(x − na − k/b)

∣
∣
∣
∣
∣

⎤

⎦ > 0,

then {EmbTnag}m,n∈Z is a frame for L2(R) with bounds A,B.

Proof. Consider a function f ∈ L2(R) that is continuous and has compact
support. By Lemma 9.1.4,

∑

m,n∈Z

|〈f,EmbTnag〉|2 (9.13)

=
1
b

∫ ∞

−∞
|f(x)|2

∑

n∈Z

|g(x − na)|2dx (9.14)

+
1
b

∑

k �=0

∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx. (9.15)
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We want to estimate (9.15). For k ∈ Z, let

Hk(x) :=
∑

n∈Z

Tnag(x)Tna+k/bg(x); (9.16)

we observe that Hk is well defined a.e. by Lemma 9.1.3. Now,

∑

k �=0

|T−k/bHk(x)| =
∑

k �=0

∣
∣
∣
∣
∣
T−k/b

∑

n∈Z

Tnag(x)Tna+k/bg(x)

∣
∣
∣
∣
∣

=
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

Tna−k/bg(x)Tnag(x)

∣
∣
∣
∣
∣
.

Replacing k with −k (which is allowed because we sum over all k �= 0) and
complex conjugating all terms, we arrive at

∑

k �=0

|T−k/bHk(x)| =
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

Tna+k/bg(x)Tnag(x)

∣
∣
∣
∣
∣

=
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

Tna+k/bg(x)Tnag(x)

∣
∣
∣
∣
∣

=
∑

k �=0

|Hk(x)| .

Now,

∣
∣
∣
∣
∣
∣

∑

k �=0

∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx

∣
∣
∣
∣
∣
∣

≤
∑

k �=0

∫ ∞

−∞
|f(x)| |Tk/bf(x)| |Hk(x)| dx

=
∑

k �=0

∫ ∞

−∞
|f(x)|

√
|Hk(x)| |Tk/bf(x)|

√
|Hk(x)| dx

= (∗).
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Using Cauchy–Schwarz’ inequality twice, first on the integral, and then on
the sum over k �= 0,

(∗) ≤
∑

k �=0

(∫ ∞

−∞
|f(x)|2|Hk(x)| dx

)1/2(∫ ∞

−∞
|Tk/bf(x)|2|Hk(x)| dx

)1/2

≤

⎛

⎝
∑

k �=0

∫ ∞

−∞
|f(x)|2|Hk(x)| dx

⎞

⎠

1/2

×

⎛

⎝
∑

k �=0

∫ ∞

−∞
|Tk/bf(x)|2|Hk(x)| dx

⎞

⎠

1/2

=

⎛

⎝
∫ ∞

−∞
|f(x)|2

∑

k �=0

|Hk(x)| dx

⎞

⎠

1/2

×

⎛

⎝
∫ ∞

−∞
|f(x)|2

∑

k �=0

|T−k/bHk(x)| dx

⎞

⎠

1/2

=
∫ ∞

−∞
|f(x)|2

∑

k �=0

|Hk(x)| dx.

Note that the expression

∑

k �=0

|Hk(x)| =
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

Tnag(x)Tna+k/bg(x)

∣
∣
∣
∣
∣

defines a periodic function with period a. By (9.13) and the condition
(9.11), we now have

∑

m,n∈Z

|〈f,EmbTnag〉|2

≤ 1
b

∫ ∞

−∞

(
|f(x)|2

×

⎡

⎣
∑

n∈Z

|g(x − na)|2 +
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)g(x − na − k/b)

∣
∣
∣
∣
∣

⎤

⎦

⎞

⎠ dx

=
1
b

∫ ∞

−∞
|f(x)|2

∑

k∈Z

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)g(x − na − k/b)

∣
∣
∣
∣
∣
dx

≤ B ||f ||2.
Because this estimate holds on a dense subset of L2(R), it holds on L2(R)
by Lemma 3.1.6. This proves the first part. If also (9.12) is satisfied, we
again consider a continuous function f with compact support and obtain
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that
∑

m,n∈Z

|〈f,EmbTnag〉|2

≥ 1
b

∫ ∞

−∞
|f(x)|2

×

⎡

⎣
∑

n∈Z

|g(x − na)|2 −
∑

k �=0

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)g(x − na − k/b)

∣
∣
∣
∣
∣

⎤

⎦ dx

≥ A ||f ||2.
By Lemma 5.1.2 the lower frame condition actually holds for all f ∈ L2(R).
This completes the proof. �

We note that more general versions of Theorem 9.1.5 and Lemma 9.1.4
hold. In fact, the proof of Lemma 9.1.4 did not use that we were summing
over all n ∈ Z: for all index sets I ⊆ Z, the assumptions imply that

∑

n∈I

∑

m∈Z

|〈f,EmbTnag〉|2

=
1
b

∑

n∈I

∫ ∞

−∞
f(x)g(x − na)

∑

k∈Z

f(x − k/b)g(x − na − k/b) dx. (9.17)

This, in turn, lead to a more general version of Theorem 9.1.5.
The condition (9.11) is sometimes called condition (CC). It leads to

an easy sufficient condition for {EmbTnag}m,n∈Z to be a Bessel sequence
(Exercise 9.5):

Corollary 9.1.6 Let g ∈ L2(R) be bounded and compactly supported. Then
{EmbTnag}m,n∈Z is a Bessel sequence for any choice of a, b > 0.

The condition that the function g is bounded and compactly supported
is not sufficient for {EmbTnag}m,n∈Z to be a frame: in fact, as shown in
Proposition 9.1.2, the associated function G in (9.3) needs to be bounded
below and above (see Exercise 9.6). On the other hand, for a function g
with compact support, the condition that the function G is bounded below
and above for some a > 0 is enough for {EmbTnag}m,n∈Z to be a frame
for sufficiently small values of b. We also obtain expressions for the frame
operator and its inverse in this case:

Corollary 9.1.7 Let a, b > 0 be given. Suppose that g ∈ L2(R) has support
in an interval of length 1

b and that the function G satisfies (9.4) for some
A,B > 0. Then {EmbTnag}m,n∈Z is a frame for L2(R) with bounds A,B.
The frame operator S and its inverse S−1 are given by

Sf =
G

b
f, S−1f =

b

G
f, f ∈ L2(R).
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Proof. That {EmbTnag}m,n∈Z is a frame follows directly from Lemma
9.1.4 or Theorem 9.1.5 because

∑

n∈Z

g(x − na)g(x − na − k/b) = 0 for all k �= 0.

Given a continuous function f with compact support, Lemma 9.1.4
implies that

〈Sf, f〉 =
∑

m,n∈Z

|〈f,EmbTnag〉|2

=
1
b

∫ ∞

−∞
|f(x)|2G(x) dx

= 〈G
b

f, f〉.

By continuity of S, this expression even holds for all f ∈ L2(R). Via Lemma
2.4.3, it follows that S acts by multiplication with the function G

b . �

For a continuous function g, we can be even more explicit. We leave the
proof of the following result to the reader (Exercise 9.7).

Corollary 9.1.8 Suppose that g ∈ L2(R) is a continuous function with
support on an interval I with length |I| and that g(x) > 0 on the interior
of I. Then {EmbTnag}m,n∈Z is a frame for all (a, b) ∈]0, |I|[×]0, 1

|I| ].

In particular, this result applies to the B-splines and introduced in Chap-
ter 6. In order to avoid a conflict with our notation for a Gabor system, we
will denote the splines by B� and N�, � ∈ N, instead of Bn and Nn.

Corollary 9.1.9 For � ∈ N, the B-splines B� and N� generate Gabor
frames for all (a, b) ∈]0, �[×]0, 1/�].

One might wonder whether the Gabor system {EmbTnaB�}m,n∈Z is a
frame for (a, b) /∈]0, �[×]0, 1/�]. The behavior of this Gabor system is actu-
ally quite strange, and a complete answer is not known. For the B-spline
B2, it is proved in [39] that if b ∈ N \ {1}, this system cannot form a frame
for any a > 0; see also Exercise 9.6.

For a given function g ∈ L2(R), it is usually difficult to find the exact
range of parameters a, b > 0 for which {EmbTnag}m,n∈Z is a frame. The
next examples illustrate this.

Example 9.1.10 For the Gaussian g(x) = e−x2
, it is known that the

Gabor system {EmbTnag}m,n∈Z is a frame if and only if ab < 1; this was
proved in 1991 by Lyubarski and independently by Seip and Wallsten. The
proof is complicated and requires a deep knowledge of complex analysis. �
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Example 9.1.11 Let us now consider characteristic functions,

g := χ[0,c[, c > 0.

It turns out to be surprisingly complicated to find the exact range of c > 0
and parameters a, b > 0 for which {EmbTnag}m,n∈Z is a frame. A complete
answer has not been obtained yet. Via a scaling (see Proposition 9.1.14
below), we can assume that b = 1. A detailed analysis performed by Janssen
[49] shows that

(i) {EmTnag}m,n∈Z is not a frame if c < a or a > 1.

(ii) {EmTnag}m,n∈Z is a frame if 1 ≥ c ≥ a.

(iii) {EmTnag}m,n∈Z is not a frame if a = 1 and c > 1.

Assuming now that a < 1, c > 1, we further have

(iv) {EmTnag}m,n∈Z is a frame if a /∈ Q and c ∈]1, 2[.

(v) {EmTnag}m,n∈Z is not a frame if a = p/q ∈ Q, gcd(p, q) = 1, and
2 − 1

q < c < 2.

(vi) {EmTnag}m,n∈Z is not a frame if a > 3
4 and c = L − 1 + L(1 − a)

with L ∈ N, L ≥ 3.

The graphical illustration of this result is known as Janssen’s tie. The ex-
ample indicates how complicated it is to find the exact range of parameters
a, b that generate a frame for a given function g. �

The results discussed so far concentrate on the interplay between the
function g and the parameters a, b. The next result is of a different type.
It shows that, regardless of the choice of generator g ∈ L2(R), the choice
of the parameters a and b puts certain restrictions on the possible frame
properties for {EmbTnag}m,n∈Z:

Theorem 9.1.12 Let g ∈ L2(R) and a, b > 0 be given. Then the following
holds:

(i) If ab > 1, then {EmbTnag}m,n∈Z can not be a frame for L2(R).

(ii) If {EmbTnag}m,n∈Z is a frame, then

ab = 1 ⇔ {EmbTnag}m,n∈Z is a Riesz basis. (9.18)

Proof. Recall from the general frame theory that we to any frame {fk}∞k=1

can associate a canonical tight frame, see Theorem 5.3.4. Now, assume that
{EmbTnag}m,n∈Z is a frame, and denote the frame operator by S. We will
use that the canonical tight frame associated with {EmbTnag}m,n∈Z can be
rewritten as

{S−1/2EmbTnag}m,n∈Z = {EmbTnaS−1/2g}m,n∈Z, (9.19)
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a result that we prove in Theorem 9.3.2.
We first derive an equation, which will play a crucial role in the proof.

Proposition 9.1.2 applied to the function S−1/2g implies that
∑

n∈Z

|S−1/2g(x − na)|2 = b for a.e. x ∈ R. (9.20)

Since

||S−1/2g||2 =
∫ ∞

−∞
|S−1/2g(x)|2dx =

∫ a

0

∑

n∈Z

|S−1/2g(x − na)|2dx,

we conclude that

||S−1/2g||2 = ab. (9.21)

Note that (9.21) is a general result: we only used that {EmbTnag}m,n∈Z is
a frame in the proof.

In order to prove (i), we will show that ab ≤ 1 for the arbitrary given
frame {EmbTnag}m,n∈Z. Now, since {EmbTnaS−1/2g}m,n∈Z is a tight frame
with frame bounds equal to 1, Exercise 3.1 implies that ||S−1/2g|| ≤ 1.
Combining with the equation (9.21), we obtain that ab ≤ 1 as desired.

For the proof of (ii), assume first that {EmbTnag}m,n∈Z is a Riesz ba-
sis. Then by definition {S−1/2EmbTnag}m,n∈Z is also a Riesz basis, i.e.,
{EmbTnaS−1/2g}m,n∈Z is a Riesz basis. By construction, this family is also
a tight frame with frame bound 1, so the Riesz bounds are A = B = 1; in
particular this implies by Theorem 3.3.7 that ||S−1/2g|| = 1. Again via the
equation (9.21), we conclude that ab = 1 as desired.

For the other implication in (ii) we now assume that ab = 1. Then, via
(9.21),

||S−1/2g||2 = ab = 1,

and therefore ||EmbTnaS−1/2g|| = 1 for all m,n ∈ Z. Using Exercise 3.1, we
conclude that {EmbTnaS−1/2g}m,n∈Z is an orthonormal basis for H, and
therefore the family

{EmbTnag}m,n∈Z = {S1/2EmbTnaS−1/2g}m,n∈Z

is a Riesz basis by definition. �

Differently formulated, Theorem 9.1.12 says that {EmbTnag}m,n∈Z can
only be a frame if ab ≤ 1; and if {EmbTnag}m,n∈Z is a frame and ab < 1,
then the frame is overcomplete.

Example 9.1.13 The following examples relate to the conditions in
Theorem 9.1.12.

(i) The assumptions ab ≤ 1 and g �= 0 are not sufficient for {EmbTnag}m,n∈Z

to be a frame. For example, if a ∈]1/2, 1[, the functions {EmTnaχ[0, 1
2 ]}m,n∈Z

are not complete in L2(R) and cannot form a frame.
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(ii) The assumption that {EmbTnag}m,n∈Z is a frame is necessary for the
equivalence in (9.18) to hold. For example, as noted already in Example
9.1.10, the Gaussian g(x) = e−x2

does not generate a frame if a = b = 1. �

In many cases, it is convenient to assume that either the translation
parameter or the modulation parameter in a Gabor frame is equal to 1.
Given an arbitrary Gabor frame {EmbTnag}m,n∈Z, this can be obtained by
a scaling of g, i.e., by replacing g with a function of the type

Dcg(x) =
1

c1/2
g(x/c)

for some c > 0.

Proposition 9.1.14 Let g ∈ L2(R) and a, b, c > 0 be given, and assume
that {EmbTnag}m,n∈Z is a Gabor frame. Then, with gc := Dcg, the Ga-
bor family {Emb/cTnacgc}m,n∈Z is a frame with the same frame bounds as
{EmbTnag}m,n∈Z.

Proof. Operators of the type Dc are studied in Section 2.9, and they are
unitary. By Lemma 5.3.3, it follows that {DcEmbTnag}m,n∈Z is a frame
with the same frame bounds as {EmbTnag}m,n∈Z. Using the commutator
relations in Section 2.9, we see that

DcEmbTna = Emb/cDcTna = Emb/cTnacDc,

and the proposition follows. �

In the rest of this section we present some of the more advanced results
that are central in Gabor analysis. In order to do so, we first notice that
there is a close connection between Gabor systems and the shift-invariant
systems considered in Chapter 8. In fact,

TnaEmbg(x) = e−2πimnabe2πimbxg(x − na) = e−2πimnabEmbTnag(x); (9.22)

thus, the functions in the shift-invariant system {TnaEmbg}m,n∈Z only dif-
fer from the functions in the Gabor system {EmbTnag}m,n∈Z by some
complex factors of absolute value one. This implies that the systems
{TnaEmbg}m,n∈Z and {EmbTnag}m,n∈Z have the same frame properties.

We now present a characterization of Gabor frames, which follows im-
mediately from our discussion of shift-invariant systems in Chapter 8. As
for the shift-invariant case, the characterization is formulated in terms of a
matrix inequality, which should be interpreted as explained in (8.18). Given
a function g ∈ L2(R) and two numbers a, b > 0, consider the matrix-valued
function

M(x) := (g(x − na − m/b))m,n∈Z , x ∈ R. (9.23)
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Theorem 9.1.15 Let A,B > 0 and the Gabor system {EmbTnag}m,n∈Z be
given. Then the following holds:

(i) {EmbTnag}m,n∈Z is a Bessel sequence with bound B if and only if
M(x) for a.e. x ∈ R defines a bounded operator on �2(Z) with norm
at most

√
bB.

(ii) Assuming that {EmbTnag}m,n∈Z is a Bessel sequence, it is a frame
for L2(R) with lower frame bound A if and only if

bAI ≤ M(x)M(x)∗ a.e. x ∈ R, (9.24)

where I is the identity operator on �2(Z).

Proof. We derive the result from Theorem 8.1.7. First we note that
the Fourier transform F is unitary; thus, Lemma 5.3.3 shows that
{EmbTnag}m,n∈Z is a frame if and only if {F−1EmbTnag}m,n∈Z is a frame.
The commutator relations (2.23) imply that

F−1EmbTnag = T−mbEnaF−1g,

which is a shift-invariant system based on the translation parameter b and
the functions EnaF−1g, n ∈ Z. Consider the matrix H in (8.13) corre-
sponding to this system; denoting the variable by x rather than ν, the
k, n-th entry is

FEnaF−1g(x − k/b) = Tnag(x − k/b) = g(x − na − k/b).

That is, H(x) equals the matrix M(x) in (9.23), and the result follows from
Theorem 8.1.6 and Theorem 8.1.7. �

Finally, we now state one of the most fundamental and important results
in Gabor analysis. It is known as the duality principle and was discov-
ered almost simultaneously by three groups of researchers: Janssen [47],
Daubechies, Landau, and Landau [29], and Ron and Shen [54]. The duality
principle concerns the relationship between frame properties for a function
g with respect to the lattice {(na,mb)}m,nZ and with respect to the so-
called dual lattice {(n/b,m/a)}m,nZ. A unified treatment of duality results
is given by Gröchenig in [37].

Theorem 9.1.16 Let g ∈ L2(R) and a, b > 0 be given. Then the Gabor
system {EmbTnag}m,n∈Z is a frame for L2(R) with bounds A,B if and only
if {Em/aTn/bg}m,n∈Z is a Riesz sequence with bounds abA, abB.

The importance of Theorem 9.1.16 lies in the fact that it often is easier to
prove that {Em/aTn/bg}m,n∈Z is a Riesz sequence than to prove directly
that {EmbTnag}m,n∈Z is a frame.
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9.2 Tight Gabor frames

In applications of frames, it is inconvenient that the frame decomposition,
stated in Theorem 5.1.7, requires inversion of the frame operator. As we
have seen in the discussion of general frame theory, one way of avoiding
the problem is to consider tight frames. We will now characterize tight
Gabor frames; the result follows from the characterization in Theorem 8.1.7
of shift-invariant systems generating tight frames (Exercise 9.8), but we
include a direct proof.

Theorem 9.2.1 Let g ∈ L2(R) and a, b > 0 be given. Then the following
are equivalent:

(i) {EmbTnag}m,n∈Z is a tight frame for L2(R) with frame bound A = 1.

(ii) For a.e. x ∈ R the following conditions hold:
(a) G(x) :=

∑
n∈Z |g(x − na)|2 = b;

(b) Gk(x) :=
∑

n∈Z g(x − na)g(x − na − k/b) = 0 for all k �= 0.

Moreover, when the equivalent conditions hold, {EmbTnag}m,n∈Z is an
orthonormal basis for L2(R) if and only if ‖g‖ = 1.

Proof. (i)⇒ (ii): Assume that {EmbTnag}m,n∈Z is a tight frame for L2(R)
with frame bound A = 1. Then Proposition 9.1.2 shows that G(x) = b for
a.e. x ∈ R. Therefore

∑

m,n∈Z

|〈f,EmbTnag〉|2 =
1
b

∫ ∞

−∞
|f(x)|2G(x) dx

for all functions f ∈ L2(R). Using Lemma 9.1.4, we conclude that for all
bounded, compactly supported f ∈ L2(R),

1
b

∑

k �=0

∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx = 0.

A change of variable shows that the contribution in the above sum arising
from any value of k ∈ Z is the complex conjugate of the contribution from
the value −k. Therefore
∞∑

k=1

Re

(∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx

)

= 0. (9.25)

Now fix k0 ≥ 1 and let I be any interval in R of length at most 1/b. Define
a function f ∈ L2(R) by

f(x) =

⎧
⎪⎨

⎪⎩

e−i arg(Gk0 (x)) for x ∈ I,

1 for x ∈ I + k0/b,

0 otherwise.
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Then, by (9.25),

0 =
∞∑

k=1

Re

(∫ ∞

−∞
f(x)f(x − k/b)

∑

n∈Z

g(x − na)g(x − na − k/b) dx

)

= Re
(∫ ∞

−∞
f(x)f(x − k0/b)Gk0(x) dx

)

=
∫

I

|Gk0(x)| dx.

It follows that Gk0(x) = 0 for a.e. x ∈ I. Since I was an arbitrary interval
of length at most 1/b, we conclude that Gk0 = 0. In order to deal with Gk

for k < 0, a direct computation shows that

G−k0(x) = Gk0(x + k0/b) = 0;

this shows that statement (b) in (ii) indeed holds for all k �= 0.
(ii)⇒ (i): The assumptions in (ii) imply, again by Lemma 9.1.4, that for

all bounded, compactly supported functions f ∈ L2(R),
∑

m,n∈Z

|〈f,EmbTnag〉|2 =
1
b

∫ ∞

−∞
|f(x)|2

∑

n∈Z

|g(x − na)|2 dx

= ‖f‖2.

Since the bounded compactly supported functions are dense in L2(R),
Lemma 5.1.2 implies that {EmbTnag}m,n∈Z is a tight frame with frame
bound A = 1, as desired. The final part of the theorem is a consequence of
Exercise 3.1. �

In general, it is not easy to construct functions g such that the conditions
in Theorem 9.2.1(ii) are satisfied for some given a, b > 0. A simplification
occurs if we assume that g has compact support: in that case, the con-
dition (b) in (ii) is automatically satisfied for sufficiently small values of
the parameter b. In particular, we obtain the following very useful suffi-
cient condition for {EmbTnag}m,n∈Z being a tight Gabor frame. We ask
the reader to provide the proof in Exercise 9.9.

Corollary 9.2.2 Let a, b > 0 be given. Assume that ϕ ∈ L2(R) is a real-
valued non-negative function with support in an interval of length 1/b, and
that

∑

n∈Z

ϕ(x + na) = 1, a.e. x ∈ R. (9.26)

Then the function

g(x) :=
√

bϕ(x)

generates a tight Gabor frame {EmbTnag}m,n∈Z with frame bound A = 1.

If (9.26) is satisfied, we say that the functions {Tnaϕ}n∈Z form a partition
of unity. Readers with knowledge of multiresolution analysis will notice
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that the associated scaling function satisfies this condition for a = 1; see,
e.g., [64]. In particular, we can apply the result to B-splines:

Example 9.2.3 For any � ∈ N, the B-spline ϕ = N� defined in (6.1)
satisfies the requirements in Corollary 9.2.2 with a = 1 and any b ∈]0, 1/�].
Thus, for any b ∈]0, 1/�], the function

g(x) =
√

bN�(x)

generates a tight Gabor frame {EmbTng}m,n∈Z with frame bound A = 1.�

We note that the frame generators in Example 9.2.3 are very suitable
for time–frequency analysis: they are given by an explicit formula, have
compact support, and can be chosen with polynomial decay of any de-
sired order in the frequency domain, simply by taking the parameter n
sufficiently large.

9.3 The duals of a Gabor frame

For a Gabor frame {EmbTnag}m,n∈Z with associated frame operator S, the
frame decomposition, see Theorem 5.1.7, shows that

f =
∑

m,n∈Z

〈f, S−1EmbTnag〉EmbTnag, ∀f ∈ L2(R). (9.27)

In order to use the frame decomposition, we need to be able to calculate
the canonical dual frame {S−1EmbTnag}m,n∈Z. This is usually difficult. Via
the following lemma, we will be able to obtain a simplification.

Lemma 9.3.1 Let g ∈ L2(R) and a, b > 0 be given, and assume that
{EmbTnag}m,n∈Z is a Bessel sequence with frame operator S. Then the
following holds:

(i) SEmbTna = EmbTnaS for all m,n ∈ Z.

(ii) If {EmbTnag}m,n∈Z is a frame, then

S−1EmbTna = EmbTnaS−1, ∀m,n ∈ Z.
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Proof. Let f ∈ L2(R), and assume that {EmbTnag}m,n∈Z is a Bessel
sequence. Using the commutator relations (2.19),

SEmbTnaf =
∑

m′,n′∈Z

〈EmbTnaf,Em′bTn′ag〉Em′bTn′ag

=
∑

m′,n′∈Z

〈f, T−naE(m′−m)bTn′ag〉Em′bTn′ag

=
∑

m′,n′∈Z

〈f, e2πina(m′−m)bE(m′−m)bT(n′−n)ag〉Em′bTn′ag.

Performing the change of variables m′ → m′ + m,n′ → n′ + n and using
the commutator relations again,

SEmbTnaf

=
∑

m′,n′∈Z

e−2πinam′b〈f,Em′bTn′ag〉E(m′+m)bT(n′+n)ag

=
∑

m′,n′∈Z

e−2πinam′b〈f,Em′bTn′ag〉e2πinam′bEmbTnaEm′bTn′ag

= EmbTnaSf.

This proves (i). The result in (ii) follows by applying the operator S−1 to
both sides of the equality in (i). �

Lemma 9.3.1 has important consequences for the structure of the
canonical dual frame of a Gabor frame:

Theorem 9.3.2 Let g ∈ L2(R) and a, b > 0 be given, and assume that
{EmbTnag}m,n∈Z is a Gabor frame. Then the following holds:

(i) The canonical dual frame also has the Gabor structure and is given
by {EmbTnaS−1g}m,n∈Z.

(ii) The canonical tight frame associated with {EmbTnag}m,n∈Z is given
by {EmbTnaS−1/2g}m,n∈Z.

Proof. The assumption that {EmbTnag}m,n∈Z is a frame implies that the
frame operator S is invertible, so (i) is consequence of Lemma 9.3.1. Fur-
thermore, Lemma 2.4.4 shows that S−1/2 is a limit of polynomials in S−1

in the strong operator topology; therefore S−1/2 commutes with EmbTna.
Thus, according to the definition, the canonical tight frame associated with
{EmbTnag}m,n∈Z is given by

{S−1/2EmbTnag}m,n∈Z = {EmbTnaS−1/2g}m,n∈Z;

this proves (ii). �
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Via Theorem 9.3.2, the frame decomposition (9.27) associated with a
Gabor frame {EmbTnag}m,n∈Z takes the form

f =
∑

m,n∈Z

〈f,EmbTnaS−1g〉EmbTnag, ∀f ∈ L2(R). (9.28)

In practice, this version of the frame decomposition is much more con-
venient than (9.27): instead of calculating the double infinite family
{S−1EmbTnag}m,n∈Z, it is enough to find S−1g and then apply the mod-
ulation and translation operators. The function S−1g is called the dual
window function or the dual generator.

Bölcskei and Janssen showed in [7] that the canonical dual frame has
many pleasant properties. For example, if {EmbTnag}m,n∈Z is an overcom-
plete frame and the window function g decays exponentially, i.e., there exist
constants C, λ > 0 such that

|g(x)| ≤ Ce−λ|x|, a.e. x ∈ R,

then also S−1g decays exponentially. Still assuming that g generates an
overcomplete frame, it is also proved that exponential decay of ĝ implies
exponential decay of F(S−1g).

The same results hold with S−1g replaced by S−1/2g. In particular,
this leads to the existence of Gabor frames with (theoretically) perfect
properties:

Proposition 9.3.3 Let g ∈ L2(R), and assume that g as well as ĝ decay
exponentially. Let a, b > 0 be given and assume that {EmbTnag}m,n∈Z is a
frame. Then {EmbTnaS−1/2g}m,n∈Z is a tight frame, for which S−1/2g as
well as F(S−1/2g) decay exponentially.

Applying this result to the Gaussian g(x) = e−x2/2 and any a, b > 0 with
ab < 1 leads to a tight Gabor frame {EmbTnaS−1/2g}m,n∈Z with perfect
time–frequency localization. The only shortcoming of this example (and all
the other known constructions obtained via Proposition 9.3.3) is that we
do not have an explicit expression for the window function S−1/2g.

We will now leave the discussion of the canonical dual frame and ex-
amine the question of how general dual frames of a given Gabor frame
{EmbTnag}m,n∈Z can be found; in Section 9.4, we will use the obtained
results to construct pairs of explicitly given Gabor frames. The general
characterization of all dual frames in Theorem 5.7.4 also applies to Ga-
bor frames, but if {EmbTnag}m,n∈Z is an overcomplete frame, not all of
these duals have the Gabor structure (Exercise 9.10). The duals with
Gabor structure are characterized in the famous Wexler–Raz Theorem.
Several proofs of this result exist: we will derive it as a consequence of
Theorem 8.1.7.
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Theorem 9.3.4 Let g, h ∈ L2(R) and a, b > 0 be given. Then, if the
two Gabor systems {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z are Bessel
sequences, they are dual frames if and only if

〈h,Em/aTn/bg〉 = 0 for all (m,n) �= (0, 0) and 〈h, g〉 = ab. (9.29)

Proof. The commutation relations in (9.22) show that the Bessel se-
quences {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z are dual frames if and only
if the shift-invariant systems {TnaEmbg}m,n∈Z and {TnaEmbh}m,n∈Z are
dual frames. The generators for the two latter systems are gm = Embg and
hm = Embh; by Theorem 8.1.7, they generate dual frames if and only if

∑

m∈Z

ĝm(ν)ĥm(ν + k/a) = aδk,0, k ∈ Z, a.e. ν ∈ R.

In terms of the functions g and h, this is equivalent to
∑

m∈Z

ĝ(ν − mb)ĥ(ν + k/a − mb) = aδk,0, k ∈ Z, a.e. ν ∈ R. (9.30)

We can express this condition in terms of the coefficients in the Fourier
expansion with respect to {e2πinν/b}n∈Z for the b-periodic functions

φk(ν) :=
∑

m∈Z

ĝ(ν − mb)ĥ(ν + k/a − mb), k ∈ Z :

in fact, (9.30) is equivalent to all coefficients for φk, k �= 0, being zero and
the coefficients for φ0 being zero for k �= 0 and equal to a for k = 0. Wexler–
Raz’ theorem is now a consequence of the following computation, which
yields the n-th Fourier coefficient for the function φk. The computation
is based on Lemma 7.1.3 and the commutator relations for the Fourier
transform and the operators Ta, Eb:

1
b

∫ b

0

φk(ν)e−2πinν/b dν

=
1
b

∫ b

0

∑

m∈Z

ĝ(ν − mb)ĥ(ν + k/a − mb)e−2πinν/b dν

=
1
b

∫ ∞

−∞
ĝ(ν)ĥ(ν + k/a)e−2πinν/bdν

=
1
b
〈T−k/aĥ, En/bĝ〉

=
1
b
〈ĥ, Tk/aEn/bĝ〉

=
1
b
〈Fh,FEk/aT−n/bg〉.

The result now follows from the Fourier transform being unitary. �
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For practical purposes, it is not sufficient to characterize the duals of a
frame {EmbTnag}m,n∈Z: we also need to know how to find them. A con-
structive procedure to find all dual frames having the Gabor structure is
described in Exercise 9.11. In Section 9.4, we will provide constructions of
pairs of dual Gabor frames, for which the generators are given explicitly;
they are based on the following consequence of Theorem 8.1.7.

Theorem 9.3.5 Let g, h ∈ L2(R) and a, b > 0 be given. Two Bessel se-
quences {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z form dual frames if and
only if

∑

k∈Z

g(x − n/b − ka)h(x − ka) = bδn,0, a.e. x ∈ [0, a]. (9.31)

We leave the proof to the reader (Exercise 9.12).

9.4 Explicit construction of dual frame pairs

So far, we have only seen few examples of Gabor frames and their dual
frames. After the preparation in Section 9.3, we are now ready to provide
explicit constructions of certain Gabor frames and some particularly conve-
nient duals. The assumptions are tailored to the properties of the B-splines.
The results presented here first appeared in [13]. For convenience, we begin
with the case where the translation parameter is a = 1.

Theorem 9.4.1 Let N ∈ N. Let g ∈ L2(R) be a real-valued bounded
function with supp g ⊆ [0, N ], for which

∑

k∈Z

g(x − k) = 1, x ∈ R. (9.32)

Let b ∈]0, 1
2N−1 ]. Then the function g and the function h defined by

h(x) = bg(x) + 2b
N−1∑

k=1

g(x + k) (9.33)

generate dual frames {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z for L2(R).

Proof. By assumption, the function g has compact support and is
bounded; by the definition (9.33), the function h shares these properties. It
now follows from Corollary 9.1.6 that {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z

are Bessel sequences. In order to verify that these sequences form dual
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frames, we use Theorem 9.3.5: according to (9.31), we need to check that
for x ∈ [0, 1],

∑

k∈Z

g(x − n/b − k)h(x − k) = bδn,0. (9.34)

The function g has support in [0, N ], so by construction h has support in
[−N + 1, N ]; thus (9.34) is satisfied for n �= 0 whenever 1/b ≥ 2N − 1, i.e.,
if b ∈]0, 1

2N−1 ]. For n = 0, the condition (9.34) means that
∑

k∈Z

g(x − k)h(x − k) = b, x ∈ [0, 1];

because of the compact support of g, this is equivalent to

N−1∑

k=0

g(x + k)h(x + k) = b, x ∈ [0, 1]. (9.35)

The condition (9.35) is indeed satisfied in our setting. To see this, we use
that for x ∈ [0, 1],

1 =
N−1∑

k=0

g(x + k).

This implies that, again for x ∈ [0, 1],

1 =

(
N−1∑

k=0

g(x + k)

)2

= (g(x) + g(x + 1) + · · · + g(x + N − 1)) ×
(g(x) + g(x + 1) + · · · + g(x + N − 1))

= g(x) [g(x) + 2g(x + 1) + 2g(x + 2) + · · · + 2g(x + N − 1)]
+g(x + 1) [g(x + 1) + 2g(x + 2) + 2g(x + 3) + · · · + 2g(x + N − 1)]
+g(x + 2) [g(x + 2) + 2g(x + 3) + 2g(x + 4) + · · · + 2g(x + N − 1)]
+ · · ·
+ · · ·
+g(x + N − 2) [g(x + N − 2) + 2g(x + N − 1)]
+g(x + N − 1) [g(x + N − 1)]

=
1
b

N−1∑

k=0

g(x + k)h(x + k).

Thus the condition (9.35) is satisfied. �

The assumptions in Theorem 9.4.1 are tailored to the properties of the
B-splines N� defined in (6.1):
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Corollary 9.4.2 For any � ∈ N and b ∈]0, 1
2�−1 ], the functions N� and

h�(x) := bN�(x) + 2b
N−1∑

k=1

N�(x + k) (9.36)

generate dual frames {EmbTnN�}m,n∈Z and {EmbTnh�}m,n∈Z for L2(R).

Some of the important features of the dual pair of frame generators
(N�, h�) in Corollary 9.4.2 are as follows:

• The functions N� and h� are splines for all choices of � ∈ N;

• N� and h� are explicitly given functions with compact support, i.e.,
they have perfect time-localization;

• By choosing � ∈ N sufficiently large, polynomial decay of N̂� and ĥ�

of any desired order can be obtained.

We note that the crucial partition of unity condition (9.32) in Theorem
9.4.1 is satisfied for many other functions than B-splines. For example, it
holds for any scaling function, i.e., any function φ ∈ L2(R) satisfying an
equation of the form

φ̂(2γ) = H0(γ)φ̂(γ)

for some bounded 1-periodic function H0. See Section 3.6 and Chapter
11 for a discussion of scaling functions in the context of wavelet theory.

Example 9.4.3 For the B-spline

N2(x) =

⎧
⎪⎨

⎪⎩

x x ∈ [0, 1[,
2 − x x ∈ [1, 2[,
0 x /∈ [0, 2[,

we can use Corollary 9.4.2 for b ∈]0, 1/3]. For b = 1/3, we obtain the dual
generator

h2(x) =
1
3
N2(x) +

2
3
N2(x + 1) =

⎧
⎪⎨

⎪⎩

2
3 (x + 1) x ∈ [−1, 0[,
1
3 (2 − x) x ∈ [0, 2[,
0 x /∈ [−1, 2[.

(9.37)

See Figure 9.1. Figure 9.2 shows a similar construction based on N3. �
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Figure 9.1. The B-spline N2 and the dual generator h2 in (9.37).

Figure 9.2. The B-spline N3 and the dual generator h3 in (9.33) with b = 1/5.
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Via a scaling, we obtain a version of Theorem 9.4.1 that is valid for any
translation parameter a > 0:

Theorem 9.4.4 Let N ∈ N. Let g ∈ L2(R) be a real-valued bounded
function with supp g ⊆ [0, N ], for which

∑

k∈Z

g(x − k) = 1, x ∈ R.

Let a, b > 0 be given such that ab ∈]0, 1
2N−1 ], and let

h(x) = abg(x) + 2ab

N−1∑

k=1

g(x + k). (9.38)

Then the functions Dag and Dah generate dual frames {EmbTnaDag}m,n∈Z

and {EmbTnaDah}m,n∈Z for L2(R).

Proof. Via Theorem 9.4.1, the assumptions imply that {EmabTng}m,n∈Z

and {EmabTnh}m,n∈Z form dual Gabor frames. Since

DaEmabTn = EmbTnaDa,

the result now follows from Da being unitary and Exercise 5.32. �

Observe that for large support sizes, Theorem 9.4.4 forces the product ab
to be small. For larger values of ab, one can still make a frame construction
like in Theorem 9.4.4, however, with more than one generator. See [13] for
details. We also note that it recently has been shown how to construct pairs
of dual Gabor frames where both generators are symmetric; see [16].

9.5 Popular Gabor conditions

In this section, we shortly discuss some conditions on the generator g for a
Gabor frame, which are often used in the literature.

Given a positive number a, the Wiener space is defined by

W :=

{

g : R → C | g measurable and
∑

k∈Z

||gχ[ka,(k+1)a[||∞ < ∞
}

. (9.39)

One can prove that W is a Banach space with respect to the norm

||g||W,a =
∑

k∈Z

||gχ[ka,(k+1)a[||∞.

The space W is independent of the choice of a, and different choices give
equivalent norms; both statements follow from the fact that if 0 < a ≤ b
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and � b
a� denotes the smallest integer that is larger than or equal to b/a,

then (Exercise 9.13)
∑

k∈Z

||gχ[kb,(k+1)b[||∞ ≤ 2
∑

k∈Z

||gχ[ka,(k+1)a[||∞ (9.40)

≤ 2
(

� b

a
� + 2

) ∑

k∈Z

||gχ[kb,(k+1)b[||∞.

A function g ∈ W is automatically bounded and decays so fast that
the “local maximum function” k �→ ||gχ[ka,(k+1)a]||∞ belongs to �1(Z).
In Exercise 9.13, we ask the reader to prove that W ⊂ L1(R) ∩ L2(R).
The condition for being in W is strong enough to exclude many of the
pathological functions, which play a role for the understanding of functions
in L2(R) but are of little practical interest (like functions in L2(R), which
do not decay to zero whenever |x| → ∞).

Lemma 9.5.1 Let g ∈ W and a > 0 be given. Then
∑

n∈Z

|g(x − na)| ≤ ||g||W,a, a.e. x ∈ R.

If also h ∈ W and b ∈]0, 1
a ], then

∑

k∈Z

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)h(x − na − k/b)

∣
∣
∣
∣
∣
≤ 2 ‖g‖W,a||h||W,a, a.e. x ∈ R.

Proof. For the first part, fix x ∈ R, and observe that for any given n ∈ Z,
there exists exactly one value of k ∈ Z such that

x − na ∈ [ka, (k + 1)a[, k ∈ Z;

furthermore, different values of n lead to different values for k. Therefore,
∑

n∈Z

|g(x − na)| ≤
∑

k∈Z

||gχ[ka,(k+1)a[||∞ = ‖g‖W,a, a.e. x ∈ R.

For the second part, we have

∑

k∈Z

∣
∣
∣
∣
∣

∑

n∈Z

g(x − na)h(x − na − k/b)

∣
∣
∣
∣
∣
≤
∑

n∈Z

|g(x−na)|
∑

k∈Z

|h(x−na−k/b)|.

The first part of the lemma (applied to the function h and the translation
parameter 1

b ) combined with (9.40) gives that
∑

k∈Z

|h(x − na − k/b)| ≤ ‖h‖W, 1
b
≤ 2 ||h||W,a,

and the lemma follows. �

If g belongs to the Wiener space, then {EmbTnag}m,n∈Z is a Bessel
sequence for all a, b > 0:
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Proposition 9.5.2 If g ∈ W and a, b > 0, then {EmbTnag}m,n∈Z is a
Bessel sequence. If ab ≤ 1, then B := 2

b ||g||2W,a is an upper frame bound.

Proof. The case ab ≤ 1 follows immediately from Lemma 9.5.1 combined
with Theorem 9.1.5. In case ab > 1, we can choose N ∈ N such that a

N b ≤ 1;
this implies that {EmbTna/Ng}m,n∈Z is a Bessel sequence, and therefore the
subsequence {EmbTnag}m,n∈Z is also a Bessel sequence. �

Another important subspace of L2(R) is known as the Feichtinger algebra
S0. In order to define this vector space, we first introduce the short-time
Fourier transform, also called the continuous Gabor transform:

Definition 9.5.3 Fix a function g ∈ L2(R) \ {0}. The short-time Fourier
transform of a function f ∈ L2(R), with respect to the window function g
is the function Ψg(f) of two variables given by

Ψg(f)(y, γ) =
∫ ∞

−∞
f(x)g(x − y)e−2πixγ dx, y, γ ∈ R.

Note that in terms of the modulation operators and translation
operators,

Ψg(f)(y, γ) = 〈f,EγTyg〉.

Now, consider the Gaussian, g(x) := e−x2
. The Feichtinger algebra S0 is

defined as the vector space consisting of all functions f ∈ L2(R) for which
∫ ∞

−∞

∫ ∞

−∞
|〈ExTyf, g〉| dxdy < ∞. (9.41)

In terms of the short-time Fourier transform, the Feichtinger algebra
consists of the functions f ∈ L2(R) for which Ψg(f) ∈ L1(R2).

Feichtinger introduced the space S0 in 1980. It is a Banach space with
respect to the norm

||f ||S0 = ||Ψg(f)||L1(R2) ,

and it is dense in L2(R). Several characterizations of S0 can be found in
[31] and [37]; in particular, S0 consists of all countable superpositions of
time–frequency shifts of the Gaussian with �1-coefficients:

S0 =
{

f =
∑

ckEyk
Txk

g : {(xk, yk)} ⊂ R
2, {ck} ∈ �1

}
.

The infimum of all �1-norms
∑

|ck|, taken over coefficients representing a
given f , gives an equivalent norm on S0.

Nothing is special about g being the Gaussian in the definition of S0: it
can be replaced by any non-zero function in S0, and (9.41) still characterizes
all functions in S0. It can be proved that S0 ⊂ W , see [37].
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The space S0 is, in fact, just one out of a range of function spaces, called
modulation spaces. A detailed analysis of these spaces can be found in [31]
and [37].

In [38], Gröchenig introduced the concept localization for frames with
particular emphasis on Gabor frames. One of the important consequences
of the definition is that a localized Gabor frame not only yields frame
expansions in L2(R): there is, in fact, a whole class of Banach spaces as-
sociated with the frame, and within each of these spaces one obtain series
expansions that are very similar to the frame expansion in L2(R). This
provides a very elegant way to extend the Hilbert space results to Banach
spaces.

Tolimieri and Orr introduced a special condition in Gabor analysis in
1995. A Gabor system {EmbTnag}m,n∈Z is said to satisfy condition (A) if

∑

m,n∈Z

|〈g,Em/aTn/bg〉| < ∞.

Condition (A) is often needed in order to guarantee certain convergence
properties of infinite series appearing in Gabor analysis. However, as ob-
served by Gröchenig [37], it is preferable to avoid the condition if possible.
For example, condition (A) is very sensitive to the choice of the lattice
parameters: even for a simple function like g = χ[0,1] and an arbitrary
translation parameter a > 0, it is only satisfied for irrational parameters
b of the form b = 1/q, q ∈ N! A natural question is whether such “irreg-
ular behavior” can be avoided if we only consider functions g in certain
subspaces of L2(R). Since χ[0,1] ∈ W , the Wiener spaces is not suitable.
On the other hand, Feichtinger’s algebra yields such functions: in [37], it is
proved that condition (A) is satisfied for all a, b > 0 if g ∈ S0.

Janssen introduced another condition in [48], which is frequently used in
Gabor analysis. In contrast with condition (A), it only involves the function
g and not the actual parameters a, b. We say that a function g ∈ L2(R)
satisfies condition (R) if

lim
ε→0+

∑

k∈Z

1
ε

1
2 ε∫

− 1
2 ε

|g(k + x) − g(k)|2 dx = 0.

Condition (R) might look restrictive, but it is actually satisfied for a
dense class of functions in L2(R) (see Exercise 9.15 and page 250). The
condition will play a role in the context of sampling of Gabor frames,
discussed in Chapter 10.
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9.6 Representations of the Gabor frame operator
and duality

The structure of a Gabor frame turns out to have important implications
for its frame operator, which can be rewritten in several ways. Many cen-
tral frame results are based on the obtained representations of the frame
operator.

Walnut was the first to rewrite the frame operator S associated with
a Gabor frame {EmbTnag}m,n∈Z. He obtained what is now known as the
Walnut representation: it expresses Sf in terms of the functions

Gk(x) =
∑

n∈Z

g(x − na)g(x − na − k/b), k ∈ Z. (9.42)

By Lemma 9.1.3, the series defining Gk(x) converges absolutely for a.e.
x ∈ R.

Theorem 9.6.1 Assume that {EmbTnag}m,n∈Z is a Bessel sequence. Then
the associated frame operator S has the representation

Sf(x) =
1
b

∑

k∈Z

(Tk/bf)(x)Gk(x) (9.43)

with absolute convergence of the series for a.e. x ∈ R.

Proof. We will derive the result as a consequence of Theorem 8.2.1. For
f ∈ L2(R), let f̌ := F−1f . First, we note that

FTnbEmaǧ = E−nbTmag;

since the Fourier transform is unitary, this implies that {TnbEmaǧ}m,n∈Z is
a Bessel sequence. Now let the associated frame operator, which we denote
by S̃, act on the inverse Fourier transform of some f ∈ L2(R), and apply
the Fourier transform to the outcome:

̂̃Sf̌ = F
∑

m,n∈Z

〈f̌ , TnbEmaǧ〉TnbEmaǧ

=
∑

m,n∈Z

〈f,FTnbEmaǧ〉FTnbEmaǧ

=
∑

m,n∈Z

〈f,E−nbTmag〉E−nbTmag

= Sf.

Clearly, {TnbEmaǧ}m,n∈Z has the form of a shift-invariant system {gnm}
with gm = Emaǧ and shift-parameter b. Thus, Theorem 8.2.1 leads to the
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representation

Sf(x) = ̂̃Sf̌(x) =
1
b

∑

k∈Z

(
∑

m∈Z

FEmaǧ(x)FEmaǧ(x − k/b)

)

f(x − k/b)

=
1
b

∑

k∈Z

(
∑

m∈Z

Tmag(x)Tmag(x − k/b)

)

f(x − k/b)

=
∑

k∈Z

(Tk/bf)(x)Gk(x),

with absolute convergence for a.e. x ∈ R. �

We note that if the function g belongs to the Wiener space W , the
representation (9.43) for the frame operator converges in L2(R); see [37]
for a proof.

We already mentioned that there are close relationships between
properties of a Gabor system {EmbTnag}m,n∈Z and the Gabor system
{Em/aTn/bg}m,n∈Z with respect to the dual lattice. For Gabor systems,
they were investigated almost at the same time by three groups of re-
searchers, namely Daubechies, Landau, Landau [29]; Janssen [47]; and Ron,
Shen [58]. There is a large overlap between their results, but their methods
are quite different. We will now state a result from [29] and sketch its proof:
our main purpose is to clarify how the dual lattice comes into play.

In the statement of the result, we will need the pre-frame operators
associated with several Gabor systems with respect to different generators
and different parameters. For this reason, we will denote the pre-frame
operator for {EmbTnag}m,n∈Z by Tg;a,b instead of just T .

Proposition 9.6.2 Let f, g, h ∈ L2(R) and a, b > 0 be given. If
{EmbTnag}m,n∈Z,{EmbTnaf}m,n∈Z and {EmbTnah}m,n∈Z are Bessel se-
quences, then

Tf ;a,bT
∗
g;a,bh =

1
ab

Th;1/b,1/aT ∗
g;1/b,1/af. (9.44)

Proof. The complete proof in [29] is technical, and we will prove the result
under the additional assumptions that the functions f and h are compactly
supported and bounded; this makes all needed interchanges of summations
and integrals legal. First, let φ ∈ L2(R). Then

T ∗
f ;a,bφ = {〈φ,EmbTnaf〉}m,n∈Z.

By Lemma 9.1.3,

〈φ,EmbTnaf〉 =
∫ 1/b

0

(
∑

k∈Z

φ(x − k/b)f(x − na − k/b)

)

e−2πimbxdx.
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The interpretation of this equation in Lemma 9.1.3 in terms of Fourier
coefficients together with Lemma 3.5.2 now gives that

〈Tf ;a,bT
∗
g;a,bh, φ〉

= 〈T ∗
g;a,bh, T ∗

f ;a,bφ〉

=
∑

n∈Z

∑

m∈Z

〈h,EmbTnag〉〈φ,EmbTnaf〉

=
1
b

∑

n∈Z

〈
∑

�∈Z

h(· − �/b)g(· − na − �/b),
∑

k∈Z

φ(· − k/b)f(· − na − k/b)

〉

,

where the inner product in the last line is in L2(0, 1/b). When we write it
out, we arrive at

〈Tf ;a,bT
∗
g;a,bh, φ〉 =

1
b

∑

n∈Z

∫ 1/b

0

(
∑

�∈Z

h(x − �/b)g(x − na − �/b)

×
∑

k∈Z

φ(x − k/b)f(x − na − k/b)

)

dx

=
1
b

∑

n∈Z

∑

�∈Z

∫ ∞

−∞
h(x − �/b)g(x − na − �/b)φ(x)f(x − na) dx.

If we apply this calculation with other choices of the generators and the
parameters 1/b, 1/a instead of a, b, we obtain that

〈Th;1/b,1/aT ∗
g;1/b,1/af, φ〉

= a
∑

k∈Z

∑

m∈Z

∫ ∞

−∞
h(x − m/b)g(x − ka − m/b)φ(x)f(x − ka) dx.

This shows that

〈Tf ;a,bT
∗
g;a,bh, φ〉 =

1
ab

〈Th;1/b,1/aT ∗
g;1/b,1/af, φ〉;

since this holds for all φ ∈ L2(R), the conclusion follows. �

Written in terms of the involved sequences, (9.44) says that
∑

m,n∈Z

〈h,EmbTnag〉EmbTnaf =
1
ab

∑

m,n∈Z

〈f,Em/aTn/bg〉Em/aTn/bh.(9.45)

The right-hand side of (9.45) converges unconditionally in L2(R) be-
cause {〈f,Em/aTn/bg〉}m,n∈Z ∈ �2(Z2) and {Em/aTn/bh}m,n∈Z is a Bessel
sequence, see Corollary 3.1.5. In particular, the result leads to a represen-
tation of the Gabor frame operator for {EmbTnag}m,n∈Z in terms of the
function g and the dual lattice associated with {(na,mb)}m,n∈Z:
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Corollary 9.6.3 Let g ∈ L2(R) and a, b > 0 be given, and assume that
{EmbTnag}m,n∈Z is a frame with frame operator S. Consider any h ∈ L2(R)
for which {EmbTnah}m,n∈Z is a Bessel sequence; then

Sh =
1
ab

∑

m,n∈Z

〈g,Em/aTn/bg〉Em/aTn/bh.

Proof. The result follows from (9.45): just let f = g. �

9.7 The Zak transform

The Zak transform is a very useful tool to analyze Gabor systems
{EmbTnag}m,n∈Z in the case where ab ∈ Q. For a fixed parameter λ > 0,
the Zak transform Zλf of f ∈ L2(R) is formally defined as a function of
two real variables:

(Zλf)(t, ν) = λ1/2
∑

k∈Z

f(λ(t − k))e2πikν , t, ν ∈ R. (9.46)

In the case λ = 1, we simply write

(Zf)(t, ν) =
∑

k∈Z

f(t − k)e2πikν , t, ν ∈ R. (9.47)

For functions f ∈ Cc(R), the Zak transform is defined pointwise, but
for general functions in L2(R) we have to be more precise about how to
interpret the definition. Letting Q := [0, 1[×[0, 1[, we now prove that the
series defining Zλf in fact converges in L2(Q) for all f ∈ L2(R):

Lemma 9.7.1 Given λ > 0, the Zak transform Zλ is a unitary map of
L2(R) onto L2(Q).

Proof. We first consider the case λ = 1. Let f ∈ L2(R) be given. In order
to show that Zf is well defined as a function in L2(Q), we consider the
functions Fk : Q → C, k ∈ Z, defined by

Fk(t, ν) := f(t − k)e2πikν .

These functions belong to L2(Q). Denoting their norm by ||Fk||L2(Q), we
observe that

∑

k∈Z

||Fk||2L2(Q) =
∑

k∈Z

∫ 1

0

∫ 1

0

|Fk(t, ν)|2 dνdt

=
∑

k∈Z

∫ 1

0

|f(t − k)|2 dt

= ||f ||2.
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Furthermore, for j �= k,

〈Fk, Fj〉L2(Q) =
∫ 1

0

f(t − k)f(t − j)
(∫ 1

0

e2πi(k−j)νdν

)

dt = 0. (9.48)

Combining the obtained results shows that
∑

k∈Z Fk in fact converges in
L2(Q); thus, the Zak transform Zf is well defined. Furthermore, we see
that

||Zf ||2L2(Q) =

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

∑

k∈Z

Fk

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

L2(Q)

=
∑

k∈Z

||Fk||2L2(Q) = ||f ||2;

thus Z is an isometry from L2(R) into L2(Q).
For the rest of the proof, we use the Gabor basis {EmTnχ[0,1]}m,n∈Z for

L2(R), see Example 3.5.3. By direct computation for (t, ν) ∈ Q,

(ZEmTnχ[0,1])(t, ν) =
∑

k∈Z

e2πim(t−k)χ[0,1](t − n − k)e2πikν

= e2πimte−2πinν
∑

k∈Z

χ[0,1](t − k)e2πikν

= e2πimte−2πinν . (9.49)

That is, the Zak transform maps the orthonormal basis {EmTnχ[0,1]}m,n∈Z

for L2(R) onto the orthonormal basis {e−2πinνe2πimt}m,n∈Z for L2(Q). This
implies that Z is a unitary mapping of L2(R) onto L2(Q).

For the general case, we note that in terms of the unitary dilation
operator Dλ−1 defined in Section 2.9,

Zλf = Z(Dλ−1f).

As a composition of unitary operators, Zλ is itself unitary. �

Now where the Zak transform is proved to be well defined almost every-
where on Q, an inspection of the expression (9.46) reveals that Zλf(t, ν)
even is defined for a.e. (t, ν) ∈ R

2 and that the quasi-periodicity in Lemma
9.7.2(i) below holds. We collect some more properties of the Zak transform:

Lemma 9.7.2 Consider the Zak transform Zλ, λ > 0, and f ∈ L2(R).
Then the following holds:

(i) Zλf(t + 1, ν) = e2πiνZλf(t, ν), Zλf(t, ν + 1) = Zλf(t, ν).

(ii) If f is continuous and, for some C > 0,

|f(x)| ≤ C

1 + |x|2 , ∀x ∈ R,

then Zλf is continuous on R
2.
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(iii) If Zλf is continuous on R
2, then there exists (t, ν) ∈ R

2 such that
Zλf(t, ν) = 0.

The proof of (ii) is similar to the proof of Proposition 7.8 (Exercise 9.16).
A proof of (iii) can be found in [40]. Note that the quasi-periodicity in (i)
often leads to jump-discontinuities on the lines t = k, k ∈ Z : even if Zλf is
continuous on Q, it might not be continuous on R

2. For a concrete example,
take the function f whose Zak transform is equal to 1 on Q: in this case,
Zλf is continuous on Q but not on R

2.
If g ∈ L2(R) and ab = 1, a computation as in (9.49) shows that

ZaEmbTnag(t, ν) = e2πimte−2πinνZag(t, ν). (9.50)

The family {e2πimte−2πinν}m,n∈Z is an orthonormal basis for L2(Q),
which we denote by {E(m,n)}m,n∈Z. The equation (9.50) shows that
{EmbTnag}m,n∈Z is complete in L2(R) (respectively, an orthonormal ba-
sis for L2(R) or a Riesz basis) if and only if {E(m,n)Zag}m,n∈Z has the
same property in L2(Q). This observation will be used in the following
theorem, which expresses properties for a Gabor system {EmbTnag}m,n∈Z

with ab = 1 in terms of the Zak transform Zag. Remember from Theorem
9.1.12 that a Gabor system with ab = 1 is a frame if and only if it is a
Riesz basis.

Proposition 9.7.3 Let g ∈ L2(R) and a, b > 0 with ab = 1 be given. Then
the following holds:

(i) {EmbTnag}m,n∈Z is complete in L2(R) if and only if Zag �= 0, a.e.

(ii) {EmbTnag}m,n∈Z is a Bessel sequence with bound B if and only if
|Zag|2 ≤ B, a.e.

(iii) {EmbTnag}m,n∈Z is a Riesz basis for L2(R) with bounds A,B if and
only if A ≤ |Zag|2 ≤ B, a.e.

(iv) {EmbTnag}m,n∈Z is an orthonormal basis for L2(R) if and only if
|Zag|2 = 1, a.e.

Proof. To prove (i), consider the subspace V ⊂ L2(R) given by

V = {f ∈ L2(R) : Zaf is bounded}.
The bounded functions are dense in L2(Q), so V is dense in L2(R) by
Lemma 9.7.1. Now let f ∈ V . Then

〈f,EmbTnag〉L2(R) = 〈Zaf,E(m,n)Zag〉L2(Q)

= 〈ZafZag,E(m,n)〉L2(Q). (9.51)

First assume that Zag �= 0 a.e. If f �= 0, then ZafZag is not the zero-
function, and there exists (m,n) ∈ Z

2 such that

〈ZafZag,E(m,n)〉L2(Q) �= 0.
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Therefore, (9.51) shows that {EmbTnag}m,n∈Z is complete. For the other
implication, assume that Zag = 0 on a measurable set Δ ⊆ Q with positive
measure. We leave the slight modifications in the case Δ = Q to the reader
and assume that Q\Δ �= ∅. By choosing f ∈ L2(R) such that Zaf = χQ\Δ,
it follows that 〈f,EmbTnag〉 = 0 for all m,n ∈ Z, so {EmbTnag}m,n∈Z is
incomplete in L2(R).

For the rest of the proof, we note that for any F ∈ L2(Q) we have
FZag ∈ L1(Q). Since {E(m,n)}m,n is an orthonormal basis for L2(Q),

∑

m,n∈Z

∣
∣〈F,E(m,n)Zag〉L2(Q)

∣
∣2 =

∑

m,n∈Z

∣
∣
∣
∣

∫

Q

(
FZag

)
E(m,n)

∣
∣
∣
∣

2

=
∫

Q

∣
∣FZag

∣
∣2 . (9.52)

(ii)–(iv) now follows by a standard argument (Exercise 9.17), yielding e.g.,
that

∫

Q

∣
∣FZag

∣
∣2 ≤ B ||F ||2L2(Q), ∀F ∈ L2(Q) ⇔ |Zag|2 ≤ B, a.e. �

Lemma 9.7.2 and Proposition 9.7.3 put restrictions on the functions g
for which {EmbTnag}m,n∈Z can be a Riesz basis for ab = 1:

Corollary 9.7.4 A continuous function g ∈ L2(R) with compact support
cannot generate a Gabor Riesz basis {EmbTnag}m,n∈Z for any a, b > 0.

We ask the reader to provide the proof in Exercise 9.18. Another conse-
quence of Proposition 9.7.3 is that the Gaussian g(x) = e−x2/2 does not
generate a Riesz basis {EmbTnag}m,n∈Z for any a, b > 0; in fact, its Zak
transform is continuous and has a zero.

For the rest of this section, we consider a rationally oversampled Gabor
system {EmbTnag}m,n∈Z, i.e., we assume that

ab ∈ Q, ab =
p

q
with 1 ≤ p ≤ q.

We always choose p, q such that gcd(p, q) = 1. We state results by Zibulski
and Zeevi, resp. Janssen. The references for further information and proofs
are [66], [44], [45], and [46].

For a rationally oversampled Gabor system {EmbTnag}m,n∈Z, the
Zibulski–Zeevi matrix is defined by

Φg(t, ν) = p−
1
2

(
(Z 1

b
g)(t − �

p

q
, ν +

k

p
)
)

k=0,...,p−1;�=0,...,q−1
, a.e. t, ν ∈ R.

Note that Φg(t, ν) is a p × q matrix, whose entries are well defined for
a.e. t, ν ∈ R. The importance of the rationally oversampled Gabor case is
that the frame properties of {EmbTnag}m,n∈Z can be formulated in terms
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of this finite matrix. For example, one can prove that {EmbTnag}m,n∈Z is
a Bessel sequence with bound B if and only if Φg(t, ν) for a.e. t, ν ∈ [0, 1[
defines a bounded linear mapping of C

q into C
p, with norm at most B

1
2 . If

we do not need the information about a specific Bessel bound, this result
has a nice formulation:

Theorem 9.7.5 Let the setup be as above. A rationally oversampled Gabor
system {EmbTnag}m,n∈Z is a Bessel sequence if and only if there exists a
constant C > 0 such that

∣
∣
∣Z 1

b
g(t, ν)

∣
∣
∣ ≤ C, a.e. t, ν ∈ [0, 1[.

Note that Theorem 9.7.5 generalizes Proposition 9.7.3(ii) to the case of
rational oversampling.

Some of the results proved in [46] and [66] are (still assuming rationally
oversampling):

• When A,B > 0 are given, {EmbTnag}m,n∈Z is a frame with frame
bounds A,B if and only if

AI ≤ Φg(t, ν)
(
Φg(t, ν)

)∗
≤ BI, a.e. t, ν ∈ [0, 1].

Here I denotes the identity operator on C
p.

• Two Bessel systems {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z are dual
if and only if for a.e. t, ν ∈ [0, 1[ and all k = 0, . . . , p − 1,

1
p

q−1∑

�=0

(Z 1
b
g) (t − �p/q, ν + k/p) (Z 1

b
h) (t − �p/q, ν) = δk,0.

• If {EmbTnag}m,n∈Z is a Bessel sequence with frame operator S, then
for all f ∈ L2(R),

ΦSf (t, ν) = Φg(t, ν)
(
Φg(t, ν)

)∗
Φf (t, ν), a.e. t, ν ∈ [0, 1].

9.8 Time–frequency localization of Gabor
expansions

It is well-known that no function g �= 0 can have compact support simul-
taneously in the time-domain and the frequency-domain. However, most
signals appearing in practice are essentially localized in the time–frequency
plane, meaning that the interesting part of the signal takes place on a finite
time-interval, with frequencies belonging to a certain finite interval. We will
now analyze how this affects the Gabor frame expansion of such signals.

Given a number T > 0, define the operator

QT : L2(R) → L2(R), (QT f)(x) = χ[−T,T ](x)f(x).
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We will use ||(I − QT )f || as a measure for the content of the function f
outside the interval [−T, T ]. So, intuitively, to say that a function f ∈ L2(R)
essentially is localized on the interval [−T, T ] means that ||(I − QT )f || is
small compared with ||f ||. Similarly, for Ω > 0 we introduce an operator
PΩ (the expression below defines the operator in the Fourier domain) by

PΩ : L2(R) → L2(R), P̂Ωf(ν) = χ[−Ω,Ω](ν)f̂(ν);

the function f̂ being essentially localized on [−Ω,Ω] means that ||(I−PΩ)f ||
is small compared with ||f ||.

Now assume that the function f is essentially localized in both domains,
i.e., on [−T, T ] × [−Ω,Ω] for some T,Ω > 0. Let

B(T,Ω) := {(m,n) ∈ Z
2 : mb ∈ [−Ω,Ω], na ∈ [−T, T ]}.

A natural question is how well frame decompositions capture the localiza-
tion of the signal f . That is, considering the frame expansion of f in terms
of dual Gabor frames {EmbTnag}m,n∈Z and {EmbTnah}m,n∈Z,

f =
∑

m,n∈Z

〈f,EmbTnah〉EmbTnag, (9.53)

do we obtain a reasonable approximation of f if we replace the sum over
(m,n) ∈ Z

2 with a sum over (m,n) ∈ B(T,Ω)?
Since the expansion (9.53) involve inner products between the function

f and the functions in the Gabor system {EmbTnah}m,n∈Z, it is natural
to assume that the function h has good localization properties. We will
prove a result by Daubechies [25]. It shows that under this assumption, the
question has an affirmative answer, at least for a certain enlargement

B(T + Λ,Ω + Γ)

of B(T,Ω). Daubechies formulated the result for the classical frame decom-
position in terms of a Gabor frame and its canonical dual frame, but the
same argument holds for dual Gabor frame pairs.

Theorem 9.8.1 Assume that the Gabor systems {EmbTnag}m,n∈Z and
{EmbTnah}m,n∈Z form a pair of dual frames for L2(R) with upper frame
bounds B and D respectively, and that for some constants C > 0, α > 1/2,
the decay conditions

|h(x)| ≤ C(1 + x2)−α, x ∈ R, |ĥ(ν)| ≤ C(1 + ν2)−α, ν ∈ R, (9.54)

hold. Then, for any ε > 0, there exist numbers Λ,Γ > 0 such that for all
T,Ω > 0,

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤
√

BD (||I − QT )f || + ||(I − PΩ)f || + ε ||f ||)
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for all f ∈ L2(R).

Proof. Let f ∈ L2(R), and consider some fixed numbers T,Ω > 0.
Then, for any given Λ,Γ > 0, the assumption of {EmbTnag}m,n∈Z and
{EmbTnah}m,n∈Z being dual frames implies that

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

{(m,n)/∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
.

Via Lemma 2.3.4, it follows that
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

= sup
||ϕ||=1

∣
∣
∣
∣
∣
∣
〈

∑

{(m,n)/∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag, ϕ〉

∣
∣
∣
∣
∣
∣

≤ sup
||ϕ||=1

∑

{(m,n)/∈B(T+Λ,Ω+Γ)}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|.

Observe that

B(T + Λ,Ω + Γ) ⊆ {(m,n) : |na| > T + Λ} ∪ {(m,n) : |mb| > Ω + Γ} ;

thus, we arrive at

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

(9.55)

≤ sup
||ϕ||=1

∑

{(m,n): |na|>T+Λ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉| (9.56)

+ sup
||ϕ||=1

∑

{(m,n): |mb|>Ω+Γ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|. (9.57)

We will now estimate the terms in (9.56) and (9.57) separately. For the
term in (9.56), we use that f = QT +(I −QT )f ; via the triangle inequality
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this implies that

∑

{(m,n): |na|>T+Λ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|

=
∑

{(m,n): |na|>T+Λ}
|〈QT + (I − QT )f,EmbTnah〉| |〈EmbTnag, ϕ〉|

≤
∑

{(m,n): |na|>T+Λ}
|〈QT f,EmbTnah〉| |〈EmbTnag, ϕ〉|

+
∑

{(m,n): |na|>T+Λ}
|〈(I − QT )f,EmbTnah〉| |〈EmbTnag, ϕ〉|

≤

⎛

⎝
∑

{(m,n): |na|>T+Λ}
|〈QT f,EmbTnah〉|2

⎞

⎠

1/2

×

⎛

⎝
∑

{(m,n): |na|>T+Λ}
|〈EmbTnag, ϕ〉|2

⎞

⎠

1/2

+

⎛

⎝
∑

{(m,n): |na|>T+Λ}
|〈(I − QT )f,EmbTnah〉|2

⎞

⎠

1/2

×

⎛

⎝
∑

{(m,n): |na|>T+Λ}
|〈EmbTnag, ϕ〉|2

⎞

⎠

1/2

.

Using that {EmbTnag}m,n∈Z has the upper frame bound B and that the
dual frame {EmbTnah}m,n∈Z has the upper frame bound D, this implies
that

sup
||ϕ||=1

∑

{(m,n): |na|>T+Λ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉| (9.58)

≤
√

B

⎛

⎝
∑

{(m,n): |na|>T+Λ}
|〈QT f,EmbTnah〉|2

⎞

⎠

1/2

+
√

BD ||(I − QT )f ||.

In order to estimate the expression further, we will use the calculation in
(9.17). For this reason, we now assume that f is bounded and has compact
support. Then,
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∑

{(m,n): |na|>T+Λ}
|〈QT f,EmbTnah〉|2

=
1
b

∣
∣
∣
∣
∣
∣

∑

{n: |na|>T+Λ}

∫ ∞

−∞
QT f(x)h(x − na) ×

∑

k∈Z

QT f(x − k/b)h(x − na − k/b) dx

∣
∣
∣
∣
∣

≤ 1
b

∑

{n: |na|>T+Λ}

∑

k∈Z

∫ ∞

−∞
|QT f(x)| |QT f(x − k/b)| ×

|h(x − na)| |h(x − na − k/b)| dx.

Using that QT f has support on [−T, T ] and the decay condition on h leads
to

∑

{(m,n): |na|>T+Λ}
|〈QT f,EmbTnah〉|2 (9.59)

≤ 1
b

∑

{n: |na|>T+Λ}

∑

k∈Z

sup
|x|≤T,|x−k/b|≤T

|h(x − na)| |h(x − na − k/b)| ×

∫ ∞

−∞
|QT f(x)| |QT f(x − k/b)| dx

≤ ||QT f ||2
b

∑

{n: |na|>T+Λ}

∑

k∈Z

sup
|x|≤T,|x−k/b|≤T

|h(x − na)| |h(x − na − k/b)|

≤ 1
b
||f ||2×

∑

{n: |na|>T+Λ}

∑

k∈Z

sup
|x|≤T,|x−k/b|≤T

1
(1 + (x − na)2)α

1
(1 + (x − na − k/b)2)α

.

Now, a careful examination performed in [25] (we will skip it) shows that
for some constant κ that is independent of T and Λ,

∑

{n: |na|>T+Λ}

∑

k∈Z

sup
|x|≤T,|x−k/b|≤T

1
(1 + (x − na)2)α

1
(1 + (x − na − k/b)2)α

≤ κ(1 + Λ2)−2α+1.

Together with the calculation in (9.59) and (9.58), this leads to the following
estimate of the term (9.56):
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sup
||ϕ||=1

∑

{(m,n): |na|>T+Λ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|

≤
√

B

b
κ(1 + Λ2)−2α+1 ||f || +

√
BD ||(I − QT )f ||. (9.60)

We will now estimate the term (9.57). First,

〈f,EmbTnah〉 = 〈f̂ ,FEmbTnah〉
= e−2πimbna〈f̂ , E−naTmbĥ〉.

Using that f̂ = P̂Ωf + F(I − PΩ)f , calculations like before lead to

sup
||ϕ||=1

∑

{(m,n): |mb|>Ω+Γ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|

= sup
||ϕ||=1

∑

{(m,n): |mb|>Ω+Γ}
|〈f̂ , EnaTmbĥ〉| |〈EmbTnag, ϕ〉|

≤ sup
||ϕ||=1

⎛

⎝
∑

{(m,n): |mb|>Ω+Γ}
|〈P̂Ωf,EnaTmbĥ〉|2

⎞

⎠

1/2

×

⎛

⎝
∑

{(m,n): |mb|>Ω+Γ}
|〈EmbTnag, ϕ〉|2

⎞

⎠

1/2

+ sup
||ϕ||=1

⎛

⎝
∑

{(m,n): |mb|>Ω+Γ}
|〈F(I − PΩ)f,EnaTmbĥ〉|2

⎞

⎠

1/2

⎛

⎝
∑

{(m,n): |mb|>Ω+Γ}
|〈EmbTnag, ϕ〉|2

⎞

⎠

1/2

≤
√

B

⎛

⎝
∑

{(m,n): |mb|>Ω+Γ}
|〈P̂Ωf,EnaTmbĥ〉|2

⎞

⎠

1/2

+
√

BD ||(I − PΩ)f ||.

The assumptions that f is bounded and has compact support imply that
P̂Ωf is bounded as well. Thus, exactly as before we can use (9.17) to prove
that

∑

{(m,n): |mb|>Ω+Γ}
|〈P̂Ωf,EnaTmbĥ〉|2 ≤

≤ 1
a
||P̂Ωf ||2

∑

{m: |mb|>Ω+Γ}

∑

k∈Z

sup
|ν|≤Ω,|ν−k/a|≤Ω

|ĥ(ν − nb)| |ĥ(ν − nb − k/a)|.
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The decay condition on ĥ together with the above calculations now leads
to an estimate on (9.57), with some constant η > 0 that is independent of
Ω and Γ:

sup
||ϕ||=1

∑

{(m,n):|mb|>Ω+Γ}
|〈f,EmbTnah〉| |〈EmbTnag, ϕ〉|

≤
√

B

a
η(1 + Γ2)−2α+1 ||f || +

√
BD ||(I − PΩ)f ||. (9.61)

Finally, inserting (9.61) and (9.60) in the calculation in (9.55) leads to
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
f −

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤
√

B

b
κ(1 + Λ2)−2α+1 ||f || +

√
BD ||(I − QT )f ||

+

√
B

a
η(1 + Γ2)−2α+1 ||f || +

√
BD ||(I − PΩ)f ||,

valid for all bounded functions f ∈ L2(R) with compact support. For a
given ε > 0, one can now find Λ,Γ > 0 such that the conclusion in the
theorem holds for all such functions f ; because the set of bounded functions
with compact support are dense in L2(R), the result actually holds for all
f ∈ L2(R) by Lemma 3.1.6. �

Theorem 9.8.1 shows that if the generator h for the dual frame
{EmbTnah}m,n∈Z is well localized in time and frequency, then the frame
expansion indeed captures the time–frequency localization of a given sig-
nal f ∈ L2(R). That is, if we for a given “allowed deviation” ε > 0 choose
the constants Λ,Γ as in Theorem 9.8.1, and the function f essentially is
localized on [−T, T ] × [−Ω,Ω], then

∑

{(m,n)∈B(T+Λ,Ω+Γ)}
〈f,EmbTnah〉EmbTnag

yields a reasonable approximation of f .

9.9 Continuous representations

So far, we have only dealt with discrete Gabor expansions, i.e., represen-
tations of functions in L2(R) in terms of infinite series. We will now give
a short presentation of continuous representations, i.e., representations of
functions in L2(R) in terms of integrals. In order to introduce the con-
tinuous Gabor representations, we will first motivate the definition of the
short-time Fourier transform in Section 9.5. For a signal f(x), the variable
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x is often interpreted as time, and the Fourier transform f̂(γ) gives infor-
mation about the content of oscillations with frequency γ. In practice, it is
a problem that the time-information is lost in the Fourier transform, i.e.,
there is no information about which frequencies appear at which time. A
way to try to overcome this problem is to “look at the signal at a small
time-interval and take the Fourier transform here.” Mathematically, this
loose formulation means that we multiply the signal f with a window func-
tion g, which is constant on a small interval, and decays fast and smooth to
zero outside the interval; by taking the Fourier transform of this product,
we get an idea about the frequency content of f in the small time-interval.
In order to obtain information about f on the entire time axis, we repeat
the process with translated versions of the window function. This corre-
sponds exactly to our definition of the short-time Fourier transform Ψg(f),
which we introduced in Section 9.5.

The short-time Fourier transform turns out to be the key to obtain rep-
resentations of the type (9.2). This point will be clear after the proof of the
following statement.

Proposition 9.9.1 Let f1, f2, g1, g2 ∈ L2(R). Then
∫ ∞

−∞

∫ ∞

−∞
Ψg1(f1)(a, b)Ψg2(f2)(a, b) dbda = 〈f1, f2〉〈g2, g1〉.

Proof. By definition,

Ψg1(f1)(a, b) = 〈f1, EbTag1〉

=
∫ ∞

−∞
f1(x)e−2πibxg1(x − a) dx.

Consider for a moment a fixed value for a. Then the above expression for
Ψg1(f1)(a, b) is the Fourier transform of the function

F1(x) = f1(x)g1(x − a),

evaluated at the point b. Letting

F2(x) = f2(x)g2(x − a)

and using Plancherel’s Theorem, it follows that
∫ ∞

−∞

∫ ∞

−∞
Ψg1(f1)(a, b)Ψg2(f2)(a, b) dbda =

∫ ∞

−∞

∫ ∞

−∞
F̂1(b)F̂2(b) dbda

=
∫ ∞

−∞

∫ ∞

−∞
F1(b)F2(b) dbda.
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Finally, inserting the expressions for the functions F1 and F2, an application
of Fubini’s Theorem yields that

∫ ∞

−∞

∫ ∞

−∞
Ψg1(f1)(a, b)Ψg2(f2)(a, b) dbda

=
∫ ∞

−∞

∫ ∞

−∞
f1(b)g1(b − a)f2(b)g2(b − a) dbda

=
∫ ∞

−∞
f1(b)f2(b)

(∫ ∞

−∞
g1(b − a)g2(b − a)da

)

db

= 〈f1, f2〉〈g2, g1〉.
This completes the proof. �

Formulated in terms of the operators Eb, Ta, Proposition 9.9.1 says that
∫ ∞

−∞

∫ ∞

−∞
〈f1, EbTag1〉〈EbTag2, f2〉 dbda = 〈f1, f2〉〈g2, g1〉. (9.62)

We now show how one can obtain integral representations like (9.2). Fix
f ∈ L2(R); then Proposition 9.9.1 shows that the mapping

f2 �→
∫ ∞

−∞

∫ ∞

−∞
〈f,EbTag1〉〈EbTag2, f2〉 dbda

is a conjugated linear functional on L2(R). By Theorem 2.3.2, there exists
a unique element in L2(R) – we call it

∫ ∞

−∞

∫ ∞

−∞
〈f,EbTag1〉EbTag2 dbda

– such that for all f2 ∈ L2(R),
〈∫ ∞

−∞

∫ ∞

−∞
〈f,EbTag1〉EbTag2 dbda, f2

〉

=
∫ ∞

−∞

∫ ∞

−∞
〈f,EbTag1〉〈EbTag2, f2〉 dbda

= 〈f, f2〉〈g2, g1〉
= 〈〈g2, g1〉f, f2〉.

Since this holds for all f2 ∈ L2(R), we obtain the desired integral
representation:

Corollary 9.9.2 Choose g1, g2 ∈ L2(R) such that 〈g2, g1〉 �= 0. Then every
f ∈ L2(R) has the representation

f =
1

〈g2, g1〉

∫ ∞

−∞

∫ ∞

−∞
〈f,EbTag1〉EbTag2 dbda, (9.63)

where the integral is interpreted in the weak sense.
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Thus we have obtained representations like (9.2) and explained how they
have to be interpreted. Note that the function f ∈ L2(R) is represented
as a superposition of time–frequency shifts of one function g2 ∈ L2(R),
with coefficients given by the short-time Fourier transformation of possibly
another function g1.

Proposition 9.9.1 shows that the set of all time–frequency shifts of an
arbitrary function g �= 0 forms a continuous frame:

Corollary 9.9.3 Let g ∈ L2(R) \ {0}. Then {EbTag}a,b∈R is a continu-
ous frame for L2(R) with respect to M = R

2 equipped with the Lebesgue
measure.

With the theory for discrete frames in mind, it is natural to think of
the set {EbTag1}a,b∈R in (9.63) as a dual frame of {EbTag2}a,b∈R. With
this interpretation, we see that there is a large freedom in the choice of
generators for the frame and the dual frame in the continuous setting: any
pair of functions g1, g2 ∈ L2(R) for which 〈g2, g1〉 �= 0 generate dual frames
{EbTag1}a,b∈R and {EbTag2}a,b∈R.

.

9.10 Exercises

9.1 Show by an example (maybe with a = b = 1) that the necessary
condition in Proposition 9.1.2 does not suffice for {EmbTnag}m,n∈Z

being a Gabor frame.

9.2 Prove (9.9) under the assumptions in Lemma 9.1.4 and justify all
the following interchanges of summation and integration in the proof.

9.3 Prove that {EmTnaχ[0,1]}m,n∈Z is a frame for L2(R) for all a ∈]0, 1].

9.4 Show that condition (CC) is satisfied for all a, b > 0 if g ∈ W .

9.5 Prove Corollary 9.1.6.

9.6 Show that for the B-spline B2, the system {EmbT2nB2}m,n∈Z

cannot be a frame for any b > 0.

9.7 Prove Corollary 9.1.8.

9.8 Derive Theorem 9.2.1 via Theorem 8.1.7.

9.9 Prove Corollary 9.2.2.
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9.10 Assume that {EmbTnag}m,n∈Z is an overcomplete frame. Show
that there exist dual frames not having the Gabor structure.
(Hint: check the proof of Lemma 5.2.3.)

9.11 Let g ∈ L2(R) and a, b > 0, and assume that {EmbTnag}m,n∈Z is
a frame for L2(R). Show that the dual Gabor frames having
Gabor structure are exactly the families {EmbTnah}m,n∈Z, where

h = S−1g + f −
∑

m,n∈Z

〈S−1g,EmbTnag〉EmbTnaf

for some function f ∈ L2(R) that generates a Bessel sequence
{EmbTnaf}m,n∈Z. (Hint: apply Theorem 5.7.4 to a Bessel
sequence {EmbTnaf}m,n∈Z and use Lemma 9.3.1.)

9.12 Prove Theorem 9.3.5 via Theorem 8.1.7.

9.13 Let W denote the Wiener space.

(i) Prove (9.40).

(ii) Prove that W ⊂ L1(R) ∩ L2(R).

(iii) Prove that every bounded measurable function with compact
support belongs to W , and that

||g||W,1 ≤ ( |supp(g)| + 1)||g||∞.

9.14 Consider the function g(x) = 1
1+x2 .

(i) Show that g ∈ W and find an estimate for ||g||W,1.

(ii) Find a constant C such that
∑

n∈Z

|g(x − n)|2 ≥ C, ∀x ∈ R.

(iii) Show that for all N ∈ N,
∑

|n|≥N

||gχ[n,n+1]||∞ ≤ π − 2 arctan(N − 1) +
1

1 + (N − 1)2
.

9.15 This exercise concerns condition (R) and its relationship to
Lebesgue points.

(i) Assume that g ∈ L2(R) satisfies condition (R). Show that all
integers are Lebesgue points for g.
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(ii) Assume that g is a bounded compactly supported function for
which every integer is a Lebesgue point. Show that g satisfies
condition (R).

(iii) Prove via (ii) that condition (R) is satisfied on a dense subset
of L2(R).

(iv) Prove that the Gaussian g(x) = e−
1
2 x2

satisfies condition (R).

9.16 Prove (i) and (ii) in Lemma 9.7.2.

9.17 Complete the proof of Proposition 9.7.3 by proving the equivalence
in the last line of the proof and the similar statement for the
lower bound.

9.18 Prove Corollary 9.7.4.

9.19 Let Q = [0, 1[×[0, 1[. Prove that L2(Q) ⊂ L1(Q), and find a
function f ∈ L1(Q) that does not belong to L2(Q).

9.20 Describe how a sequence {em,n}m,n∈Z can be reindexed as {ek}∞k=1.



10
Gabor Frames in �2(Z)

Every numerical calculation with functions in L2(R) will involve a discrete
model, where all calculations are done with (finite) sequences in �2(Z).
Therefore, it is important to know that certain conditions on a Gabor
frame {EmbTnag}m,n∈Z for L2(R) imply that we can construct a frame for
�2(Z) having a similar structure. The relevant conditions were discovered
by Janssen, and the main part of this chapter will deal with his results.

One can also consider frames in �2(Z) with a Gabor-like structure without
referring to Gabor frames in L2(R). The theory for these frames is very
similar to the Gabor theory in L2(R) and will not be discussed in detail.

10.1 Translation and modulation on �2(Z)

In this chapter, we will change the notation slightly. In fact, for a sequence
g ∈ �2(Z), we will (with a few exceptions) denote the j-th coordinate by
g(j) rather than gj . Thus

g = (. . . , g(−1), g(0), g(1), . . . ).

This change in the notation will make the similarity between Gabor theory
in L2(R) and �2(Z) more transparent.

In order to introduce the Gabor systems on �2(Z), we have to define
suitable modulation operators and translation operators. We first define the
modulation operator Eb, b ∈ R, on �2(Z). Given a sequence g ∈ �2(Z) and
b ∈ R, we define Ebg to be the sequence in �2(Z) whose j-th coordinate is

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3 10,
c© Springer Science+Business Media, LLC 2008
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Ebg(j) := e2πibjg(j). (10.1)

Even though the definition of Eb makes sense for all b ∈ R, we will only
use modulations of the form Em/M , where M ∈ N is fixed and m ∈ Z.
In the terminology used for Gabor systems in L2(R), this means that the
modulation parameter is 1/M . There is, however, one important difference
between the two settings: in the L2(R)-setting, modulation operators with
different parameters are necessarily different, but this is not the case in the
discrete setting discussed here. In fact, with the definition (10.1),

E m
M

= Em+kM
M

for all k ∈ Z.

Therefore, {Em/Mg}m∈Z cannot be a Bessel sequence in �2(Z), except for
the case g = 0. For this reason, we will only consider modulations Em/M

with m = 0, . . . ,M − 1.
We now introduce the translation operator on �2(Z). Given n ∈ Z and

g ∈ �2(Z), we let Tng be the sequence in �2(Z) whose j-th coordinate is

Tng(j) = g(j − n). (10.2)

The discrete Gabor system generated by a sequence g ∈ �2(Z) and with
modulation parameter 1/M and translation parameter N, (M,N ∈ N)
is now defined as the family of sequences {Em/MTnNg}n∈Z,m=0,...,M−1;
specifically, Em/MTnNg is the sequence in �2(Z) whose j-th coordinate is

Em/MTnNg(j) = e2πijm/Mg(j − nN).

Many results for Gabor systems in L2(R) have analog counterparts for
Gabor systems in �2(Z), with similar proofs. For example, a necessary con-
dition for {Em/MTnNg}n∈Z,m=0,...,M−1 to be a frame for �2(Z) is that
N
M ≤ 1; and if {Em/MTnNg}n∈Z,m=0,...,M−1 is a frame, it is a Riesz ba-
sis if and only if M = N . We will not go into the general theory (see, e.g.,
[23] or [63]) but concentrate on a method for constructing a Gabor frame
for �2(Z) based on a Gabor frame for L2(R).

10.2 Gabor systems in �2(Z) through sampling

Janssen proved in [48] that there is a natural way to obtain Gabor frames
in �2(Z) via Gabor frames for L2(R) through sampling. We present some
of his results here. We mention that the original results by Janssen are
more general than the results presented here: in order to avoid technical
complications, we will assume that the generator for the considered Gabor
system is continuous, but it is actually sufficient that the function contains
all integers among its Lebesgue points.
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The starting point is a Gabor system for L2(R); we assume it to have
the form {Em/MTnNg}m,n∈Z, where g ∈ L2(R) and M,N ∈ N. The first
question is how one can construct sequences in �2(Z) based on the Gabor
system in L2(R). If we assume that the function g is continuous, then we
can easily obtain sequences indexed by Z by sampling. That is, for each
m,n ∈ Z we consider the sequence

{Em/MTnNg(j)}j∈Z = {e2πijm/Mg(j − nN)}j∈Z. (10.3)

The basic idea by Janssen is to ask for conditions such that the family of
all the sequences in (10.3), where m = 0, . . . ,M − 1, n ∈ Z, constitutes a
frame for �2(Z). The first point is to ensure that the sequences in (10.3) do
in fact belong to �2(Z). The condition given in Lemma 10.2.1 will guarantee
this.

Let us introduce some notation. Given a continuous function f ∈ L2(R),
we denote the discrete sequence obtained by sampling f at the integers by

fD := {f(j)}j∈Z.

With this notation, we can consider the sequence Em/MTnN (fD), obtained
by letting the discrete Gabor system act on the sequence fD; or we can
consider the discrete sequence

(
Em/MTnNf

)D, obtained by sampling of
the function Em/MTnNf ∈ L2(R). The two procedures lead to the same
outcome, and we simply write

Em/MTnNfD = {e2πijm/Mf(j − nN)}j∈Z. (10.4)

The first result gives a condition on the Gabor system {Em/MTnNg}m,n∈Z

in L2(R), which implies that the discrete time–frequency shifts of gD belong
to �2(Z).

Lemma 10.2.1 Let M,N ∈ N and g ∈ L2(R) be a continuous function.
Assume that {Em/MTnNg}m,n∈Z is a Bessel sequence in L2(R). Then

∑

j∈Z

|g(j)|2 ≤ BN

M
.

In particular, Em/MTnNgD ∈ �2(Z) for all m,n ∈ Z.

Proof. Letting B denote an upper frame bound for {Em/MTnNg}m,n∈Z,
we know from Proposition 9.1.2 that

∑

n∈Z

|g(x + nN)|2 ≤ B

M
, a.e. x ∈ R. (10.5)
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Because of the continuity of the function g, the inequality (10.5) actually
holds for all x ∈ R. Thus,

∑

j∈Z

|g(j)|2 =
N−1∑

k=0

∑

n∈Z

|g(k + nN)|2

≤ BN

M
.

This proves that gD ∈ �2(Z). Now, for any m,n ∈ Z,
∑

j∈Z

|Em/MTnNgD(j)|2 =
∑

j∈Z

|g(j − nN)|2 =
∑

j∈Z

|g(j)|2;

this completes the proof. �

The next lemma is an important step from Gabor systems in L2(R)
to Gabor systems in �2(Z). It contains an identity involving functions in
L2(R), which “approaches discrete sequences” for small values of ε:

Lemma 10.2.2 Let g ∈ L2(R) and M,N ∈ N be given, and assume that
{Em/MTnNg}m,n∈Z is a Bessel sequence in L2(R). Given ε ∈]0, 1

2 [, let

δε =
1
ε
χ]− 1

2 ε, 1
2 ε[.

Consider a finite linear combination of translates of δε,

f ε =
∑

j

cjTjδ
ε. (10.6)

Then
∑

m,n∈Z

|〈f ε, Em/MTnNg〉|2

=
∑

n∈Z

M−1∑

m=0

∑

j,k

cjck
1
ε2

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx.

Proof. First, we use the definition of f ε to write
∑

m,n∈Z

|〈f ε, Em/MTnNg〉|2

=
∑

m,n∈Z

∑

j,k

cjck〈Tjδ
ε, Em/MTnNg〉〈Em/MTnNg, Tkδε〉

=
∑

n∈Z

M−1∑

m=0

∑

�∈Z

∑

j,k

cjck〈Tjδ
ε, E�+m/MTnNg〉〈E�+m/MTnNg, Tkδε〉.
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Now, via Lemma 9.1.3,

〈Tjδ
ε, E�+m/MTnNg〉

= 〈E−m/MTjδ
ε, E�TnNg〉

=
∫ 1

0

(
∑

r∈Z

Tjδ
ε(x − r)Em/MTnNg(x − r)

)

e−2πi�xdx,

which is the �-th Fourier coefficient of the 1-periodic function

αj(x) =
∑

r∈Z

Tjδ
ε(x − r)Em/MTnNg(x − r).

Note that for x ∈ [−1/2, 1/2],

αj(x) = δε(x)Em/MTnNg(x + j)

=
1
ε
χ]− 1

2 ε, 1
2 ε[(x)Em/MTnNg(x + j).

Via Lemma 3.5.2,
∑

l∈Z

〈Tjδ
ε, El+m/MTnNg〉〈El+m/MTnNg, Tkδε〉

= 〈αj , αk〉

=
∫ 1

2

− 1
2

αj(x)αk(x) dx

=
1
ε2

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx,

and the result follows. �

We are now ready to show how one can obtain a Gabor frame for �2(Z)
by sampling of a Gabor frame {EmbTnag}m,n∈Z for L2(R). We will assume
that the function g satisfies condition (R), introduced on page 223.

Theorem 10.2.3 Let M,N ∈ N. Assume that g ∈ L2(R) is a contin-
uous function satisfying condition (R) and that {Em/MTnNg}m,n∈Z is a
frame for L2(R) with frame bounds A,B. Then the discrete Gabor sys-
tem {Em/MTnNgD}n∈Z,m=0,...,M−1 is a frame for �2(Z) with frame bounds
A,B.

Proof. In order to prove that {Em/MTnNgD}n∈Z,m=0,...,M−1 is a frame
for �2(Z) with bounds A,B, we have to prove that for all finite sequences
{ck}k∈Z,

A
∑

j∈Z

|cj |2 ≤
∑

n∈Z

M−1∑

m=0

∣
∣
∣
∣
∣
∣

∑

j

cjEm/MTnNg(j)

∣
∣
∣
∣
∣
∣

2

≤ B
∑

j∈Z

|cj |2. (10.7)
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In fact, if the frame condition (10.7) holds for all finite sequences, then
Lemma 5.1.2 shows that it holds for all {ck}k∈Z ∈ �2(Z). Now, consider a
finite sequence {ck}k∈Z. Then, for any ε ∈]0, 1

2 [, the square of the L2(R)-
norm of the function f ε in (10.6) is

||f ε||2 =
1
ε

∑

j∈Z

|cj |2.

Applying the frame condition for {Em/MTnNg}m,n∈Z on f ε gives that for
all ε ∈]0, 1

2 [,

A
∑

j∈Z

|cj |2 ≤ ε
∑

m,n∈Z

|〈f ε, Em/MTnNg〉|2 ≤ B
∑

j∈Z

|cj |2.

For the proof of Theorem 10.2.3, it is therefore enough to show that

lim inf
ε→0

ε
∑

m,n∈Z

|〈f ε, Em/MTnNg〉|2 =
∑

n∈Z

M−1∑

m=0

∣
∣
∣
∣
∣
∣

∑

j

cjEm/MTnNg(j)

∣
∣
∣
∣
∣
∣

2

. (10.8)

In order to prove (10.8), we first note that

∑

n∈Z

M−1∑

m=0

∣
∣
∣
∣
∣
∣

∑

j

cjEm/MTnNg(j)

∣
∣
∣
∣
∣
∣

2

=
∑

n∈Z

M−1∑

m=0

∑

j,k

cjckEm/MTnNg(j)Em/MTnNg(k),

while by Lemma 10.2.2

ε
∑

m,n∈Z

|〈f ε, Em/MTnNg〉|2

=
∑

n∈Z

M−1∑

m=0

∑

j,k

cjck
1
ε

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx.

Comparing the two expressions, we see that (10.8) follows if we can prove
that

∑

n∈Z

1
ε

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx

→
∑

n∈Z

Em/MTnNg(j)Em/MTnNg(k) as ε → 0
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for all m = 0, . . . , M − 1 and j, k ∈ Z (recall that the sums over j, k are
finite). Now,

∣
∣
∣
∣
∣

1
ε

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx

− Em/MTnNg(j)Em/MTnNg(k)
∣
∣
∣

≤ 1
ε

∫ 1
2 ε

− 1
2 ε

∣
∣
∣Em/MTnNg(x + j)Em/MTnNg(x + k)

− Em/MTnNg(j)Em/MTnNg(k)
∣
∣
∣ dx

=
1
ε

∫ 1
2 ε

− 1
2 ε

∣
∣
∣g(x + j − nN)g(x + k − nN) − g(j − nN)g(k − nN)

∣
∣
∣ dx

≤ 1
ε

∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)| |g(x + k − nN)| dx

+
1
ε

∫ 1
2 ε

− 1
2 ε

|g(j − nN)| |g(x + k − nN) − g(k − nN)| dx.

It follows that

∣
∣
∣
∣
∣

∑

n∈Z

1
ε

∫ 1
2 ε

− 1
2 ε

Em/MTnNg(x + j)Em/MTnNg(x + k) dx

−
∑

n∈Z

Em/MTnNg(j)Em/MTnNg(k)

∣
∣
∣
∣
∣

≤ 1
ε

∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)| |g(x + k − nN)| dx (10.9)

+
1
ε

∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(j − nN)| |g(x + k − nN) − g(k − nN)| dx. (10.10)

Both (10.9) and (10.10) converge to zero as ε → 0; we give the argument
for (10.9). Applying Cauchy–Schwarz’ inequality twice, first on the integral
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and then on the sum,

1
ε

∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)| |g(x + k − nN)| dx

≤ 1
ε

∑

n∈Z

(∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)|2dx

)1/2

×
(∫ 1

2 ε

− 1
2 ε

|g(x + k − nN)|2 dx

)1/2

≤ 1
ε

(
∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)|2dx

)1/2

×
(
∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + k − nN)|2 dx

)1/2

= (∗).

Via Lemma 10.2.1, the second term in (*) can be estimated by
(
∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + k − nN)|2 dx

)1/2

≤
√

BN

M
ε;

thus

(∗) ≤
√

BN

M

(
1
ε

∑

n∈Z

∫ 1
2 ε

− 1
2 ε

|g(x + j − nN) − g(j − nN)|2dx

)1/2

,

which converges to zero for ε → 0 because of condition (R); the proof is
completed. �

As conclusion of this section, we now state a few results without proofs.
Both are due to Janssen [47]. The first result concerns condition (R):

Lemma 10.2.4 Suppose that g ∈ L2(R) satisfies condition (R) and that
{Em/MTnNg}m,n∈Z is a Bessel sequence in L2(R) for some M,N ∈ N.
Then any function of the form

φ =
∑

m,n∈Z

cmnEm/NTnMg, where {cmn} ∈ �1(Z2) (10.11)

also satisfies condition (R).

Note that the functions φ in (10.11) are linear combinations of the Ga-
bor system with respect to the dual lattice {(nM,m/N)}m,n∈Z. Since the
Gaussian g(x) = e−

1
2 x2

satisfies condition (R), see Exercise 9.15, and
{EmTng}m,n∈Z is complete in L2(R), Lemma 10.2.4 implies that condition
(R) is satisfied on a dense set of functions in L2(R).
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Finally, we state a result, showing how one can sample the frame
operator:

Proposition 10.2.5 Let g ∈ L2(R), M,N ∈ N, and assume that
{Em/MTnNg}m,n∈Z is a Bessel sequence in L2(R) and satisfies condition
(A). Denote the frame operator by S. Then, for any f ∈ L2(R) that satisfies
condition (R) and for which {Em/MTnNf}m,n∈Z is a Bessel sequence,

Sf(j) =
M

N

∑

m,n∈Z

〈g,Em/NTnMg〉Em/NTnMf(j), j ∈ Z. (10.12)

If furthermore g satisfies condition (R) and we denote the frame operator
for {Em/MTnNgD}n∈Z,m=0,...,M−1 by SD : �2(Z) → �2(Z), then

(Sf)D = SDfD; (10.13)

if we also add the assumption that {Em/MTnNg}m,n∈Z is a frame, then

(S−1g)D = (SD)−1gD. (10.14)

One can prove that the canonical dual frame associated with a frame
{Em/MTnNgD}n∈Z,m=0,...,M−1 is {Em/MTnN (SD)−1gD}n∈Z,m=0,...,M−1;
that is, as for Gabor frames in L2(R), it consists of time–frequency shifts
of a single function.

10.3 Shift-invariant systems

As in the L2(R)-case, the discrete Gabor systems in �2(Z) are special cases
of general shift-invariant systems. In the discrete case, these systems consist
of sequences of the form

{gm(j − nN)}j∈Z,

where n ∈ Z,m = 0, . . . , M − 1, and each gm is a sequence in �2(Z). We
will always let m,n run through the index set given above, so we will skip
the index and simply write {gnm} for the shift-invariant system.

The results for continuous shift-invariant systems in Section 8.1 have
discrete counterparts, which are stated in [44]. In order to formulate the
results, define the Fourier transform of a sequence h ∈ �2(Z) by

ĥ(ν) =
∑

j∈Z

h(j)e−2πijν , a.e. ν ∈ R.

Given a shift-invariant system {gnm} we define, analogous to (8.13), the
matrix-valued function

H(ν) = (ĝm(ν − k/N))k=0,...,N−1,m=0,...M−1 , a.e. ν ∈ R.

Observe that this is an N × M matrix.
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Theorem 10.3.1 In the setting above, the following holds:

(i) {gnm} is a Bessel sequence in �2(Z) with upper bound B if and only
if H(ν) for a.e. ν ∈ R defines a bounded linear mapping from C

M

into C
N of norm at most

√
NB.

(ii) A Bessel sequence {gnm} is a frame for �2(Z) with lower frame bound
A if and only if

NAI ≤ H(ν)H(ν)∗, a.e. ν ∈ R.

(ii) {gnm} is a tight frame for �2(Z) if and only if there is a constant
c > 0 such that

M−1∑

m=0

ĝm(ν − k/N)ĝm(ν) = cδk,0, k ∈ Z, a.e. ν ∈ R.

(iv) Two shift-invariant systems {gnm} and {hnm}, which form Bessel
sequences in �2(Z), are dual frames if and only if

M−1∑

m=0

ĝm(ν − k/N)ĥm(ν) = Nδk,0, k ∈ Z, a.e. ν ∈ R.

Most proofs follow by repeating the arguments from the continuous set-
ting. Again, the statements have direct consequences for discrete Gabor
frames (Exercise 10.1).

10.4 Exercises

10.1 Derive characterizations of frames, tight frames, and dual frame
pairs for discrete Gabor systems via Theorem 10.3.1.

10.2 Here we ask the reader to prove an extension of Proposition 1.2.3.
In fact, show that for a bi-infinite matrix Λ = {λm,n}m,n∈Z

, the
following are equivalent:

(i) There exist constants A,B > 0 such that

A
∑

|ck|2 ≤ ||Λ{ck}||2 ≤ B
∑

|ck|2 for all finite sequences {ck}.

(ii) The columns in Λ constitute a Riesz basis for their closed span
in �2(Z).

(iii) The rows in Λ constitute a frame for �2(Z).



11
Wavelet Frames in L2(R)

Wavelet theory is based on two classes of operators on L2(R), namely,

Translation by b ∈ R, Tb : L2(R) → L2(R), (Tbf)(x) = f(x − b);

Dilation by a �= 0, Da : L2(R) → L2(R), (Daf)(x) =
1

√
|a|

f(
x

a
).

The fundamental question in wavelet analysis is what conditions we have to
impose on a function ψ such that a given signal f ∈ L2(R) can be expanded
via translated and scaled versions of ψ, i.e., via functions

ψa,b(x) := (TbDaψ)(x) =
1

|a|1/2
ψ(

x − b

a
), a �= 0, b ∈ R. (11.1)

Thus, there is a basic similarity between wavelet analysis and Gabor
analysis: both concern sequences of functions defined by letting a special
class of operators act on a fixed function, i.e., in both cases we are dealing
with coherent systems. As in Gabor analysis, there are two ways in which
one can think about expansions of a signal f in terms of the functions ψa,b.
One way is to ask for representations of f as integrals involving ψa,b over
R

2. Alternatively, one can restrict the parameters a, b to a discrete subset
Λ of R

2 and ask for series expansions of f in terms of the corresponding
functions ψa,b. For applications, the latter is the most convenient choice;
connecting with the main theme of this book, the natural question is how we
can choose the discrete subset Λ and the function ψ such that {ψa,b}(a,b)∈Λ

is a frame for L2(R).
This chapter will deal with different aspects related to overcompleteness

of collections of functions of the form (11.1). As discussed in Section 4.3,

O. Christensen, Frames and Bases. DOI: 10.1007/978-0-8176-4678-3 11,
c© Springer Science+Business Media, LLC 2008
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overcompleteness is introduced in order to obtain more flexibility and be
able to make constructions with properties that cannot be obtained with
orthonormal bases or Riesz bases.

The central part of the chapter is formed by the sections dealing with the
unitary extension principle and variants hereof. In Section 11.1, we intro-
duce the dyadic wavelet frames and discuss some of their properties. The
section is mainly meant as an introduction to the constructions in Sections
11.2–11.3. In Section 11.2, we prove the unitary extension principle, which
in its original version goes back to the fundamental papers [55] and [56] by
Ron and Shen. It describes how one can choose functions ψ1, . . . , ψn such
that the multiwavelet system {Dj

2Tkψ�}�=1,...,n,j,k∈Z forms a tight frame
for L2(R). The structure of a multiresolution analysis is maintained in
the construction. A reformulation of the unitary extension, known as the
oblique extension principle, is derived in Section 11.3. It provides more
freedom in the construction and is useful in order to improve the approx-
imation theoretic properties, a topic that is discussed in Section 11.4. In
Section 11.5, the oblique extension principle is generalized to a construction
of dual wavelet pairs. Section 11.6 describes the unitary extension princi-
ple in signal processing terms and relates it to the perfect reconstruction
property for certain filter banks. Section 11.7 gives a short overview of the
theory for general wavelet frames. Finally, Section 11.8 presents the con-
tinuous wavelet transform, which delivers integral representations of each
f ∈ L2(R) of the type

f =
∫ ∞

−∞

∫ ∞

−∞
cf (a, b)ψa,bdadb, (11.2)

provided that ψ satisfies some admissibility conditions and that the integral
is interpreted in the right sense.

A few words about terminology are needed. The word wavelet is usually
reserved for a function ψ for which the functions

{2j/2ψ(2jx − k)}j,k∈Z = {ψ2−j ,2−jk}j,k∈Z (11.3)

form an orthonormal basis for L2(R). We will follow this tradition, but the
word “wavelet” will appear in several constellations. Since we are interested
in more general ways of choosing the translates and dilates than in (11.3),
we will call any discrete family of the type {ψa,b}(a,b)∈Λ, Λ ⊂ R

2, a wavelet
system. A family of functions that consists of translated and dilated versions
of a single function is said to have wavelet structure.

11.1 Dyadic wavelet frames

Already in Section 3.6, we considered orthonormal bases for L2(R) having
wavelet structure. In the current section, we will concentrate on dyadic
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wavelet systems, i.e., we will only consider scalings in terms of powers of
two and translates by integers. Letting

(Df)(x) = 21/2f(2x),

this means that we will consider wavelet systems of the form {DjTkψ}j,k∈Z

for some function ψ ∈ L2(R).

Definition 11.1.1 Let ψ ∈ L2(R). A frame for L2(R) of the form
{DjTkψ}j,k∈Z is called a dyadic wavelet frame.

Let us investigate some of the basic properties of dyadic wavelet frames
{DjTkψ}j,k∈Z. First, for such a frame, the associated frame operator is
given by

S : L2(R) → L2(R), Sf =
∑

j,k∈Z

〈f,DjTkψ〉DjTkψ.

The frame decomposition, see Theorem 5.1.7, takes the form

f =
∑

j,k∈Z

〈f, S−1DjTkψ〉DjTkψ, f ∈ L2(R).

As stated here, the frame decomposition is rather inconvenient: in order
to find the coefficients 〈f, S−1DjTkψ〉, we need to calculate the action of
the inverse frame operator on all the functions DjTkψ, j, k ∈ Z. A slight
improvement can be obtained via a calculation showing that (Exercise 11.1)

S−1DjTkψ = DjS−1Tkψ;

thus, it is enough to find the action of S−1 on the functions Tkψ for all
k ∈ Z – then we obtain the rest of the functions by applying the operators
Dj . In case one could prove that S−1 commutes with Tk for all k ∈ Z, a
further simplification would be obtained; but unfortunately, in general

DjS−1Tkψ �= DjTkS−1ψ.

For this reason, one cannot expect the canonical dual frame to have wavelet
structure. We will illustrate this with a concrete example, appearing in [26]
and [17]. It describes a Riesz basis, for which the canonical dual frame can
be calculated explicitly; in particular, we show that it does not have wavelet
structure. As in Section 3.6, we use the notation

ψj,k = DjTkψ.

Example 11.1.2 Let {ψj,k}j,k∈Z be a wavelet orthonormal basis for
L2(R). Given ε ∈]0, 1[, we define a function θ by

θ = ψ + εDψ.

We want to prove that {θj,k}j,k∈Z is a Riesz basis and find the dual Riesz
basis. The idea is to consider θ as a small perturbation of ψ and use a
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stability result for frames to conclude that {θj,k}j,k∈Z is a Riesz basis.
First, the commutator relation (2.22) shows that

ψj,k − θj,k = −εDjTkDψ = −εDj+1T2kψ. (11.4)

Using that {Dj+1T2kψ}j,k∈Z is a subfamily of the orthonormal basis
{ψj,k}j,k∈Z, it follows that for any finite scalar sequence {cj,k},
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

j,k

cj,k(ψj,k − θj,k)

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2

= ε2

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

j,k

cj,kDj+1T2kψ

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2

= ε2
∑

j,k

|cj,k|2.

Via the perturbation result stated in Theorem 5.6.1, we see that {θj,k}j,k∈Z

is a Riesz basis for L2(R). By the definition of a Riesz basis, we can define
a bounded invertible operator

U : L2(R) → L2(R), Uψj,k := θj,k, j, k ∈ Z.

Via Exercise 5.20, the frame operator for {θj,k}j,k∈Z is S = UU∗, so the
canonical dual frame associated with {θj,k}j,k∈Z is

{S−1θj,k}j,k∈Z = {(U∗)−1
U−1θj,k}j,k∈Z = {(U∗)−1

ψj,k}j,k∈Z. (11.5)

We will now calculate the functions in (11.5) explicitly. The idea is first to
calculate the operator I −U ; then we can find the adjoint operator I −U∗,
and finally use Neumann’s theorem to find an expression for (U∗)−1.

In terms of the operator U , (11.4) means that

(I − U)ψj,k = −εDj+1T2kψ = −εψj+1,2k;

expanding an arbitrary f ∈ L2(R) in the orthonormal basis {ψj,k}j,k∈Z, it
follows that

(I − U)f = (I − U)
∑

j,k∈Z

〈f, ψj,k〉ψj,k = −ε
∑

j,k∈Z

〈f, ψj,k〉ψj+1,2k.

Thus, for f, g ∈ L2(R),

〈f, (I − U)∗g〉 = 〈(I − U)f, g〉
= −ε

∑

j,k∈Z

〈f, ψj,k〉〈ψj+1,2k, g〉

= 〈f,−ε
∑

j,k∈Z

〈g, ψj+1,2k〉ψj,k〉.

It follows that

(I − U∗)g = (I − U)∗g = −ε
∑

j,k∈Z

〈g, ψj+1,2k〉ψj,k. (11.6)
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In particular, ||I−U∗|| = ε < 1, which implies that (U∗)−1 can be expanded
in a Neumann series, see Theorem 2.2.3:

(U∗)−1 =
∞∑

n=0

(I − U∗)n
.

Now (11.5) implies that the dual Riesz basis of {θj,k}j,k∈Z is

{S−1θj,k}j,k∈Z =

{ ∞∑

n=0

(I − U∗)n
ψj,k

}

j,k∈Z

. (11.7)

We can go one step further. In fact, the action of I − U∗ on the func-
tions ψj,k, j, k ∈ Z can be found via (11.6) using that {ψj,k}j,k∈Z is an
orthonormal basis. The outcome depends on k being even or odd:

(I − U∗)ψj,2k = −εψj−1,k, while (I − U∗)ψj,2k+1 = 0, ∀j, k ∈ Z. (11.8)

In particular, via (11.7),

S−1θj,2k+1 = ψj,2k+1 for all j, k ∈ Z.

Also, for any k �= 0, the equations in (11.8) show that there exists a value
of n ∈ N for which

(I − U∗)n
ψj,2k = 0.

Thus, S−1θj,2k is a finite linear combination of functions {ψj,k}j,k∈Z,

S−1θj,2k = ψj,2k + (I − U∗)ψj,2k + · · · + (I − U∗)nψj,2k

= ψj,2k − εψj−1,k + · · · + 0, j ∈ Z, k �= 0.

For k = 0, (11.7) and (11.8) imply that

S−1θj,0 =
∞∑

n=0

(I − U∗)n
ψj,0 =

∞∑

n=0

(−ε)nψj−n,0, j ∈ Z. (11.9)

In particular, the canonical dual frame of {θj,k}j,k∈Z does not have the
wavelet structure; the functions {S−1θj,k}j,k∈Z do not even have the same
norm. This is in contrast with the situation for Gabor frames and frames
of translates, where we saw that the canonical dual frame has the same
structure as the frame itself.

The above calculations show that there are other properties that are not
inherited by the canonical dual frame. For example, if we assume that the
function ψ has compact support, then θ also has compact support, and all
the functions {θj,k}j,k∈Z have compact support. If we look at the canonical
dual frame {S−1θj,k}j,k∈Z, then we obtain functions with compact support
when k �= 0 because the functions S−1θj,k are finite linear combinations of
the functions in {ψj,k}j,k∈Z in this case. However, for k = 0, the expression
(11.9) shows that the functions S−1θj,0 do not have compact support. �
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The calculations in Example 11.1.2 are quite tedious, so it is clear that
calculation of the canonical dual frame for a general dyadic wavelet frame
will be very complicated. From the general frame theory discussed in Chap-
ter 5, we know two ways of avoiding inconvenient frame decompositions: we
can restrict our attention to tight frames or we can look at overcomplete
frames and search for dual frames that are easier to calculate than the
canonical dual frame. In the concrete setting of wavelet frames, some other
aspects arise. In fact, the popular wavelet bases considered in Section 3.6
were based on multiresolution analysis, which leads to a very convenient
algorithmic structure. As we saw in Section 3.6, this implies a special form
for the function ψ generating the wavelet basis: it has the form

ψ =
∑

k∈Z

ckDTkφ (11.10)

for a certain function φ satisfying a scaling equation, i.e., an equation of
the form

φ̂(2γ) = H0(γ)φ̂(γ)

for some 1-periodic function H0. The algorithmic structure offered by a mul-
tiresolution analysis is a great advantage compared with the use of general
wavelet orthonormal bases. Thus, while constructing wavelet frames, it is
very natural to ask the constructions to maintain the important aspects of
the multiresolution analysis. Therefore, it is also natural to require the gen-
erator ψ for a tight frame {DjTkψ}j,k∈Z to have the form (11.10) for some
function φ; and, if we want to construct two wavelet systems {DjTkψ}j,k∈Z

and {DjTkψ̃}j,k∈Z such that they form a pair of dual frames, it is natural
to require both the functions ψ and ψ̃ to have the form (11.10). In order to
facilitate processing, we even want the coefficients in these formulas to be
finite sequences. The B-splines Bm defined in (6.11) are obvious candidates
for the function φ. However, as shown in [19] and [28], we cannot obtain
all of these properties simultaneously:

Theorem 11.1.3 Let Bm denote the m-th order B-spline for some m > 1.
Then there does not exist pairs of dual wavelet frames {DjTkψ}j,k∈Z and
{DjTkψ̃}j,k∈Z for which ψ and ψ̃ are finite linear combinations of functions
DTkBm, j, k ∈ Z.

Thus, neither the approach of looking at tight frames, nor the idea of
considering wavelet frame pairs, work if we want the generator (respectively,
generators) to have the form (11.10) with φ being a B-spline.

It turns out that there is a solution to this problem: we will gain extra
freedom by considering systems of the wavelet-type, but generated by more
than one function.
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Definition 11.1.4 Consider two sequences of functions

ψ1, . . . , ψn ∈ L2(R) and ψ̃1, . . . , ψ̃n ∈ L2(R).

We say that {DjTkψ�}j,k∈Z,�=1,...,n and {DjTkψ̃�}j,k∈Z,�=1,...,n are a pair
of dual multiwavelet frames if both are Bessel sequences and

f =
n∑

�=1

∑

j,k∈Z

〈f,DjTkψ�〉DjTkψ̃�, ∀f ∈ L2(R). (11.11)

That Bessel sequences {DjTkψ�}j,k∈Z,�=1,...,n and {DjTkψ̃�}j,k∈Z,�=1,...,n

are frames if they satisfy (11.11) follows from Lemma 5.7.1. A pair of dual
multiwavelet frames is called sibling frames in [19] and bi-frames in [28].
The frame {DjTkψ�}j,k∈Z,�=1,...,n itself is called a multiwavelet frame.

We note that a characterization of all dual multiwavelet frame pairs
was obtained by Frazier et al. [34]. We will not need the result in our
constructions in Section 11.2, so we state it without proof.

Theorem 11.1.5 Let ψ1, . . . , ψn, ψ̃1, . . . , ψ̃n ∈ L2(R) and assume that
{DjTkψ�}j,k∈Z,�=1,...,n and {DjTkψ̃�}j,k∈Z,�=1,...,n are Bessel sequences.
Then {DjTkψ�}j,k∈Z,�=1,...,n and {DjTkψ̃�}j,k∈Z,�=1,...,n are a pair of dual
multiwavelet frames if and only if the two equations

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

n∑

�=1

∑

j∈Z

ψ̂�(2jγ)̂̃ψ�(2jγ) = 1,

n∑

�=1

∞∑

j=0

ψ̂�(2jγ)̂̃ψ�(2j(γ + q)) = 0 for all odd integers q

hold for a.e. γ ∈ R.

The functions ψ1, . . . , ψn for which {DjTkψ�}j,k∈Z,�=1,...,n forms a tight
multiwavelet frame can be characterized using Theorem 11.1.5. We formu-
late the result in the case of one generator ψ, and leave the proof to the
reader (Exercise 11.2).

Theorem 11.1.6 A function ψ ∈ L2(R) generates a tight wavelet frame
{ψj,k}j,k∈Z with frame bound A if and only if the equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

j∈Z

|ψ̂(2jγ)|2 = A,

∞∑

j=0

ψ̂(2jγ)ψ̂ (2j(γ + q)) = 0 for all odd integers q

(11.12)

hold for a.e. γ ∈ R.
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Note that the only difference between the conditions for {ψj,k}j,k∈Z being
a tight frame with frame bound equal to 1, and the characterization of
wavelets on page 77, is that the condition ||ψ|| = 1 does not appear in
Theorem 11.1.6.

11.2 The unitary extension principle

The purpose of this section is to prove the unitary extension principle of
Ron and Shen [55], which enables us to construct tight frames for L2(R)
of the form {DjTkψ�}j,k∈Z,�=1,...,n. We state the main result in Theorem
11.2.7, but we need some preparation first. We follow the approach by
Benedetto and Treiber [3].

The following proofs are based on standard Fourier analysis for 1-periodic
functions. It will be convenient to write the integrals appearing, e.g., in the
expression for the Fourier coefficients and in Parseval’s equation, as inte-
grals over the interval ] − 1

2 , 1
2 [ rather than ]0, 1[. The interval ] − 1

2 , 1
2 [ is

identified with the torus T, and the class of 1-periodic functions on R whose
restriction to ]− 1

2 , 1
2 [ belongs to Lp(− 1

2 , 1
2 ), p = 1, 2, is denoted by Lp(T).

Similarly, L∞(T) consists of the bounded measurable 1-periodic functions
on R. With this notation, L∞(T) ⊂ L2(T). We note that the spaces Lp(T)
actually consist of equivalence classes of functions that are identical al-
most everywhere, so when we speak about pointwise relationships between
functions, it is understood that they can only be expected to hold almost
everywhere.

The functions ψ1, . . . , ψn will be constructed on the basis of a function
satisfying a refinement equation. Because we will work with all these func-
tions simultaneously, it is convenient to change the notation used in Section
3.6 slightly and denote the refinable function by ψ0 instead of φ.

We now list the standing assumptions and conventions for this section.

General setup: Let ψ0 ∈ L2(R) and assume that

(i) There exists a function H0 ∈ L∞(T) such that

ψ̂0(2γ) = H0(γ)ψ̂0(γ). (11.13)

(ii) limγ→0 ψ̂0(γ) = 1.

Further, let H1, . . . , Hn ∈ L∞(T), and define ψ1, . . . , ψn ∈ L2(R) by

ψ̂�(2γ) = H�(γ)ψ̂0(γ), � = 1, . . . , n. (11.14)
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Finally, let H denote the (n + 1) × 2 matrix-valued function defined by

H(γ) =

⎛

⎜
⎜
⎜
⎜
⎝

H0(γ) T1/2H0(γ)
H1(γ) T1/2H1(γ)

· ·
· ·

Hn(γ) T1/2Hn(γ)

⎞

⎟
⎟
⎟
⎟
⎠

, γ ∈ R. (11.15)

With this setup, our purpose is to find conditions on the functions
H1, . . . , Hn such that ψ1, . . . , ψn defined by (11.14) generate a multiwavelet
frame for L2(R). It turns out to be convenient to formulate the results in
terms of the matrices H(γ), γ ∈ R. Note that if we know the functions
H�, then we can find an explicit expression for the functions ψ�: in fact,
expanding H� in a Fourier series, H�(γ) =

∑
k∈Z ck,�e

2πikγ , Lemma 3.6.3
shows that

ψ�(x) =
√

2
∑

k∈Z

ck,�DT−kψ0(x) = 2
∑

k∈Z

ck,�ψ0(2x + k). (11.16)

Recall that we prefer the functions H� to be trigonometric polynomials: this
implies that the sums in (11.16) are finite and therefore that the functions
ψ� have compact support if ψ0 has compact support.

We note that the general setup presented here preserves the algorithmic
structure of a multiresolution analysis: by Theorem 3.6.6, the spaces

Vj := span{DjTkψ0}k∈Z, j ∈ Z,

satisfy the conditions for a multiresolution analysis in Definition 3.6.2,
except (v). Also, by (11.16) we have that ψ1, . . . , ψn ∈ V1.

One of the main tools will be to consider the periodization of a function
f : R → C, which formally is defined by

Pf(γ) =
∑

n∈Z

f(γ + n), γ ∈ R.

We first show that the periodization is well defined if f ∈ L1(R).

Lemma 11.2.1 If f ∈ L1(R), then
∑

n∈Z f(γ + n) converges absolutely
for a.e. γ ∈ R, and Pf ∈ L1(T). Furthermore,

∫ ∞

−∞
f(γ) dγ =

∫ 1
2

− 1
2

Pf(γ) dγ. (11.17)

Proof. If f ∈ L1(R), then
∫ 1

2

− 1
2

∑

n∈Z

|f(γ + n)| dγ =
∑

n∈Z

∫ 1
2

− 1
2

|f(γ + n)| dγ

=
∫ ∞

−∞
|f(γ)| dγ < ∞. (11.18)
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Thus,
∑

n∈Z f(γ + n) is absolutely convergent for almost all γ ∈ R. This
proves that Pf is a well-defined 1-periodic function. Since

|Pf(γ)| ≤
∑

n∈Z

|f(γ + n)|, a.e. γ ∈ R,

it follows from (11.18) that Pf ∈ L1(T). Repeating the above argument,
an application of Lebesgue’s dominated convergence theorem finally shows
that (11.17) holds. �

Remember that we use the notation Ek, k ∈ Z, to denote the function

Ek(γ) = e2πikγ , γ ∈ R.

Lemma 11.2.2 Let g, ψ0 ∈ L2(R) and assume that P(gψ̂0) ∈ L2(T). Then

P(gψ̂0) =
∑

k∈Z

〈g, ψ̂0Ek〉Ek (11.19)

and
∫ 1

2

− 1
2

∣
∣
∣P(gψ̂0)(γ)

∣
∣
∣
2

dγ =
∑

k∈Z

|〈g, ψ̂0Ek〉|2. (11.20)

Proof. Since g, ψ0 ∈ L2(R), we know that gψ̂0 ∈ L1(R); that is, by Lemma
11.2.1 the function

P(gψ̂0)(γ) =
∑

n∈Z

g(γ + n)ψ̂0(γ + n)

is well defined. Now, using (11.17),

〈g, ψ̂0Ek〉 =
∫ ∞

−∞
g(γ)ψ̂0(γ)e−2πikγdγ

=
∫ 1

2

− 1
2

∑

n∈Z

(
g(γ + n)ψ̂0(γ + n)e−2πik(γ+n)

)
dγ

=
∫ 1

2

− 1
2

(
∑

n∈Z

g(γ + n)ψ̂0(γ + n)

)

e−2πikγdγ,

which is the k-th Fourier coefficient for the 1-periodic function P(gψ̂0).
Because this function belongs to L2(T) by assumption, the lemma follows:

(11.19) is just the expansion of P(gψ̂0) in a Fourier series, and (11.20) is
Parseval’s equation. �

The first main result, proved in Theorem 11.2.7, will show that a condi-
tion on the matrices H(γ) in (11.15) implies that the multiwavelet system
{DjTkψ�}j,k∈Z,�=1,...,n is a tight frame for L2(R). In the proof of this, it is
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enough to show that the frame condition is satisfied on a dense subset of
L2(R), see Lemma 5.1.2. In the following lemmas, we will work with the
dense subspace consisting of functions f for which the Fourier transform f̂
is continuous and has compact support:

D := {f ∈ L2(R)| f̂ ∈ Cc(R)}. (11.21)

Lemma 11.2.3 Let ψ0 ∈ L2(R) and assume that limγ→0 ψ̂0(γ) = 1. Let
f ∈ D. Then, for any ε > 0 there exists J ∈ Z such that

(1 − ε)||f ||2 ≤
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ (1 + ε)||f ||2 for all j ≥ J.

Proof. Let j ∈ Z and f ∈ D. As a product of L2(R)-functions, the

function (Dj f̂)ψ̂0 belongs to L1(R); thus P((Dj f̂)ψ̂0) is well defined by

Lemma 11.16. We will now prove that actually P((Dj f̂)ψ̂0) ∈ L2(T). In
order to do so, we use that Dj f̂ has compact support, say, in the interval
[−N,N ]. This implies that for γ ∈ T,

∣
∣
∣P((Dj f̂)ψ̂0)

∣
∣
∣ =

∣
∣
∣
∣
∣

∑

n∈Z

(Dj f̂)(γ + n)ψ̂0(γ + n)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

N∑

n=−N

(Dj f̂)(γ + n)ψ̂0(γ + n)

∣
∣
∣
∣
∣

≤ ||Dj f̂ ||∞
N∑

n=−N

|ψ̂0(γ + n)|;

as a finite linear combination of translates of a function in L2(R), the
function in the last expression clearly belongs to L2(T), which implies

that P((Dj f̂)ψ̂0) ∈ L2(T). Via the Fourier transform and the commutator
relations (2.23),

〈f,DjTkψ0〉 = 〈Ff,FDjTkψ0〉 = 〈Dj f̂ , E−kψ̂0〉; (11.22)

therefore Lemma 11.2.2 shows that
∑

k∈Z

|〈f,DjTkψ0〉|2 =
∑

k∈Z

|〈Dj f̂ , E−kψ̂0〉|2

=
∫ 1

2

− 1
2

∣
∣
∣P((Dj f̂)ψ̂0)(γ)

∣
∣
∣
2

dγ

=
∫ 1

2

− 1
2

∣
∣
∣
∣
∣

∑

n∈Z

(Dj f̂)(γ + n)ψ̂0(γ + n)

∣
∣
∣
∣
∣

2

dγ.
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Now let ε > 0 be given. By the assumption that limγ→0 ψ̂0(γ) = 1, we can
choose b ∈]0, 1/2[ such that 1 − ε ≤ |ψ̂0(γ)|2 ≤ 1 + ε whenever |γ| ≤ b. By
taking J ∈ Z such that Dj f̂ has support in [−b, b] for j > J , we obtain
that for all j > J ,

∫ 1
2

− 1
2

∣
∣
∣
∣
∣

∑

n∈Z

(Dj f̂)(γ + n)ψ̂0(γ + n)

∣
∣
∣
∣
∣

2

dγ =
∫ b

−b

|(Dj f̂)(γ)ψ̂0(γ)|2dγ,

and therefore

(1 − ε)||Dj f̂ ||2 ≤
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ (1 + ε)||Dj f̂ ||2.

Since Dj and the Fourier transform are unitary operators, the lemma
follows. �

In the rest of this section, we assume that {ψ�,H�}n
�=0 is as in the general

setup on page 260. For a function f ∈ D, an argument as in the proof of
Lemma 11.2.3 shows that (Exercise 11.3)

{〈f,DjTkψ�〉}k∈Z ∈ �2(Z) for all j ∈ Z and all � = 1, . . . , n. (11.23)

We can therefore define a family of functions Fj,� ∈ L2(T) by the Fourier
series

Fj,� :=
∑

k∈Z

〈f,DjTkψ�〉E−k, j ∈ Z, � = 0, 1, . . . , n. (11.24)

Because Fj,� is defined in terms of ψ�, which is defined via ψ0 and H�, it
is natural to search for an expression for Fj,� in terms of Fj,0 and H�. For
convenience, we work with Fj−1,�:

Lemma 11.2.4 Let {ψ�,H�}n
�=0 be as in the general setup on page 260.

Then, for all j ∈ Z, � = 0, 1, . . . , n,

Fj−1,�(γ) = 2−1/2(H�(γ/2)Fj,0(γ/2) + T1/2H�(γ/2) T1/2Fj,0(γ/2))

for a.e. γ ∈ R.

Proof. First, we use the properties of Dj ,F and their commutator
relations in Section 2.9 to see that

〈f,Dj−1Tkψ�〉 = 〈D−jf,D−1Tkψ�〉
= 〈D−jf, T2kD−1ψ�〉
= 〈FD−jf,FT2kD−1ψ�〉
= 〈Dj f̂ , E−2kDψ̂�〉.
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By (11.14), we can continue with

〈f,Dj−1Tkψ�〉 = 〈Dj f̂ , E−2k21/2H�ψ̂0〉

= 21/2

∫ ∞

−∞
(Dj f̂)(γ)H�(γ)ψ̂0(γ)E2k(γ) dγ. (11.25)

By Lemma 11.2.1, and using the periodicity of E2k,
∫ ∞

−∞
(Dj f̂)(γ)H�(γ)ψ̂0(γ)E2k(γ) dγ =

∫ 1
2

− 1
2

P((Dj f̂)H�ψ̂0E2k)(γ) dγ

=
∫ 1

2

− 1
2

P((Dj f̂)H�ψ̂0)(γ)E2k(γ) dγ;

thus, (11.25) implies that

〈f,Dj−1Tkψ�〉

= 21/2

∫ 1
2

− 1
2

P((Dj f̂)H�ψ̂0)(γ)E2k(γ) dγ

= 21/2

∫ 1
2

0

P((Dj f̂)H�ψ̂0)(γ)E2k(γ) dγ

+ 21/2

∫ 1
2

0

T1/2P((Dj f̂)H�ψ̂0)(γ) T1/2E2k(γ) dγ

= 21/2

∫ 1
2

0

(
P((Dj f̂)H�ψ̂0)(γ) + T1/2P((Dj f̂)H�ψ̂0)(γ)

)
E2k(γ) dγ.

This calculation shows that 〈f,Dj−1Tkψ�〉 is the −k-th coefficient in the
Fourier expansion for the 1

2 -periodic function

P((Dj f̂)H�ψ̂0) + T1/2P((Dj f̂)H�ψ̂0)

with respect to the orthonormal basis {21/2E2k}k∈Z for L2(0, 1/2). Using
the definition of Fj−1,� and that

E−k(γ) = 2−1/221/2E−2k(γ/2),

it follows that for a.e. γ ∈ R,

Fj−1,�(γ) =
∑

k∈Z

〈f,Dj−1Tkψ�〉E−k(γ)

= 2−1/2
∑

k∈Z

〈f,Dj−1Tkψ�〉21/2E−2k(γ/2)

= 2−1/2
(
P((Dj f̂)H�ψ̂0) + T1/2P((Dj f̂)H�ψ̂0)

)
(γ/2). (11.26)

The function H� is 1-periodic, so

P((Dj f̂)H�ψ̂0)(γ) = H�(γ)P((Dj f̂)ψ̂0)(γ), a.e. γ ∈ R. (11.27)
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Also, by the calculation in (11.22) we have

〈f,DjTkψ0〉 = 〈Dj f̂ , E−kψ̂0〉;
via Lemma 11.2.2 (check the assumptions),

Fj,0(γ) =
∑

k∈Z

〈f,DjTkψ0〉E−k(γ) =
∑

k∈Z

〈Dj f̂ , E−kψ̂0〉E−k(γ)

= P((Dj f̂)ψ̂0)(γ). (11.28)

Inserting (11.27) and (11.28) in the expression (11.26) for Fj−1,� finally
gives the result. �

In terms of the matrix H defined in (11.15), the result in Lemma 11.2.4
shows that for a.e. γ ∈ R,

⎛

⎜
⎜
⎜
⎜
⎝

Fj−1,0(γ)
Fj−1,1(γ)

·
·

Fj−1,n(γ)

⎞

⎟
⎟
⎟
⎟
⎠

= 2−1/2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(H0(γ/2)Fj,0(γ/2) + T1/2H0(γ/2) T1/2Fj,0(γ/2)

(H1(γ/2)Fj,0(γ/2) + T1/2H1(γ/2) T1/2Fj,0(γ/2)
·
·

(Hn(γ/2)Fj,0(γ/2) + T1/2Hn(γ/2) T1/2Fj,0(γ/2)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 2−1/2

⎛

⎜
⎜
⎜
⎜
⎝

H0(γ/2) T1/2H0(γ/2)
H1(γ/2) T1/2H1(γ/2)

· ·
· ·

Hn(γ/2) T1/2Hn(γ/2)

⎞

⎟
⎟
⎟
⎟
⎠

(
Fj,0(γ/2)

T1/2Fj,0(γ/2)

)

= 2−1/2H(γ/2)
(

Fj,0(γ/2)
T1/2Fj,0(γ/2)

)

. (11.29)

The following lemmas will be based on the assumption that the matrix
H(γ) satisfies that

H(γ)∗H(γ) = I, a.e. γ ∈ T. (11.30)

Note that the matrix H(γ)∗H(γ) in (11.30) is a 2 × 2 matrix. Later, it
turns out that (11.30) is the essential assumption in the unitary extension
principle: in fact, given the general setup, it is the only condition we need.
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Lemma 11.2.5 Let {ψ�,H�}n
�=0 be as in the general setup on page 260,

and assume that H(γ)∗H(γ) = I for a.e. γ ∈ T. Then, for all j ∈ Z and
all f ∈ D,

∑

k∈Z

|〈f,DjTkψ0〉|2 =
n∑

�=0

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2.

Proof. The definition of Fj−1,� and Parseval’s equation show that

n∑

�=0

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2 =
n∑

�=0

∫ 1
2

− 1
2

|Fj−1,�(γ)|2 dγ. (11.31)

The assumption on the matrix H(γ) means that we can consider H(γ) as
an isometry from C

2 into C
n+1 for a.e. γ ∈ T. Using this together with

(11.29), it follows from (11.31) that

n∑

�=0

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2 = 2−1

∫ 1
2

− 1
2

∣
∣
∣
∣

∣
∣
∣
∣H(γ/2)

(
Fj,0(γ/2)

T1/2Fj,0(γ/2)

)∣
∣
∣
∣

∣
∣
∣
∣

2

Cn+1

dγ

= 2−1

∫ 1
2

− 1
2

∣
∣
∣
∣

∣
∣
∣
∣

(
Fj,0(γ/2)

T1/2Fj,0(γ/2)

)∣
∣
∣
∣

∣
∣
∣
∣

2

C2

dγ

= 2−1

∫ 1
2

− 1
2

(
|Fj,0(γ/2)|2 + |T1/2Fj,0(γ/2)|2

)
dγ

=
∫ 1

4

− 1
4

|Fj,0(γ)|2dγ +
∫ − 1

4

− 3
4

|Fj,0(γ)|2dγ.

Using the 1-periodicity of the function Fj,0, we conclude that

n∑

�=0

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2 =
∫ 1

2

− 1
2

|Fj,0(γ)|2dγ

=
∑

k∈Z

|〈f,DjTkψ0〉|2.

�

Lemma 11.2.6 Let {ψ�,H�}n
�=0 be as in the general setup on page 260,

and assume that H(γ)∗H(γ) = I for a.e. γ ∈ T. Then the following hold:

(i) {Tkψ0}k∈Z is a Bessel sequence with bound 1.

(ii) If f ∈ L2(R), then

lim
j→−∞

∑

k∈Z

|〈f,DjTkψ0〉|2 = 0.
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Proof. Consider a function f ∈ D. Lemma 11.2.5 shows that for any
j ∈ Z,

∑

k∈Z

|〈f,Dj−1Tkψ0〉|2 ≤
∑

k∈Z

|〈f,DjTkψ0〉|2. (11.32)

Let ε > 0 be given. Via Lemma 11.2.3, we can find j > 0 such that
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ (1 + ε)||f ||2.

Applying (11.32) j times leads to
∑

k∈Z

|〈f, Tkψ0〉|2 ≤
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ (1 + ε)||f ||2.

Because ε > 0 was arbitrary, it follows that
∑

k∈Z

|〈f, Tkψ0〉|2 ≤ ||f ||2.

Because this inequality holds on a dense subset of L2(R), it holds on L2(R)
by Lemma 3.1.6. Thus, {Tkψ0}k∈Z is a Bessel sequence with bound 1.

For the proof of (ii), let f ∈ L2(R). By (i) and the fact that Dj is
unitary, we know that {DjTkψ0}k∈Z is a Bessel sequence with bound 1
for all j ∈ Z (same argument as in Exercise 5.15). Letting I ⊂ R be any
bounded interval, we can write

f = fχI + f(1 − χI).

Using the inequality |a + b|2 ≤ 2 (|a|2 + |b|2), a, b ∈ C, we obtain that

|〈f,DjTkψ0〉|2 = |〈fχI + f(1 − χI),DjTkψ0〉|2

= |〈fχI ,D
jTkψ0〉 + 〈f(1 − χI),DjTkψ0〉|2

≤ 2
(
|〈fχI ,D

jTkψ0〉|2 + |〈f(1 − χI),DjTkψ0〉|2
)
.

This implies that
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ 2
∑

k∈Z

|〈fχI ,D
jTkψ0〉|2

+2
∑

k∈Z

|〈f(1 − χI),DjTkψ0〉|2

≤ 2
∑

k∈Z

|〈fχI ,D
jTkψ0〉|2 + 2 ||f(1 − χI)||2.

By choosing I sufficiently large, we can make ||f(1−χI)||2 arbitrarily small.
Thus, it is enough to show that

∑

k∈Z

|〈fχI ,D
jTkψ0〉|2 → 0 as j → −∞.
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Now,

∑

k∈Z

|〈fχI ,D
jTkψ0〉|2 = 2j

∑

k∈Z

∣
∣
∣
∣

∫

I

f(x)ψ0(2jx − k) dx

∣
∣
∣
∣

2

≤ ||f ||22j
∑

k∈Z

∫

I

|ψ0(2jx − k)|2 dx

= ||f ||2
∑

k∈Z

∫

2jI−k

|ψ0(x)|2 dx.

An application of Lebesgue’s dominated convergence theorem yields that
the final expression goes to zero as j → −∞, which concludes the proof. �

We are now ready to formulate and prove the unitary extension principle.

Theorem 11.2.7 Let {ψ�,H�}n
�=0 be as in the general setup on page 260,

and assume that H(γ)∗H(γ) = I for a.e. γ ∈ T. Then the multiwavelet sys-
tem {DjTkψ�}j,k∈Z,�=1,...,n constitutes a tight frame for L2(R) with frame
bound equal to 1, and

f =
n∑

�=1

∑

j∈Z

∑

k∈Z

〈f,DjTkψ�〉DjTkψ�, ∀f ∈ L2(R). (11.33)

Proof. Let ε > 0 be given, and consider a function f ∈ D. By Lemma
11.2.3, we can choose J > 0 such that for all j > J ,

(1 − ε)||f ||2 ≤
∑

k∈Z

|〈f,DjTkψ0〉|2 ≤ (1 + ε)||f ||2. (11.34)

For any j ∈ Z, Lemma 11.2.5 shows that

∑

k∈Z

|〈f,DjTkψ0〉|2 =
n∑

�=0

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2

=
∑

k∈Z

|〈f,Dj−1Tkψ0〉|2 +
n∑

�=1

∑

k∈Z

|〈f,Dj−1Tkψ�〉|2;

iterating the argument on
∑

k∈Z |〈f,Dj−1Tkψ0〉|2, it follows that for all
m < j,

∑

k∈Z

|〈f,DjTkψ0〉|2 =
∑

k∈Z

|〈f,DmTkψ0〉|2 +
n∑

�=1

j−1∑

p=m

∑

k∈Z

|〈f,DpTkψ�〉|2.
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Via (11.34), we deduce that for all j > J and m < j,

(1 − ε)||f ||2 ≤
∑

k∈Z

|〈f,DmTkψ0〉|2 +
n∑

�=1

j−1∑

p=m

∑

k∈Z

|〈f,DpTkψ�〉|2

≤ (1 + ε)||f ||2. (11.35)

By Lemma 11.2.6(ii),

lim
m→−∞

∑

k∈Z

|〈f,DmTkψ0〉|2 = 0.

Therefore, letting m → −∞ in (11.35) yields that for all j > J ,

(1 − ε)||f ||2 ≤
n∑

�=1

j−1∑

p=−∞

∑

k∈Z

|〈f,DpTkψ�〉|2 ≤ (1 + ε)||f ||2.

Letting j → ∞,

(1 − ε)||f ||2 ≤
n∑

�=1

∞∑

p=−∞

∑

k∈Z

|〈f,DpTkψ�〉|2 ≤ (1 + ε)||f ||2.

Because ε > 0 was arbitrary, we conclude that
n∑

�=1

∑

p∈Z

∑

k∈Z

|〈f,DpTkψ�〉|2 = ||f ||2

for all f ∈ D; therefore the equality holds for all f ∈ L2(R) by Lemma
5.1.2. The expansion property (11.33) follows from Corollary 5.1.8. �

The matrix H(γ)∗H(γ) has four entries, so at a first glance it seems that
we have to solve four scalar equations in order to apply Theorem 11.2.7.
However, it turns out that it is enough to verify two sets of equations
(Exercise 11.4):

Corollary 11.2.8 Let {ψ�,H�}n
�=0 be as in the general setup on page 260,

and assume that
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

n∑

�=0

|H�(γ)|2 = 1,

n∑

�=0

H�(γ)T1/2H�(γ) = 0,

(11.36)

for a.e. γ ∈ T. Then the multiwavelet system {DjTkψ�}j,k∈Z,�=1,...,n

constitutes a tight frame for L2(R) with frame bound equal to 1.

As an application of Corollary 11.2.8, we show how one can construct
compactly supported tight multiwavelet frames based on B-splines. In con-
trast with the Battle–Lemarié wavelets discussed on page 76, the generators
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will be finite linear combinations of splines Bm(2x − k), k ∈ Z, and thus
have compact support. As we have seen in Theorem 11.1.3, such a con-
struction cannot be based on a single generator: the price to pay is that we
need multiple generators.

Example 11.2.9 For any m = 1, 2, . . . , we consider the B-spline

ψ0 := B2m

of order 2m as defined in (6.11). By Corollary 6.2.1,

ψ̂0(γ) =
(

sin(πγ)
πγ

)2m

.

It is clear that limγ→0 ψ̂0(γ) = 1. Furthermore, the result in Exercise 6.7
shows that

ψ̂0(2γ) = cos2m(πγ)ψ̂0(γ).

Thus ψ0 satisfies a refinement equation with two-scale symbol

H0(γ) = cos2m(πγ). (11.37)

Note that Exercise 6.7 also explains why we are restricting to the case of
even-order B-splines. Now, consider the binomial coefficient

(
2m
�

)

:=
(2m)!

(2m − �)!�!
,

and define the functions H1, . . . , H2m ∈ L∞(T) by

H�(γ) =

√(
2m
�

)

sin�(πγ) cos2m−�(πγ), � = 1, . . . , 2m. (11.38)

Using that cos(π(γ − 1/2)) = sin(πγ) and sin(π(γ − 1/2)) = − cos(πγ), it
follows that

T1/2H�(γ) =

√(
2m
�

)

(−1)� cos�(πγ) sin2m−�(πγ), � = 1, . . . , 2m. (11.39)

Thus, the matrix H in (11.15) is given by

H(γ) =

⎛

⎜
⎜
⎜
⎜
⎝

H0(γ) T1/2H0(γ)
H1(γ) T1/2H1(γ)

· ·
· ·

H2m(γ) T1/2H2m(γ)

⎞

⎟
⎟
⎟
⎟
⎠

=
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⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

cos2m(πγ) sin2m(πγ)√(
2m
1

)

sin(πγ) cos2m−1(πγ) −
√(

2m
1

)

cos(πγ) sin2m−1(πγ)

√(
2m
2

)

sin2(πγ) cos2m−2(πγ)

√(
2m
2

)

cos2(πγ) sin2m−2(πγ)

· ·
· ·√(

2m
2m

)

sin2m(πγ)

√(
2m
2m

)

cos2m(πγ)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We now verify the conditions in Corollary 11.2.8. Using the binomial
formula

(x + y)2m =
2m∑

�=0

(
2m
�

)

x�y2m−�, (11.40)

we see via (11.38) that

2m∑

�=0

|H�(γ)|2 =
2m∑

�=0

(
2m

�

)

sin2�(πγ) cos2(2m−�)(πγ)

=
(
sin2(πγ) + cos2(πγ)

)2m

= 1, γ ∈ T.

Using the binomial formula with x = −1, y = 1, the expressions in (11.38)
and (11.39) yield that

2m∑

�=0

H�(γ)T1/2H�(γ) = sin2m(πγ) cos2m(πγ)
2m∑

�=0

(−1)�

(
2m
�

)

= sin2m(πγ) cos2m(πγ)(1 − 1)2m

= 0.

Now Corollary 11.2.8 implies that the 2m functions ψ1, . . . , ψ2m defined
by

ψ̂�(γ) = H�(γ/2)ψ̂0(γ/2)

=

√(
2m
�

)
sin2m+�(πγ/2) cos2m−�(πγ/2)

(πγ/2)2m

generate a tight multiwavelet frame {DjTkψ�}j,k∈Z,�=1,...,2m for L2(R). �

We want to study the properties of the frame constructed in Example
11.2.9, but we first change the definition slightly by multiplying each of the
functions H� in (11.38) with a complex number of absolute value 1. This
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modification will not change the frame properties for the generated wavelet
system.

Example 11.2.10 We continue Example 11.2.9, but now we define

H�(γ) = i�

√(
2m
�

)

sin�(πγ) cos2m−�(πγ), � = 1, . . . , 2m. (11.41)

H� only differs from the choice in (11.38) by a constant of absolute value
1, so the functions ψ1, . . . , ψ2m given by

ψ̂�(2γ) = H�(γ)ψ̂0(γ), � = 1, . . . , 2m, (11.42)

also generate a tight multiwavelet frame. Instead of inserting the expression
for ψ̂0 in (11.42), we now rewrite H�(γ) using Euler’s formula:

H�(γ) = i�

√(
2m
�

)(
eπiγ − e−πiγ

2i

)�(
eπiγ + e−πiγ

2

)2m−�

= 2−2m

√(
2m
�

)
(
eπiγ − e−πiγ

)� (
eπiγ + e−πiγ

)2m−�
.

(11.43)

Via the binomial formula we see that H�(γ) is a finite linear combination
of terms

e−2πimγ , e−2πi(m−1)γ , . . . , e2πi(m−1)γ , e2πimγ .

All coefficients in the linear combination are real. Writing

H�(γ) =
m∑

k=−m

ck,�e
2πikγ ,

Lemma 3.6.3 shows that

ψ� =
√

2
m∑

k=−m

ck,�DT−kψ0. (11.44)

That is, ψ� is a real-valued spline. Since DTmψ0 has support in [0,m] and
DT−mψ0 has support in [−m, 0], the spline ψ� has support in [−m,m]. Our
arguments also show that the splines ψ� inherit other properties from ψ0:
they have degree 2m − 1, belong to C2m−2(R), and have knots at Z/2. �

Let us find an explicit expression for the generators in Example 11.2.10
in the case m = 1:
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Example 11.2.11 In the case m = 1, the construction in Example 11.2.10
leads to two generators ψ1 and ψ2. Via the expression (11.43) for H1,

H1(γ) =
1
4

√(
2
1

)

(eπiγ − e−πiγ)(eπiγ + e−πiγ)

=
1

2
√

2
(e2πiγ − e−2πiγ).

By Lemma 3.6.3, we conclude that

ψ1(x) =
1√
2
(B2(2x + 1) − B2(2x − 1)). (11.45)

See Figure 11.1. Similarly, one proves (Exercise 11.6) that

ψ2(x) =
1
2

(B2(2x + 1) − 2B2(2x) + B2(2x − 1)) , (11.46)

which is shown in Figure 11.2. �

We note that the computational effort in Example 11.2.10 increases with
the order of the B-spline B2m we start with: the number of generators
ψ1, . . . , ψ2m increases with the order of the spline B2m, and (11.44) shows
that computation of ψ� involves calculation of a large number of coeffi-
cients for high-order B-splines. In practice, it is annoying that the number
of generators is forced to increase if we want to obtain generators with
higher smoothness. The results in Section 11.3 will allow us to construct
multiwavelet frames with two generators based on any B-spline B2m, i.e.,
with any prescribed regularity.

Example 11.2.12 In continuation of Example 11.2.10, we can also con-
struct spline frames with support on [0, 2m]. We ask the reader to provide
the details in Exercise 11.7. Letting ψ0 := N2m be the B-spline of order 2m
defined in (6.2), one can prove that

ψ̂0(2γ) = H0(γ)ψ̂0(γ) (11.47)

with

H0(γ) =
(

1 + e−2πiγ

2

)2m

= e−2πimγ cos2m(πγ). (11.48)

Because H0 appears from the corresponding function in (11.37) simply by
multiplication with e−2πimγ , the functions

H�(γ) = e−2πimγ

√(
2m
�

)

sin�(πγ) cos2m−�(πγ), � = 1, . . . , 2m

satisfy the conditions in the unitary extension principle. We prefer to
multiply the functions with a complex number, i.e., to consider
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Figure 11.1. The function ψ1 given by (11.45).

Figure 11.2. The function ψ2 given by (11.46).
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H�(γ) = i�e−2πimγ

√(
2m
�

)

sin�(πγ) cos2m−�(πγ), � = 1, . . . , 2m;

with this choice, we conclude that the functions ψ1, . . . , ψ2m defined by

ψ̂�(γ) = H�(γ/2)ψ̂0(γ/2)

= i�e−2πimγ

√(
2m
�

)
sin2m+�(πγ/2) cos2m−�(πγ/2)

(πγ/2)2m

generate a tight multiwavelet frame for L2(R). The spline functions
ψ1, . . . , ψ2m now have support on [0, 2m]. We return to the case m = 1
in Example 11.3.7. �

11.3 The oblique extension principle

In this section, we keep the assumptions in the general setup on page 260.
Our purpose is to prove a more flexible version of the unitary extension
principle; let us first give some reasons why we want to do so.

In the context of approximation theory, it is desirable that a multiwavelet
frame is generated by functions {ψ�}n

�=1 having a large number of vanish-
ing moments; see, e.g., Theorem 4.3.1, which shows that a large number
of vanishing moments for a smooth compactly supported function ψ im-
plies that the expansion coefficients 〈f, ψj,k〉 decay fast for j → ∞. If
{ψ�}n

�=1 is constructed via the unitary extension principle, we know that
ψ̂�(γ) = H�(γ/2)ψ̂0(γ/2) and that ψ̂0(0) = 1; it follows from here that the
number of vanishing moments for the function ψ� is equal to the order of
zero for H� at γ = 0. This actually puts a restriction on the number of van-
ishing moments one can obtain for generators constructed via the unitary
extension principle:

Example 11.3.1 We return to the B-spline B2m of order 2m considered
in Example 11.2.9; it satisfies a refinement equation with two-scale symbol

H0(γ) = cos2m(πγ).

If we want to construct a frame via the unitary extension principle, the
conditions in Corollary 11.2.8 in particular state that

1 =
n∑

�=0

|H�(γ)|2,
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i.e., that
n∑

�=1

|H�(γ)|2 = 1 − cos4m(πγ). (11.49)

The order of the zero at γ = 0 for the function 1 − cos4m(πγ) is 2, so
also on the left-hand side of (11.49) we can only factor γ2 out; this implies
that at least one of the functions |H�|2 at most can have a zero at γ = 0
of order 2, and therefore at least one of the functions ψ� can at most have
one vanishing moment. �

An important reformulation of Theorem 11.2.7 was simultaneously ob-
tained by Daubechies, Han, Ron, and Shen in [28] and Chui, He, and
Stöckler in [19]. It gives a more flexible recipe for construction of frames
than Theorem 11.2.7, and can, e.g., be used to construct tight frames with
a higher number of vanishing moments. The result is called the oblique
extension principle:

Theorem 11.3.2 Let {ψ�,H�}n
�=0 be as in the general setup on page 260.

Assume that there exists a strictly positive function θ ∈ L∞(T) for which

lim
γ→0

θ(γ) = 1

and such that for a.e. γ ∈ T,

H0(γ)H0(γ + ν)θ(2γ) +
n∑

�=1

H�(γ)H�(γ + ν)

=
{

θ(γ) if ν = 0,
0 if ν = 1

2 . (11.50)

Then the functions {DjTkψ�}j,k∈Z,�=1,...,n constitute a tight frame for
L2(R) with frame bound equal to 1.

Proof. Assume that the conditions in Theorem 11.3.2 are satisfied, and
define the function ψ̃0 ∈ L2(R) by

̂̃
ψ0(γ) =

√
θ(γ)ψ̂0(γ). (11.51)

Define the 1-periodic functions H̃0, . . . , H̃n by

H̃0(γ) =

√
θ(2γ)
θ(γ)

H0(γ), H̃�(γ) =

√
1

θ(γ)
H�(γ), � = 1, . . . , n. (11.52)

The idea in the proof is to apply the unitary extension principle to
ψ̃0, H̃0, . . . , H̃n and thereby obtain a tight frame {DjTkψ̃�}j,k∈Z,�=1,...,n;
finally, it turns out that ψ̃� = ψ�, � = 1, . . . , n.
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We now prove that ψ̃0, H̃0, . . . , H̃n satisfy the conditions in the general
setup. First,

̂̃
ψ0(2γ) =

√
θ(2γ)ψ̂0(2γ) =

√
θ(2γ)H0(γ)ψ̂0(γ)

=

√
θ(2γ)
θ(γ)

H0(γ)̂̃ψ0(γ)

= H̃0(γ)̂̃ψ0(γ).

Also,

lim
γ→0

̂̃
ψ0(γ) = lim

γ→0

(√
θ(γ)ψ̂0(γ)

)
= 1.

Via the definition (11.52) and (11.50) with ν = 0,
n∑

�=0

|H̃�(γ)|2 =
θ(2γ)
θ(γ)

|H0(γ)|2 +
n∑

�=1

|H�(γ)|2
θ(γ)

= 1, a.e. γ ∈ T.

Thus, H̃0, . . . , H̃n ∈ L∞(T). Because θ(2(γ + 1
2 )) = θ(2γ), we also see that

n∑

�=0

H̃�(γ)H̃�(γ +
1
2
) =

θ(2γ)
√

θ(γ)θ(γ + 1
2 )

H0(γ)H0(γ +
1
2
)

+
1

√
θ(γ)θ(γ + 1

2 )

n∑

�=1

H�(γ)H�(γ +
1
2
)

= 0, a.e. γ ∈ T.

Defining the functions ψ̃1, . . . , ψ̃n by

̂̃
ψ�(2γ) = H̃�(γ)̂̃ψ0(γ), � = 1, . . . , n, (11.53)

it follows from Theorem 11.2.7 that the functions {DjTkψ̃�}j,k∈Z,�=1,...,n

constitute a tight frame for L2(R) with frame bound equal to 1. The proof
is now completed by the observation that for � = 1, . . . , n,

ψ̂�(2γ) = H�(γ)ψ̂0(γ) =
√

θ(γ)H̃�(γ)
1

√
θ(γ)

̂̃
ψ0(γ) = ̂̃

ψ�(2γ),

which shows that ψ� = ψ̃�. �

By taking θ = 1 in Theorem 11.3.2, we obtain Theorem 11.2.7. From
the extra freedom in Theorem 11.3.2 concerning the choice of θ, one could
expect it to be a more general result than Theorem 11.2.7, but the proof
shows that the class of frames that can be constructed is the same for the
two theorems. However, in practice Theorem 11.3.2 gives more flexibility
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because it naturally leads to some constructions one would not expect from
Theorem 11.2.7. Let us explain this in more detail.

Suppose that ψ0 is a compactly supported function satisfying (11.13) for
some function H0 ∈ L∞(T), and that θ and H�, � = 1, . . . , n are trigono-
metric polynomials satisfying the conditions in Theorem 11.3.2. Lemma
3.6.3 shows that the generators ψ� for the frame {DjTkψ�}j,k∈Z,�=1,...,n

have compact support. Now, the proof of Theorem 11.3.2 shows that the
same frame can be constructed via Theorem 11.2.7: if we define ψ̃0 by
(11.51), then the functions ψ̃� defined via (11.53) and (11.52) will satisfy
the conditions in the unitary extension principle, and ψ� = ψ̃�. However, in
general ψ̃0 is not compactly supported, so the fact that the resulting frame
{DjTkψ̃�}j,k∈Z,�=1,...,n is generated by compactly supported functions is
somewhat miraculous and could certainly not be predicted in advance. In
short, this shows that there are constructions that appear naturally via
Theorem 11.3.2, but one would not even think about constructing them
via Theorem 11.2.7.

In practice, it is desirable that a multiwavelet frame contains as few
generators as possible. We will now show how to construct frames with
two or three generators based on the oblique extension. In order to apply
the oblique extension principle, one needs to choose the functions θ and
H1, . . . , Hn simultaneously such that (11.50) is satisfied. It is not clear how
to do this in general, but we now prove that an extra condition on the
choice of θ will make it easy to construct frames.

Corollary 11.3.3 Let ψ0 and H0 be as in the general setup on page 260.
Let θ ∈ L∞(T) be a strictly positive function for which limγ→0 θ(γ) = 1,
chosen such that the function

η(γ) := θ(γ) − θ(2γ)
(

|H0(γ)|2 + |H0(γ +
1
2
)|2
)

(11.54)

is positive as well. Fix an integer n ≥ 2 and let {G�}n
�=2 be 1-periodic

trigonometric polynomials for which
n∑

�=2

|G�(γ)|2 = 1, and
n∑

�=2

G�(γ)G�(γ +
1
2
) = 0, γ ∈ R. (11.55)

Let ρ, σ be 1-periodic functions such that

|ρ(γ)|2 = θ(γ), |σ(γ)|2 = η(γ), (11.56)

and define the 1-periodic functions {H�}n
�=1 by

H1(γ) = e2πiγρ(2γ)H0(γ +
1
2
), H�(γ) = G�(γ)σ(γ), � = 2, . . . , n.

Then the functions {ψ�}n
�=1 given by (11.14) generate a tight frame

{DjTkψ�}j,k∈Z,�=1,...,n for L2(R).
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Proof. We check that the functions θ and H� satisfy (11.50). First, for
γ ∈ T,

|H0(γ)|2θ(2γ) +
n∑

�=1

|H�(γ)|2

= |H0(γ)|2θ(2γ) + |H0(γ +
1
2
)|2|ρ(2γ)|2 + |σ(γ)|2

n∑

�=2

|G�(γ)|2

= |H0(γ)|2θ(2γ) + |H0(γ +
1
2
)|2θ(2γ) + η(γ)

= θ(γ).

Similarly,

H0(γ)H0(γ +
1
2
)θ(2γ) +

n∑

�=1

H�(γ)H�(γ +
1
2
)

= H0(γ)H0(γ +
1
2
)θ(2γ)

+ρ(2γ)ρ(2(γ +
1
2
))e2πiγe−2πi(γ+1/2)H0(γ)H0(γ +

1
2
)

+σ(γ)σ(γ +
1
2
)

n∑

�=2

G�(γ)G�(γ +
1
2
)

= H0(γ)H0(γ +
1
2
)θ(2γ) − θ(2γ)H0(γ)H0(γ +

1
2
)

= 0.

�

If the condition (11.54) is satisfied for an appropriate function θ, Corol-
lary 11.3.3 makes it relatively easy to obtain frames with for example three
generators. For example, (11.55) is satisfied with

G2(γ) =
1√
2
, G3(γ) =

1√
2
e2πiγ . (11.57)

Thus, in order to apply Corollary 11.3.3, the remaining work consists in
finding ρ, σ such that (11.56) is satisfied. It turns out that if the functions
θ and η are trigonometric polynomials, then the functions ρ and σ can be
chosen to be trigonometric polynomials as well. This is the outcome of the
so-called spectral factorization, which is described in Lemma 3.5.5.

The assumption (11.54) even implies that we can construct a tight mul-
tiwavelet frame generated by two functions. The reader is asked to provide
the proof in Exercise 11.8:
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Corollary 11.3.4 Let ψ0 and H0 be as in the general setup on page 260.
Let θ ∈ L∞(T) be a strictly positive function for which limγ→0 θ(γ) = 1,
chosen such that the function η in (11.54) is positive as well. Define the
functions ρ, σ as in (11.56) and let

H1(γ) = e2πiγρ(2γ)H0(γ +
1
2
), H2(γ) = H0(γ)σ(2γ). (11.58)

Then the functions {ψ�}2
�=1 given by (11.14) generate a tight frame

{DjTkψ�}j,k∈Z,�=1,2 for L2(R).

Note that if θ and H0 are trigonometric polynomials, then η defined in
(11.54) also is a trigonometric polynomial. The assumption that θ and η
are positive implies by Lemma 3.5.5 that we can choose ρ, σ in (11.56)
to be trigonometric polynomials. In this case, the generators ψ� in Corol-
lary 11.3.3 and Corollary 11.3.4 are finite linear combinations of functions
DTkψ0 by Lemma 3.6.3.

The oblique extension principle is very useful in order to construct
multiwavelet frames based on B-splines. Even the extra assumptions for
reduction to two or three generators can be fulfilled:

Theorem 11.3.5 Let B2m denote the B-spline of order 2m with two-scale
symbol H0(γ) = cos2m(πγ). Then, for each positive integer M ≤ 2m, there
exists a trigonometric polynomial θ of the form

θ(γ) = 1 +
M−1∑

j=1

cj sin2j(πγ), (11.59)

for which the following hold:

(i) cj ≥ 0 for all j = 1, . . . , M − 1, i.e., θ(γ) > 0 for all γ ∈ R;

(ii) The function η in (11.54) is positive;

(iii) The generators in the tight wavelet frames constructed via the oblique
extension principle and its corollaries have M vanishing moments.

The coefficients cj , j = 1, . . . ,M −1 can be determined via the requirement
that
⎛

⎝1 +
∞∑

j=1

(2j − 1)!
(2j)! (2j + 1)

yj

⎞

⎠

4m

= 1 +
M−1∑

j=1

cjy
j + O(|y|M ) as y → 0.

(11.60)

Theorem 11.3.5 is proved in [28]. Thus, we can apply the result in
Corollary 11.3.4 to construct multiwavelet frames with two generators
based on any B-spline B2m. As already mentioned, if we choose the func-
tions ρ, σ in (11.56) to be trigonometric polynomials, then the associated
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frame generators ψ1 and ψ2 are finite linear combinations of functions
B2m(2x − k), k ∈ Z. By choosing m large enough, we can thus obtain gen-
erators belonging to any prescribed smoothness class CN (R). In contrast,
in the application of the unitary extension principle in Example 11.2.9, the
number of generators was forced to grow with the desired smoothness.

Let us demonstrate the calculation of the coefficients cj in (11.59) in the
case M = 2:

Example 11.3.6 Let us find the trigonometric polynomial associated with
the B-spline B2m, m ∈ N, and M = 2. Note that

⎛

⎝1 +
∞∑

j=1

(2j − 1)!
(2j)! (2j + 1)

yj

⎞

⎠

4m

=
(

1 +
1
6
y +

1
20

y2 + · · ·
)4m

= 1 +
2m

3
y + O(|y|2).

This proves that for M = 2, (11.60) is satisfied with c1 = 2m/3. Thus, the
desired trigonometric polynomial is

θ(γ) = 1+
2m

3
sin2(πγ) = 1+

2m

3
1 − cos(2πγ)

2
=

3 + m

3
−m

3
cos(2πγ). �

We now give an example of frame constructions via Theorem 11.2.7 and
Theorem 11.3.2.

Example 11.3.7 We consider the function ψ0 = N2. As we have seem in
Example 11.2.12,

N̂2(2γ) = H0(γ)N̂2(γ),

where

H0(γ) =
(1 + e−2πiγ)2

4
= e−2πiγ cos2(πγ).

We first revisit Example 11.2.12 and then give constructions via the oblique
extension principle and its corollaries.

(i) Defining H1 and H2 by

H1(γ) = ie−2πiγ
√

2 sin(πγ) cos(πγ) =
1√
2
e−2πiγi sin(2πγ)

=
√

2
4

(1 − e−4πiγ),

H2(γ) = −e−2πiγ sin2(πγ) =
(1 − e−2πiγ)2

4
, (11.61)
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it follows from Example 11.2.12 that the functions ψ
(i)
1 := ψ1 and ψ2 defined

via (11.14) generate a tight frame. They are given by (Exercise 11.9)

ψ
(i)
1 (x) =

1√
2
(N2(2x) − N2(2x − 2)), (11.62)

ψ2(x) =
1
2

(N2(2x) − 2N2(2x − 1) + N2(2x − 2)) . (11.63)

See Figures 11.3–11.4.

(ii) An alternative construction can be obtained via the oblique extension
principle. Let

θ(γ) =
4 − cos(2πγ)

3
. (11.64)

Note that this is exactly the function we constructed in Example 11.3.6
corresponding to the piecewise linear B-spline and M = 1.

In this example, we keep the choice of H2 in (11.61). Thus, if we want
to use the oblique extension principle, we have to choose H1 such that the
two conditions in (11.50) are satisfied; that is, we require that

|H1(γ)|2 = θ(γ) − |H0(γ)|2θ(2γ) − |H2(γ)|2,
and

H1(γ)H1(γ +
1
2
) = −H0(γ)H0(γ +

1
2
)θ(2γ) − H2(γ)H2(γ +

1
2
).

Inserting θ,H0, and H1 leads to the equations
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

|H1(γ)|2 =
1
6
(cos(2πγ) + 2)2(cos(2πγ) − 1)2,

H1(γ)H1(γ +
1
2
) =

1
6
(cos(2πγ) + 2)(cos(2πγ) − 2)

×(cos(2πγ) − 1)(cos(2πγ) + 1)

.

These equations are satisfied if we let

H1(γ) =
1√
6
(cos(2πγ) + 2)(cos(2πγ) − 1)

=
1√
6
(cos2(2πγ) + cos(2πγ) − 2)

=
1

4
√

6
(e4πiγ + e−4πiγ + 2e2πiγ + 2e−2πiγ − 6).

Via the choice of ψ1 in the general setup, this leads to (Exercise 11.9)

ψ1(γ) =
1

2
√

6
(N2(2γ − 2) + 2N2(2γ − 1) − 6N2(2γ))

+
1

2
√

6
(2N2(2γ + 1) + N2(2γ + 2)) . (11.65)
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Figure 11.3. The function ψ
(i)
1 given by (11.62).

Figure 11.4. The function ψ2 given by (11.63).

Figure 11.5. The function ψ
(ii)
1 given by (11.66).
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This function has support on [−1, 2]. Instead of taking this generator,
we take

ψ
(ii)
1 (γ) := ψ1(γ − 1) (11.66)

=
1

2
√

6
(N2(2γ − 4) + 2N2(2γ − 3) − 6N2(2γ − 2))

+
1

2
√

6
(2N2(2γ − 1) + N2(2γ)) ,

which generate the same wavelet system and has support on [0, 3]. The
function ψ

(ii)
1 is shown in Figure 11.5. �

11.4 Approximation orders

In this section, we give some more reasons for constructing frames via
the oblique extension principle. More information can be found in [28].
We assume again that {H�, ψ�}n

�=0 is as in the general setup, and that
{DjTkψ�}j,k∈Z,�=1,...,n is a tight frame constructed via the oblique exten-
sion principle. We restrict our discussion to the case of tight wavelet frames
based on even-order B-splines, i.e., ψ0 = B2m for some m ∈ N. Based on
the refinable function ψ0, we let

Vj = span{DjTkψ0}j,k∈Z.

For s > 0, consider the Sobolev space

Hs(R) =
{

f : R → C |
∫ ∞

−∞
|f̂(γ)|2(1 + |γ|2)sdγ < ∞

}

.

Hs(R) is a Banach space with respect to the natural norm,

||f ||Hs
=
(∫ ∞

−∞
|f̂(γ)|2(1 + |γ|2)sdγ

)1/2

.

Compared with the unitary extension principle, the oblique extension
principle and its corollaries give more freedom in the construction of tight
frames, due to the different choices of θ one can start with. However, for
practical purposes, the main point is which properties we can expect of
the constructed frame, and it turns out that some desirable properties will
restrict the class of usable functions θ considerably.

We say that ψ0 provides approximation order s if for all f in the Sobolev
space Hs(R),

dist(f, Vj) = O(2−js),
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i.e., if there exists a constant C > 0 such that

dist(f, Vj) ≤ C2−js, ∀j ∈ Z.

For the tight frame {DjTkψ�}j,k∈Z,�=1,...,n, we know from the frame
decomposition (5.9) that for all f ∈ L2(R),

f =
n∑

�=1

∑

j∈Z

∑

k∈Z

〈f,DjTkψ�〉DjTkψ�.

As an approximation of f , we can use

QJf :=
n∑

�=1

∑

j<J

∑

k∈Z

〈f,DjTkψ�〉DjTkψ�

for a reasonably large value of J ∈ Z. We say that the frame
{DjTkψ�}j,k∈Z,�=1,...,n provides approximation order s if for all f ∈ Hs(R),

||f − QJf || = O(2−sJ ).

When speaking about “the approximation order,” it is in both cases
understood that we mean the largest possible order.

We know that ψ1, . . . , ψn ∈ V1, so QJf ∈ VJ for all J ∈ Z; thus, the
approximation order of the frame {DjTkψ�}j,k∈Z,�=1,...,n cannot exceed the
approximation order of the underlying refinable function ψ0. Note that in
the case of a classical multiresolution analysis, where a refinable function
leads to the construction of an orthonormal basis {DjTkψ}j,k∈Z for L2(R),
the operator QJ is the orthogonal projection onto Vj and the two types of
approximation orders coincide; in general they might be different.

Since every implementation has to be done with a finite collection of vec-
tors, the approximation order of {DjTkψ�}j,k∈Z,�=1,...,n is clearly important
in many applications: we usually want it to be as large as possible. One
can prove that the refinable function ψ0 = B2m provides approximation
order 2m. With the function θ chosen as in the oblique extension princi-
ple, one can prove that the approximation order of {DjTkψ�}j,k∈Z,�=1,...,n

is min(2m, 2M). Thus, by choosing M sufficiently large, see Theorem
11.3.5, we can obtain the approximation order 2m; this is the best possible
approximation order we can hope for with the given function ψ0 = B2m.

11.5 Construction of pairs of dual wavelet frames

So far, the constructions via the extension principles have concerned tight
frames. However, the technique is more far-reaching, and one can actually
extend the results and construct dual multiwavelet pairs. We cite a result
from [19] and [28] concerning construction of dual pairs of multiwavelet
frames:
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Theorem 11.5.1 Let {H�, ψ�}n
�=0 and {K�, ψ̃�}n

�=0 be two sets of func-
tions, satisfying the conditions in the general setup on page 260, and such
that for some C > 0 and ρ > 1

2 ,

|ψ̂0(γ)|, |̂̃ψ0(γ)| ≤ C

|γ|ρ , a.e. γ ∈ R. (11.67)

Assume that there exists a function θ ∈ L∞(T) such that limγ→0 θ(γ) = 1
and

H0(γ)K0(γ + ν)θ(2γ) +
n∑

�=1

H�(γ)K�(γ + ν)

=
{

θ(γ) if ν = 0,
0 if ν = 1

2 . (11.68)

Then {DjTkψ�}j,k∈Z,�=1,...,n and {DjTkψ̃�}j,k∈Z,�=1,...,n are a pair of dual
multiwavelet frames.

To find a pair of dual frames via Theorem 11.5.1 is actually much easier
than to construct tight frames via the oblique extension principle. One
reason is that the function θ is not required to be positive. Another reason
is that we have freedom to chose two sets of trigonometric polynomials H�

and K�: in fact, the condition (11.50) in the oblique extension principle
corresponds exactly to (11.68) with H� = K�, and is more complicated to
satisfy.

Similar to what we saw for the oblique extension principle, we can use
Theorem 11.5.1 to provide explicit constructions of dual pairs of frames
with multiple generators. In the rest of this section, we will use the
following:

Setup for construction of pairs of dual wavelet frames:

Let {ψ0,H0}, {K0, ψ̃0} be as in the general setup on page 260, and assume
that (11.67) is satisfied. Let θ ∈ L∞(T) be a real-valued function for which
limγ→0 θ(γ) = 1, and assume that the function

η(γ) := θ(γ) − θ(2γ)
(

H0(γ)K0(γ) + H0(γ +
1
2
)K0(γ +

1
2

)

(11.69)

is real-valued and has a zero of order at least 2 at the origin. Choose
real-valued functions η1, η2 ∈ L∞(T) such that

η(γ) = 2η1(γ)η2(γ), and η1(0) = η2(0) = 0, (11.70)

and choose two 1
2 -periodic and real-valued functions θ1, θ2 such that

θ(2γ) = θ1(γ)θ2(γ). (11.71)

�
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Let us comment on these assumptions and choices. First, the choice of
1
2 -periodic functions in (11.71) is possible because γ �→ θ(2γ) has period 1

2 .
In the construction of tight multiwavelet frames in, e.g., Corollary 11.3.3,

we had to perform a spectral factorization of the functions θ and η. The
choices of the functions η1, η2, θ1, θ2 in (11.70) and (11.71) will replace
the spectral factorization: in fact, we now prove how one can construct a
multiwavelet frame based on these functions. We note that in general it is
much easier to find functions satisfying (11.70) and (11.71) than to perform
a spectral factorization; the price we have to pay is that we in general do
not obtain a tight frame.

Corollary 11.5.2 Assume the setup on page 287 and define {H�}3
�=1 and

{K�}3
�=1 by

H1(γ) = e2πiγθ1(γ)K0(γ +
1
2
), K1(γ) = e2πiγθ2(γ)H0(γ +

1
2
),

H2(γ) = η1(γ), K2(γ) = η2(γ),
H3(γ) = e2πiγη1(γ), K3(γ) = e2πiγη2(γ).

Define the associated functions {ψ�}3
�=1 and {ψ̃�}3

�=1 as in the general
setup on page 260. Then {DjTkψ�}j,k∈Z,�=1,2,3 and {DjTkψ̃�}j,k∈Z,�=1,2,3

constitute a pair of dual multiwavelet frames.

Proof. For ν = 0,

H0(γ)K0(γ)θ(2γ) +
3∑

�=1

H�(γ)K�(γ)

= H0(γ)K0(γ)θ(2γ) + θ1(γ)θ2(γ)K0(γ +
1
2
)H0(γ +

1
2
) + 2η1(γ)η2(γ)

= H0(γ)K0(γ)θ(2γ) + θ(2γ)K0(γ +
1
2
)H0(γ +

1
2
)

+θ(γ) − θ(2γ)
(

H0(γ)K0(γ) + H0(γ +
1
2
)K0(γ +

1
2
)
)

= θ(γ).

The proof that (11.68) holds for ν = 1
2 is similar and is left to the reader

(Exercise 11.5). �

Corollary 11.5.3 Assume the setup on page 287 and let

H1(γ) = e2πiγθ1(γ)K0(γ +
1
2
), K1(γ) = e2πiγθ2(γ)H0(γ +

1
2
),

H2(γ) = η1(2γ)H0(γ), K2(γ) = η2(2γ)K0(γ).

Then {DjTkψ�}j,k∈Z,�=1,2 and {DjTkψ̃�}j,k∈Z,�=1,2 constitute a pair of dual
multiwavelet frames.
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We have assumed the factorizations of θ(2·) and η to be real-valued.
This is not strictly necessary. However, if θ,H0, and K0 are trigonometric
polynomials and η1, η2 and θ1, θ2 are real-valued trigonometric polynomi-
als, then the frame generators {ψ�}3

�=1 and {ψ̃�}3
�=1 are symmetric if the

refinable functions ψ0 and ψ̃0 are symmetric real-valued functions. Thus,
the above process will lead to symmetric dual wavelet pairs when applied
to even-order B-splines.

Example 11.5.4 We give an example of a frame construction with two
generators. We will base the choices of H1,H2 and K1,K2 on the same
refinable function, namely a translated B-spline of order 2. That is, we
take ψ0 = ψ̃0 = T1B2; the associated two-scale symbol is

H0(γ) =
(1 + e−2πiγ)2

4
= e−2πiγ cos2(πγ).

We again take

θ(γ) =
4 − cos(2πγ)

3
;

as proved in Example 11.3.7 this leads to

η(γ) =
2
3
(8 cos4(πγ) + 1)(cos(πγ) − 1)2(cos(πγ) + 1)2. (11.72)

If we want to apply Corollary 11.5.3, we need to find functions η1, η2, θ1, θ2

satisfying (11.70) and (11.71). This is easy: the expression (11.72)
immediately gives several choices for η1, η2, for example

η1(γ) =
1
3
(8 cos4(πγ) + 1)(cos(πγ) − 1)(cos(πγ) + 1)2,

η2(γ) = (cos(πγ) − 1).

Concerning θ1, θ2 we simply take

θ1(γ) = 1, θ2(γ) = θ(2γ) =
4 − cos(4πγ)

3
.

The functions in Corollary 11.5.3 are now as follows:

H1(γ) = e2πiγθ1(γ)K0(γ +
1
2
)

= e2πiγ (1 − e2πiγ)2

4
;
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K1(γ) = e2πiγθ2(γ)H0(γ +
1
2
)

= e2πiγ

(
4
3
− e4πiγ + e−4πiγ

6

)
(1 − e2πiγ)2

4
;

H2(γ) = η1(2γ)H0(γ)

=
1
3

(

8
(

e2πiγ + e−2πiγ

2

)4

+ 1

)(
e2πiγ + e−2πiγ

2
− 1
)

×
(

e2πiγ + e−2πiγ

2
+ 1
)2 (1 + e−2πiγ)2

4
;

K2(γ) = η2(2γ)K0(γ)

=
(

e2πiγ + e−2πiγ

2
− 1
)

(1 + e−2πiγ)2

4
.

With these choices, {DjTkψ�}j,k∈Z,�=1,2 and {DjTkψ̃�}j,k∈Z,�=1,2 consti-
tute a pair of dual multiwavelet frames. �

11.6 The signal processing perspective

In Section 11.2, we gave a functional analytic presentation of the unitary
extension principle. We will now look at this result once more and formulate
it in signal processing terms.

We will first reformulate the equations in Corollary 11.2.8 in terms of the
Z-transform. Formally, the Z-transform of a sequences {hk}k∈Z is defined
as the infinite series (depending on a variable z ∈ C)

H̃(z) :=
∑

k∈Z

hkz−k.

We will not worry too much about the exact domain of z ∈ Z for which the
Z-transform of a given sequence {hk}k∈Z converges. The reason is that we
mainly are interested in finite sequences {hk}k∈Z, for which the Z-transform
is defined for all z �= 0. Besides such finite sequences, we will only consider
the Z-transform of sequences {hk}k∈Z, which are Fourier coefficients; for
such sequences, the Z-transform converges for a.e. z ∈ C with |z| = 1, and
this turns out to be sufficient for our purpose. In engineering language, the
sequence {hk}k∈Z is often called a filter.

Consider the 1-periodic functions H�, � = 0, . . . , n, in the general setup
on page 260. We can write these functions in terms of their Fourier series,
with Fourier coefficients hk,�, k ∈ Z:

H�(γ) =
∑

k∈Z

hk,�e
2πikγ .
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Note that in terms of the Z-transform, this means that

H�(γ) =
∑

k∈Z

hk,�

(
e−2πiγ

)−k
= H̃�(e−2πiγ).

We can now formulate the main condition in the unitary extension
principle in terms of the Z-transform:

Theorem 11.6.1 Assume that the functions H�, � = 0, . . . , n, have real
Fourier coefficients hk,�, k ∈ Z. Then the conditions (11.36) hold if and
only if the equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

n∑

�=0

H̃�(z)H̃�(z−1) = 1,

n∑

�=0

H̃�(z)H̃�(−z−1) = 0

(11.73)

hold for a.e. z ∈ C for which |z| = 1.

Proof. Let us rewrite the terms appearing in (11.36):

T1/2H�(γ) = H̃�(e−2πi(γ−1/2)) = H̃�(−e−2πiγ),

and, because the coefficients hk,� are assumed to be real,

H�(γ) =
∑

k∈Z

hk,�e
−2πikγ = H̃�(e2πiγ).

Thus (11.36) is equivalent to the conditions
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

n∑

�=0

H̃�(e−2πiγ)H̃�(e2πiγ) = 1,

n∑

�=0

H̃�(e2πiγ)H̃�(−e−2πiγ) = 0.

Putting z = e2πiγ now leads to the result. �

Very often, conditions involving filters are formulated in terms of the
so-called polyphase decomposition of the Z-transform. In order to introduce
that, note that we can decompose a sequence {hk}k∈Z into “even“ and
“odd“ parts:

(. . . , h−2, h−1, h0, h1, h2, . . . ) = (. . . , h−2, 0, h0, 0, h2, . . . )
+ (. . . , 0, h−1, 0, h1, 0, . . . ).
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By linearity, this decomposition implies that the Z-transformation of
{hk}k∈Z can be written as

H̃(z) =
[
· · · + h−2z

2 + h0 + h2z
−2 + · · ·

]

+
[
· · · + h−1z + h1z

−1 + h3z
−3 + · · ·

]

=
[
· · · + h−2z

2 + h0 + h2z
−2 + · · ·

]

+z−1
[
· · · + h−1z

2 + h1 + h3z
−2 + · · ·

]

=
∑

k∈Z

h2kz−2k + z−1
∑

k∈Z

h2k+1z
−2k. (11.74)

The polyphase components of H̃(z) are now defined as the two functions

H̃0(z) :=
∑

k∈Z

h2kz−k, H̃1(z) =
∑

k∈Z

h2k+1z
−k;

thus, via (11.74), the Z-transformation has the polyphase decomposition

H̃(z) = H̃0(z2) + z−1H̃1(z2).

Consider now a given sequence of 1-periodic functions H�, � = 0, . . . , n, or,
equivalently, a sequence of filters {hk,�}k∈Z, � = 0, . . . n. Associated with
the filter {hk,�}k∈Z, we denote the polyphase components of H̃� by H̃�,0

and H̃�,1. Define the (n + 1) × 2 matrix of polyphase components Hp by

Hp(z) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

H̃0,0(z) H̃0,1(z)
H̃1,0(z) H̃1,1(z)

· ·
· ·

H̃n,0(z) H̃n,1(z)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

. (11.75)

We will now formulate Theorem 11.6.1 in terms of the matrix Hp(z) and
its transpose HT

p (z).

Theorem 11.6.2 Assume that the functions H�, � = 0, . . . , n, have real
Fourier coefficients hk,�, k ∈ Z. Then the condition (11.73) is satisfied if
and only if

HT
p (z−1)Hp(z) =

1
2
I (11.76)

for almost all z ∈ C with |z| = 1.

Proof. Note that H̃�,k(z−1) = H̃�,k(z) for � = 0, . . . , n, k = 0, 1; this
implies that HT

p (z−1) = HT
p (z). In terms of the entries of the matrix Hp(z),
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the condition (11.76) means that for almost all z ∈ C with |z| = 1,
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑

�=0

∣
∣
∣H̃�,0(z)

∣
∣
∣
2

=
1
2
,

n∑

�=0

∣
∣
∣H̃�,1(z)

∣
∣
∣
2

=
1
2
,

n∑

�=0

H̃�,0(z−1)H̃�,1(z) = 0,

n∑

�=0

H̃�,1(z−1)H̃�,0(z) = 0.

(11.77)

On the other hand, in terms of the polyphase decomposition, the two terms
in (11.73) can be written as

n∑

�=0

H̃�(z)H̃�(z−1) (11.78)

=
n∑

�=0

(
H̃�,0(z2)) + z−1H̃�,1(z2)

)(
H̃�,0(z−2) + zH̃�,1(z−2)

)

=
n∑

�=0

∣
∣
∣H̃�,0(z2)

∣
∣
∣
2

+
n∑

�=0

∣
∣
∣H̃�,1(z2)

∣
∣
∣
2

+z
n∑

�=0

H̃�,0(z2)H̃�,1(z−2) + z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2),

respectively,

n∑

�=0

H̃�(z)H̃�(−z−1) (11.79)

=
n∑

�=0

(
H̃�,0(z2) + z−1H̃�,1(z2)

)(
H̃�,0(z−2) − zH̃�,1(z−2)

)

=
n∑

�=0

∣
∣
∣H̃�,0(z2)

∣
∣
∣
2

−
n∑

�=0

∣
∣
∣H̃�,1(z2)

∣
∣
∣
2

−z

n∑

�=0

H̃�,0(z2)H̃�,1(z−2) + z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2).

From here, it follows that if (11.77) is satisfied, then the conditions in
(11.73) are satisfied as well.

Now assume that (11.73) holds. Adding, respectively, subtracting, the
two equations in (11.73), and using the expressions derived in (11.78) and
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(11.79) leads to the equations
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2
n∑

�=0

∣
∣
∣H̃�,0(z2)

∣
∣
∣
2

+ 2z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2) = 1,

2
n∑

�=0

∣
∣
∣H̃�,1(z2)

∣
∣
∣
2

+ 2z
n∑

�=0

H̃�,0(z2)H̃�,1(z−2) = 1.

(11.80)

The terms z−1
∑n

�=0 H̃�,0(z−2)H̃�,1(z2) and z
∑n

�=0 H̃�,0(z2)H̃�,1(z−2) are
the complex conjugated of each other, but by (11.80) they are also real;
thus,

z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2) = z
n∑

�=0

H̃�,0(z2)H̃�,1(z−2) ∈ R. (11.81)

Finally, applying the first equation in (11.73) with z replaced by −z leads
to

1 =
n∑

�=0

H̃�(−z)H̃�(−z−1)

=
n∑

�=0

(
H̃�,0(z2) − z−1H̃�,1(z2)

)(
H̃�,0(z−2) − zH̃�,1(z−2)

)

=
n∑

�=0

∣
∣
∣H̃�,0(z2)

∣
∣
∣
2

+
n∑

�=0

∣
∣
∣H̃�,1(z2)

∣
∣
∣
2

−z

n∑

�=0

H̃�,0(z2)H̃�,1(z−2) − z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2).

Again by addition and subtraction with the equation in (11.79), this leads
to

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2
n∑

�=0

∣
∣
∣H̃�,0(z2)

∣
∣
∣
2

− 2z

n∑

�=0

H̃�,0(z2)H̃�,1(z−2)) = 1,

2
n∑

�=0

∣
∣
∣H̃�,1(z2)

∣
∣
∣
2

− 2z−1
n∑

�=0

H̃�,0(z−2)H̃�,1(z2) = 1.

(11.82)

Combining (11.82) with (11.80) and (11.81) finally leads to (11.77). �

It turns out that the condition (11.76) in Theorem 11.6.2 is well-known
in the context of filter banks. In the rest of this section, we discuss this
connection.

Intuitively, a filter bank is some kind of “black box,” which performs
operations on an incoming signal (i.e., a sequence of numbers). Typically, a
filter bank splits the incoming signal into certain subsignals, which contain
particular information about the signal. For this reason, filter banks of
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that type are called analysis filter banks. After processing the subsequences
coming out of the analysis filter bank, engineers usually wish to get back to
the original input sequence. Therefore, it is essential that an analysis filter
bank is followed by another filter bank, which reconstructs the original
signal from the subsignals; such a filter bank is called a synthesis filter
bank. In that case, the entire system consisting of the two filter banks is
said to have the perfect reconstruction property.

The filter banks considered here will contain three operations on the
incoming sequence {xk}k∈Z:

• Convolution with a sequence {hk}k∈Z: The outcome is a new
sequence, whose k-th coordinate is given by

∑
n∈Z hnxk−n.

• Downsampling: The outcome is the sequence

↓ {xk}k∈Z := (· · ·x−2, x0, x2, · · · }.
Thus, downsampling removes each second element in the sequence.

• Upsampling: The outcome is the sequence

↑ {xk}k∈Z := (· · ·x−1, 0, x0, 0, x1, · · · }.
Thus, upsampling inserts zeroes between the elements in the
sequence.

Note that downsampling is the left-inverse of upsampling, but not the right-
inverse.

We will now describe a particular filter bank. The analysis filter bank will
split the incoming signal {xk}k∈Z into n+1 subsignals: each of these signals
is obtained by convolving {xk}k∈Z with a sequence hk,�, � = 0, . . . , n,
followed by a downsampling. The synthesis filter bank first upsamples each
of the incoming n + 1 subsignals, then convolves the resulting sequences
with sequences {gk,�}k∈Z, � = 0, . . . , n, and finally add the outcoming n+1
signals; see Figure 11.6. We will assume that the sequences {hk,�}k∈Z and
{gk,�}k∈Z, � = 0, . . . , n, are related by

gk,� = h−k,�, k ∈ Z, � = 0, . . . , n.

For the above system consisting of the analysis filter bank followed by the
synthesis filter bank, the perfect reconstruction property can be formulated
in terms of the polyphase components associated with the filters {hk,�}k∈Z:

Theorem 11.6.3 For the considered filter bank, the perfect reconstruction
property is equivalent to the condition

HT
p (z−1)Hp(z) = I for z ∈ C with |z| = 1. (11.83)

A proof of Theorem 11.6.3 can be found in [6]. Note that the conditions
in (11.83) and (11.76) are really “identical:” if one of these conditions is
satisfied, the other will be satisfied if the filter sequences {hk,�}k∈Z are
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Figure 11.6. A filter bank consisting of an analysis filter bank composed with a
synthesis filter bank.

either multiplied or divided by
√

2. In other words: if the condition (11.76)
(and the general setup for the unitary extension principle) are satisfied,
then the functions

ψ� =
√

2
∑

k∈Z

hk,�DT−kψ0, � = 1, . . . , n,

generate a tight frame with frame bound 1; if (11.83) is satisfied, the
functions

ψ� =
∑

k∈Z

hk,�DT−kψ0, � = 1, . . . , n,

generate a tight frame with frame bound 1.
Thus, the conditions in Theorem 11.6.2 for construction of a tight wavelet

frame are equivalent to the perfect reconstruction property for the above
filter bank.

11.7 A survey on general wavelet frames

In this section, we will give a short description of wavelet frames with
general dilation parameters and translation parameters. The reader might
observe that many of the results are parallel to results obtained for Gabor
frames in Chapter 9.

We will consider the functions ψa,b in (11.1), with the assumption that
the points (a, b) are restricted to discrete sets of the type {(aj , kbaj)}j,k∈Z,
where a > 1, b > 0; a is the dilation parameter or scaling parameter and b
is the translation parameter. We hereby obtain the functions

(Tkbaj Daj ψ)(x) = (Daj Tkbψ)(x) =
1

aj/2
ψ(

x

aj
− kb), j, k ∈ Z.



11.7 A survey on general wavelet frames 297

Re-indexing (i.e., replacing j by −j), we see that

{Tkbaj Daj ψ}j,k∈Z = {aj/2ψ(ajx − kb)}j,k∈Z. (11.84)

Definition 11.7.1 Let a > 1, b > 0 and ψ ∈ L2(R). A frame for L2(R) of
the form {aj/2ψ(ajx − kb)}j,k∈Z is called a wavelet frame.

We first present a necessary condition for {aj/2ψ(ajx−kb)}j,k∈Z to be a
frame, due to Chui and Shi [20]. It plays the same role in wavelet analysis
as Proposition 9.1.2 does for Gabor frames.

Proposition 11.7.2 Let a > 1, b > 0 and ψ ∈ L2(R) be given. If
{aj/2ψ(ajx − kb)}j,k∈Z is a frame with frame bounds A,B, then

bA ≤
∑

j∈Z

∣
∣
∣ψ̂(ajγ)

∣
∣
∣
2

≤ bB, a.e. γ ∈ R.

A sufficient condition for the wavelet system in (11.84) being a frame
was obtained by Daubechies [25]. Casazza and Christensen obtained the
following slight improvement, see [8] and [11]:

Theorem 11.7.3 Let a > 1, b > 0 and ψ ∈ L2(R) be given. Suppose that

B :=
1
b

sup
|γ|∈[1,a]

∑

j,k∈Z

∣
∣
∣ψ̂(ajγ)ψ̂(ajγ + k/b)

∣
∣
∣ < ∞. (11.85)

Then {aj/2ψ(ajx − kb)}j,k∈Z is a Bessel sequence with bound B, and for
all functions f ∈ L2(R) for which f̂ ∈ Cc(R),

∑

j,k∈Z

|〈f,Daj Tkbψ〉|2 =
1
b

∫ ∞

−∞
|f̂(γ)|2

∑

j∈Z

|ψ̂(ajγ)|2dγ (11.86)

+
1
b

∑

k �=0

∑

j∈Z

∫ ∞

−∞
f̂(γ)f̂(γ − ajk/b)ψ̂(a−jγ)ψ̂(a−jγ − k/b) dγ.

If furthermore

A :=
1
b

inf
|γ|∈[1,a]

⎛

⎝
∑

j∈Z

∣
∣
∣ψ̂(ajγ)

∣
∣
∣
2

−
∑

k �=0

∑

j∈Z

∣
∣
∣ψ̂(ajγ)ψ̂(ajγ + k/b)

∣
∣
∣

⎞

⎠ > 0,

(11.87)

then {aj/2ψ(ajx − kb)}j,k∈Z is a frame for L2(R) with bounds A,B.

Nothing guarantees that a wavelet frame {aj/2ψ(ajx − kb)}j,k∈Z con-
structed via Theorem 11.7.3 has a convenient dual frame: the canonical
dual frame might not even have the wavelet structure. A construction of a
pair of dual wavelet frames that is similar to the results for Gabor frames
presented in Section 9.4 can be found in [51].
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It is clear from the definition of a frame that a wavelet system Ψ con-
taining a frame {aj/2ψ(ajx − kb)}j,k∈Z is itself a frame if and only if
Ψ is a Bessel sequence. An example of a wavelet system that contains
{aj/2ψ(ajx − kb)}j,k∈Z is

{aj/2ψ(ajx − kb/n)}j,k∈Z, (11.88)

where n ∈ N. We say that the wavelet system in (11.88) is obtained via
oversampling with factor n of {aj/2ψ(ajx − kb)}j,k∈Z.

Oversampling will in general change the frame bounds, and for a tight
wavelet frame it might happen that the oversampled frame is no longer
tight. A positive result was obtained in [21], where the given conditions
imply that {aj/2ψ(ajx − kb/n)}j,k∈Z is tight if {aj/2ψ(ajx − kb)}j,k∈Z is
tight:

Theorem 11.7.4 Let a ≥ 2 be a positive integer and b > 0. Suppose that
{aj/2ψ(ajx − kb)}j,k∈Z is a frame for L2(R) with bounds A,B. Then, for
any positive integer n that is relatively prime to a, the family in (11.88) is
a frame for L2(R) with bounds nA, nB.

In the special case a = 2, we see that tightness is preserved if n is odd.
There exists examples, showing that tightness might not be preserved if n
is even, cf. [22].

We saw in Example 11.1.2 that the canonical dual of a wavelet frame
might not have the wavelet structure. However, there are cases where one
can find another dual, which is also a wavelet system; such cases are charac-
terized in Theorem 11.1.5. If the frame {aj/2ψ(ajx−kb)}j,k∈Z has a wavelet
dual {aj/2ψ̃(ajx − kb)}j,k∈Z and n is a positive integer that is relatively
prime to a, then the oversampled system (11.88) also has a dual with the
wavelet structure, namely { 1

naj/2ψ̃(ajx − kb/n)}j,k∈Z. We refer to [21] for
a proof.

Theorem 11.7.3 gives a sufficient condition for a function ψ ∈ L2(R)
to generate a wavelet frame {ψj,k}j,k∈Z, expressed in terms of the Fourier
transform ψ̂. For special classes of functions ψ, we can give simpler con-
ditions for ψ generating a wavelet frame. We will now consider functions
ψ for which ψ̂ is a characteristic function for a Lebesgue measurable set
K in R. In order for χK to belong to L2(R), we assume that K has fi-
nite Lebesgue measure. Further, for convenience, we only consider the case
where the translation parameter is b = 1 and the dilation parameter is
a = 2.

Definition 11.7.5 A Lebesgue measurable set K in R is called a frame
wavelet set if |K| < ∞ and the function ψ defined by ψ̂ = χK generates a
wavelet frame {DjTkψ}j,k∈Z for L2(R).

We will now present conditions for a set K ⊂ R being a frame set. We
begin with some definitions:
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Definition 11.7.6 Let K be a measurable set in R with finite measure.
We say that

(i) x, y ∈ R are δ-equivalent if there is an j ∈ Z such that

x = 2jy.

For x ∈ K, the number of elements y ∈ K which belong to its δ-
equivalence class is denoted by δK(x). Finally, let

K(δ, k) := {x ∈ K : δK(x) = k}, k ∈ N.

(ii) x, y ∈ R are τ -equivalent if there is an k ∈ Z such that

x = y + k.

For x ∈ K, the number of elements y ∈ K which belong to its τ -
equivalence class is denoted by τK(x). Finally, let

K(τ, k) := {x ∈ K : τK(x) = k}, k ∈ N.

Using the above notation, Dai et al. [24] were almost able to characterize
frame wavelet sets:

Theorem 11.7.7 Let K be a Lebesgue measurable set in R with finite
measure. Then the following holds:

(i) K is a frame wavelet set if ∪j∈Z2jK(τ, 1) = R (up to a null set) and
there exists M ∈ N such that K(δ,m) and K(τ,m) are null sets for
m > M ; in this case, one is a lower frame bound for {DjTkψ}j,k∈Z

and M5/2 is an upper frame bound.

(ii) If K is a frame wavelet set, then ∪j∈Z2jK = R (up to a null set) and
there exists M ∈ N such that K(δ,m) and K(τ,m) are null sets for
m > M .

For frame wavelet sets generating a tight frame, a complete characteri-
zation is obtained:

Theorem 11.7.8 A Lebesgue measurable set K in R with finite measure
is a frame wavelet set generating a tight frame if and only if the following
conditions hold:

(i) ∪j∈Z2jK = R (up to a null set);

(ii) for some m ≥ 1 we have K = K(τ, 1) = K(δ,m).

In case (i) and (ii) are satisfied, the frame bound for {DjTkψ}j,k∈Z is equal
to m.
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Let us show how the conditions in Theorem 11.7.8 can be reformulated.
The condition K = K(τ, 1) means exactly that for γ ∈ R, the point γ + k
belongs to K for at most one value of k ∈ Z; or, expressed differently, that

∑

k∈Z

χK(γ + k) ≤ 1, a.e. γ ∈ R. (11.89)

Now assume that
⋃

j∈Z

2jK = R, and for some m ∈ N, K = K(δ,m). (11.90)

Then, given γ ∈ R there exists j′ ∈ Z such that 2−j′
γ ∈ K. The δ-

equivalence class of 2−j′
γ contains exactly m elements, so

∑

j∈Z

χ2jK(γ) = m, a.e. γ ∈ R. (11.91)

Similarly, one proves that if (11.91) holds for some m ∈ N, then (11.90)
holds. Thus we have obtained an equivalent formulation of Theorem 11.7.8:

Theorem 11.7.9 A Lebesgue measurable set K in R with finite measure
is a frame wavelet set generating a tight frame if and only if (11.89) and
(11.91) are satisfied for some m ≥ 1.

We illustrate the use of Theorem 11.7.9 with some examples:

Example 11.7.10 (i) Let K = [− 1
2 ,− 1

4 [∪] 14 , 1
2 ]. Then, for any γ �= 0 there

exists exactly one value of j ∈ Z such that γ ∈ 2jK, so (11.91) is satisfied
with m = 1. Equation (11.89) is also satisfied, so K is a frame wavelet set,
which generates a tight frame with frame bound one.

(ii) Similarly, for n = 1, 2, . . . , the set K = [− 1
2 ,− 1

2n+1 [∪] 1
2n+1 , 1

2 ] is a frame
wavelet set, which generates a tight frame with frame bound n.

(iii) Let K = [− 3
4 ,− 1

4 [∪[ 18 , 1
2 [. Then

K(τ, 1) = [−1
2
,−1

4
[∪[

1
8
,
1
4
[,

and ∪j∈Z2jK = R up to a null set. Also, for m ≥ 2 we have

K(δ,m) = K(τ,m) = 0.

Thus, by Theorem 11.7.7, K is a frame wavelet set. �

11.8 The continuous wavelet transform

So far, we have concentrated on series expansions in terms of wavelet sys-
tems. We will now give an introduction to the continuous wavelet transform,
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which delivers wavelet-type expansions in terms of integrals rather than
discrete sums. Let ψ ∈ L2(R). We say that ψ satisfies the admissibility
condition if

Cψ :=
∫ ∞

−∞

|ψ̂(γ)|2
|γ| dγ < ∞. (11.92)

We also say that ψ is admissible. Note that if ψ̂ is continuous in 0,
which is, e.g., the case if ψ ∈ L1(R), then (11.92) can only be satisfied if
ψ̂(0) = 0, i.e., if

∫∞
−∞ ψ(x)dx = 0. But if this condition is satisfied, weak

decay conditions on ψ̂(γ) for γ → ±∞ imply that (11.92) is satisfied.
Given an admissible function ψ ∈ L2(R), we define the continuous

wavelet transform with respect to ψ of the function f ∈ L2(R) as the
function Wψ(f) of two variables given by

Wψ(f)(a, b) = 〈f, ψa,b〉

=
∫ ∞

−∞
f(x)

1
|a|1/2

ψ(
x − b

a
) dx.

Proposition 11.8.1 Assume that ψ is admissible. Then, for all functions
f, g ∈ L2(R),

∫ ∞

−∞

∫ ∞

−∞
Wψ(f)(a, b)Wψ(g)(a, b)

dadb

a2
= Cψ〈f, g〉. (11.93)

Proof. Using the commutator relations for the Fourier transform and the
operators Tb,Da in (2.23),

Wψ(f)(a, b) = 〈f, ψa,b〉
= 〈Ff,FTbDaψ〉
= 〈f̂ , E−bD1/aψ̂〉

=
∫ ∞

−∞
f̂(γ)e2πibγ |a|1/2ψ̂(aγ) dγ.

Consider for a moment a fixed value for a; then, this expression is the
Fourier transform of the function

Fa(γ) = f̂(γ)|a|1/2ψ̂(aγ),

calculated at the point −b. Letting

Ga(γ) = ĝ(γ)|a|1/2ψ̂(aγ),
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it follows that
∫ ∞

−∞
Wψ(f)(a, b)Wψ(g)(a, b) db =

∫ ∞

−∞
F̂a(−b)Ĝa(−b) db

= 〈F̂a, Ĝa〉
= 〈Fa, Ga〉

=
∫ ∞

−∞
f̂(γ)ĝ(γ) |a| |ψ̂(aγ)|2dγ.

Inserting this expression in the left-hand side of (11.93) and using Fubini’s
theorem gives

∫ ∞

−∞

∫ ∞

−∞
Wψ(f)(a, b)Wψ(g)(a, b)

dadb

a2

=
∫ ∞

−∞

∫ ∞

−∞
f̂(γ)ĝ(γ) |a| |ψ̂(aγ)|2dγ

da

a2

=
∫ ∞

−∞

(∫ ∞

−∞

1
|a| |ψ̂(aγ)|2da

)

f̂(γ)ĝ(γ) dγ.

By a change of variable,
∫ ∞

−∞

1
|a| |ψ̂(aγ)|2da =

∫ ∞

−∞

1
|a| |ψ̂(a)|2da = Cψ;

thus
∫ ∞

−∞

∫ ∞

−∞
Wψ(f)(a, b)Wψ(g)(a, b)

dadb

a2
= Cψ〈f̂ , ĝ〉

= Cψ〈f, g〉.

�

As in the Gabor case, we write the result in (11.8.1) as

f =
∫ ∞

−∞

∫ ∞

−∞
Wψ(f)(a, b)ψa,b dadb

a2
, f ∈ L2(R), (11.94)

where the integral is understood in the weak sense.
Connecting with the theory for continuous frames in Section 5.8, we have

the following:

Corollary 11.8.2 If ψ ∈ L2(R) is admissible, then {ψa,b}a�=0,b∈R is a con-
tinuous frame for L2(R) with respect to R×R\{0} equipped with the measure
1
a2 dadb.
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11.9 Exercises

11.1 Let {DjTkψ}j,k∈Z be a frame with frame operator S. Prove that
S commutes with the dilation operator D, and thereby that

{S−1DjTkψ}j,k∈Z = {DjS−1Tkψ}j,k∈Z.

11.2 Prove Theorem 11.1.6 via Theorem 11.1.5.

11.3 Show how to modify the proof of Lemma 11.2.3 in order to prove
(11.23).

11.4 Verify that (11.30) and (11.36) are equivalent.

11.5 Complete the proof of Corollary 11.5.2 by showing that (11.68)
holds for ν = 1/2.

11.6 Derive the expression (11.46) for the function ψ2.

11.7 Prove (11.47) and provide the missing details in Example 11.2.12.

11.8 Prove Corollary 11.3.4 (Hint: The proof is similar to the proof of
Corollary 11.3.3, except that one has to replace the function θ in
the oblique extension principle by θ − η.)

11.9 Derive the expressions in (11.62), (11.63), and (11.65).

11.10 Consider the B-spline B2.
(i) Use the results in Example 11.2.9 and Example 11.2.11 to cal-

culate the Z-transforms H̃�, � = 0, 1, 2, and verify that the
conditions in Theorem 11.6.1 are satisfied.

(ii) Calculate the polyphase components for the Z-transforms
H̃�, � = 0, 1, 2 and verify that the matrix HT

p (z) satisfies the
conditions in Theorem 11.6.2.

11.11 Calculate the coefficients cj in Theorem 11.3.5 for m = 4, M = 2.

11.12 Assume that K is a frame wavelet set, and let θ ∈ L2(R) be a
function with support on K. Assume that there exist constants
C,D > 0 such that C ≤ |θ| ≤ D. Prove that the function ψ ∈
L2(R) defined by ψ̂ = θχK generates a wavelet frame.



List of Symbols

R : The real numbers.
R

+ : The strictly positive real numbers.
N : The natural numbers: 1,2,3,....
Z : The integers.
Q : The rational numbers.
C : The complex numbers.

gcd(p, q) : The largest common divisor for p, q ∈ N.
�x� : The integer part of x ∈ R, i.e., the largest integer not

exceeding x.
x : The complex conjugated of x ∈ C.

X,Y : Banach spaces.
H,K : Hilbert spaces.

⊕ : Orthogonal direct sum.
Lp(R) : The space of measurable functions f : R �→ C for which∫

R
|f(x)|pdx < ∞.

Ck(R) : The space of k times differentiable functions with a
continuous k-th derivative.

C(a, b) : The space of continuous functions f :]a, b[→ C.
Ff(γ) = f̂(γ) : The Fourier transform, for f ∈ L1(R) given by

f̂(γ) =
∫

R
f(x)e−2πixγdx.

�2(I) : The space of square summable sequences on I.
|I| : The Lebesgue measure of a Borel set I, or when I is discrete,

the number of elements in I.
χA : The indicator function for a set A,

χA(x) = 1 if x ∈ A, otherwise 0.
A : The closure of a set A.

A⊥ : The orthogonal complement of a subset A in a Hilbert space.
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suppf : The support of the function f: suppf = {x ∈ R : f(x) �= 0}.
δk,j : The Kronecker delta: δk,j = 1 if k = j, δk,j = 0 if k �= j.
Ta : The translation operator (Taf)(x) = f(x − a).
Eb : The modulation operator (Ebf)(x) = e2πibxf(x).
Da : The dilation operator (Daf)(x) = 1√

a
f(x

a ), a > 0.
D : The dilation operator (Df)(x) = 21/2f(2x).
S : The frame operator.
T : The pre-frame operator.

U† : The pseudo-inverse of the operator U .
NU : The kernel of the operator U .
RU : The range of the operator U .

MSE : The mean-square error.
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generalized inverse, 20, 25
generator, 197
Gram matrix, 64, 67

Haar function, 73
harmonic mean, 29
Hilbert space, 37

integer part, 305
inversion formula, 46

Janssen’s tie, 206

knots, 139

lattice, 197
Lebesgue point, 45, 49, 242
Lebesgue’s theorem, 43
linear independence, 2
localized frames, 223

matrix representation, 13
mean square error, 28
modulation operator, 47, 179, 195,

243
modulation space, 223
moment problem, 42
Moore–Penrose inverse, 22
multiresolution analysis, 73
multiwavelet frame, 259

nested subspaces, 74
Neumann’s theorem, 36
noise, 28, 131
nonharmonic Fourier series, 97
normalized, 3
null set, 44

oblique dual, 167
oblique extension principle, 277
operator, 36
operator norm, 36
optimal frame bounds, 3, 98
optimal Riesz bounds, 63
orthogonal complement, 37
orthogonal projection, 39
orthonormal basis, 2, 55
overcomplete frame, 4, 106

pair of dual wavelet frames, 259
Paley–Wiener space, 83
Parseval’s equation, 56
partition of unity, 140, 211
perfect reconstruction, 295
Plancherel’s equation, 46
polarization identity, 40
polyphase decomposition, 291
positive operator, 40
pre-frame operator, 4, 100
pseudo-inverse matrix, 20
pseudo-inverse operator, 41, 108



Index 313

quantization, 131

rank, 13
rational oversampled Gabor system,

230
redundant frame, 4, 106
refinement equation, 75
regular Gabor system, 197
Riesz bounds, 63
Riesz sequence, 63
Riesz’ representation theorem, 38
Riesz’ subsequence theorem, 44
right-inverse operator, 40

sampling, 245
sampling problem, 83
scaling equation, 75
scaling parameter, 296
Schauder basis, 78
Schur’s lemma, 65
Schwartz functions, 185
self-adjoint operator, 39
separable normed space, 35
Shannon’s sampling theorem, 83
shift-invariant space, 85
shift-invariant systems, 251
short-time Fourier transform, 222
sibling frames, 259
signal processing, 130
signal transmission, 28, 131
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